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PREFACE 


Numerous books on sound have appeared in recent years, and the 
addition of yet another volume may require some explanation. In 
submitting this book the authors feel that they are filling a gap which 
exists in the literature between the elementary textbook, with its pre¬ 
sentation of the subject as a matter of “ strings and pipes,” and the 
advanced treatise, with its copious references to original researches. 
Furthermore, the authors have felt a strong urge to dispel the notion 
still prevalent in many teaching circles that sound is merely a Cinderella 
subject; the theory of vibrations is in fact fundamental to most other 
branches of physics, and this is emphasised throughout the book by 
constant reference to analogous problems in electricity, light, etc. 

The main text of the present volume, with the omission of certain 
paragraphs and chapters, e.g. Chapter 15, should cover the needs of 
the ordinary degree student, while the book as a whole, including the 
mathematical appendix, should meet the requirements of the honours 
degree physicist. In the earlier chapters only a modest knowledge of 
mechanics and acquaintance with the calculus is assumed. Moreover, 
the bulk of the more mathematical theory has been placed in the 
appendix, and it is hoped that this will help the average reader to more 
readily assimilate the essential physical concepts of acoustics as set 
forth in the text. 

To assist the student who wishes to extend his knowledge in par¬ 
ticular parts of the subject, a list of authoritative books, in preference 
to Original research references, is included at the end of certain chapters. 
This procedure is adopted as it provides the sources of information 
most readily accessible to the majority of students. Finally, the set of 
examples at the end of the book should provide the earnest student 
with a useful testing ground for estimating the degree of success, or 
otherwise, with which he has absorbed the fundamentals of his subject. 

Although primarily intended as a textbook, it is the authors’ hope 
that within these pages the general reader will find much of interest to 
hold his attention and to impress upon him the importance of acoustics 
in everyday life. 

In a work of this type much of the subject matter and ideas cannot 
be claimd^JiA^ original; furthermore, when these become absorbed 
into a lecture course their source of origin, after many years, becomes 
forgotten. Our indebtedness is therefore due to those unnamed 
authors whose ideas have been incorporated in the text. We are also 
grateful to the various persons and institutions who have given per¬ 
mission for the reproduction of figures from their publications, and in 
particular we thank Professor E. N. da C. Andrade, F.R.S., Dr. Mary 
Waller, and Professor J. Read. Our sincere thanks arc also due to 
our friends Mr. E. Nightingale, M.Sc., and Mr. C. W. Celia, M.Sc., 
for their invaluable help in reading and correcting the galley and page 
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proofs of the book, to Dr. A. Kjerbye Nielsen for many helpful 
suggestions m the preparation of the manuscript, and to Mr. T. Clare 
of Messrs. Arnold who has always been most courteous and responsive 
to our demands during the passage of the book through the press. 


Jan. 1950. 


R.W.B.S. 

A.E.B. 
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CHAPTER I 

HISTORICAL INTRODUCTION 


The study of sound can be said only to have developed into a science 
ot measurement in the period between the world wars, alihouuh 
considerable theoretical advances had been made in the eighteenth 
and nineteenth centuries. Consequently its historical aspect is 
lacking m background when compared with that of other branches of 
physics and only a scanty reference to acoustics, as the science of 
sound is usually termed, is to be found in books devoted to the history 
01 physical science. In order to trace out the earlier growth of the 
subject It is necessary to refer to musical works, and the superficial 
attitude towards sound as a science, at any rate up to the middle of 
the seventeenth century, is aptly expressed by the words of the English 
philosopher Bacon, '‘The nature of sound hath in some son been 
enquired as far as concerneth music." 


The early history of sound is therefore linked closely with that of 
music, an art which was practised by Hindus, Egyptians, Chinese and 
Japanese as long ago as 4000 b.c., although our existing system of 
music has been derived from the Greek era of civilisation. It was the 
Greek mathematician Pythagoras, about 2500 years ago, who was 
mainly r^ponsible for originating the studies of musical intervals and 
ratios. He carried out experiments with a simple apparatus, usually 
known as a monochord, which is essentially a string maintained in 
undorm tension, and passing over two wooden "bridges" which 
define the wave-length of the transverse vibrations of the string when 
it is plucked or bowed. As a result of his experiments Pythagoras 
lound that, under the same tension, the ratio of the length of strin*^ 
sounding the fundamental and the octave respectively was exactly two 
to one. Unfortunately it was not until towards the middle of the 
s^evenieenth century that Mersenne carried the experiments of 
Pythagoras a stage further, and examined the effect on the frequency 
of varying both the mass and the tension of the strings. In con¬ 
sequence of this delay the evolution of the modern pianoforte with its 
range of 7‘ octaves was considerably retarded, for such an instrument 
using similar strings under equal tensions would require a ratio between 
the longest and shortest strings of the order of 150 to 1 [/ e '>’ - to ! 1 
which IS impracticable within reasonable limitations of space 
Pythagoras’ discovery, instead of acting as the stimulus for further 
experiments, became the basis of fantastic philosophical and mathe¬ 
matical speculations, such as the famous "harmony of spherc^ " 
and so for another 2000 years sound was mainly involved in a semi 
mystical arithmetic of music. The extent to which mystical idca^ pie 
vailed at the time is shown by the writings of the Greek mathemaiician 
astronomer and geographer Ptolemy, who devised, about ilie vear 
A.D. 130, a geometrical diagram called the "Helicon." This iiizure 
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exhibited certain ratios which were supposed to represent harmonic 
relationships between colours and musical tones, and Ptolemy went 
even further to suggest that these harmonic relationships permeated 
the entire universe. It is interesting to note that Newton himself was 
obsessed with this linking of metaphysical speculation with physical 
facts, and he was a staunch believer in the idea that the seven colours 
of the rainbow did not show continuous graduation, but that each 
occupied a proportional space in the spectrum, due to some inherent 
property of the colour. In his “Opticks,” when referring to the 
colours of thin films, Newton states that the limits of the seven colours— 
red, orange, yellow, green, blue, indigo and violet, in order, are to one 
another as the cube roots of the squares of the eight lengths of a chord 
which sound the notes of the musical scale. 

Some 200 years after Pythagoras, the great philosopher Aristotle 
was achieving a reputation by his writings, many of which contained 
allusions to sound and music. In particular, reference should be made 
to a series of short dissertations entitled “Sound and Hearing,” 
in which Aristotle proposes an interesting explanation of the mode of 
propagation of a sound wave in air. He says, “Sound takes place 
when bodies strike the air, not by the air having a form impressed 
upon it, as sorne think, but by it being moved in a corresponding 
manner; the air being contracted and expanded and overtaken, and 
again struck by the impulses of the breath and the strings. For when 
the air falls upon and strikes the air which is next to it, the air is carried 
forward with an impetus, and that which is contiguous to the first is 
carried onward; so that the same voice spreads every way as far as the 
motion of the air takes place.” During the next fifteen or sixteen 
hundred years, that is to say until the time of Galileo, the influence of 
Aristotle spread and his writings in physics became authoritative. Two 
other writers of the Aristotlean era should be mentioned; Aristoxenus, 
a pupil of Aristotle, who wrote amongst others, three books styled 

Elements of Harmony,” and Euclid who wrote “Introduction to 
Harmonics. Neither of these Greek philosophers was at all con¬ 
cerned with the physical aspect of sound and the same may be said of 
the contemporary Romans with the possible exception of the famous 
architect Vitruvius who wrote, about 50 B.C., a treatise on the acoustical 
characteristics of theatres. This work is noteworthy as Vitruvius 

clearly pointed out how reverberation, interference and echoes occurred 
in an auditorium. 


It may be said that the period of experiment in scientific investigation 
id not comrnence until the second half of the sixteenth century and 
It was an Englishman, Sir Francis Bacon (1561-1626), who was mainly 

R. the philosophy of inductive science, 

dlthou h Bacon himself did not make any notable experimental contribu- 

l Sfi4 Italian scientist Galileo Galilei 

Lrtainlv ~ f really laid the foundations of experimental science, 
certainly of experimental acoustics. He deduced the complete law^ 

M Strings, although his results were not published until after 

independently discovered the laws, 

French Frnnr-'^ discovery has come to be wrongly attributed to the 
French Franciscan friar. In ‘Two New Sciences,” published in 
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1638, Galileo gave a concise explanation of consonance, dissonance 
and resonance, and he described various experiments including that 
of the consonant pendulums (Appendix 5). A few extracts from the 
writings of Galileo will serve to indicate their breadth and clarity:— 
“One must observe each pendulum has its own time of vibration so 
definite and determinate that it is not possible to make it move with 
any other period than that which nature has given it.” . . . 
“Agreeable consonances are pairs of tones which strike the ear with 
a certain regularity; this regularity consists in the fact that the pulses 
delivered by the two tones in the same interval of time shall be com¬ 
mensurable in number so as not to keep the ear-drum in perpetual 
torment, bending in two different directions in order to yield to the ever- 
discordant impulses.” . . . “Waves are produced by the vibrations 
of a sonorous body, which spread through the air, bringing to the 
tympanum of the ear a stimulus which the mind interprets as sound.” 

The seventeenth century is often spoken of as “the century of 
genius,” since during this period the foundations of modern philosophy 
and science were laid. The universities, however, were almost solely 
occupied with classical studies and this led to an important innovation 
with regard to the organisation of scientific investigation. In 1657 
the Accademia del Cimento was founded in Florence, followed by the 
formation of the Royal Society of London in 1662, and the Paris 
Acad^mie des Sciences in 1666. The Accadcmia was inspired by the 
work of Galileo and, among others, of his famous pupil Torricelli 
(1608-1647), and the creation of this institution was a direct challenge 
to the deductive science of the quadrivium (geometry, astronomy, 
arithmetic and music which were respectively classified as stationary, 
moving, pure and applied numbers). During the ten years of its 
existence (the Accademia was disbanded in 1667) numerous experi¬ 
ments in physics were carried out, and included among them was a new 
determination of the velocity of sound in air. The experimenters were 
Borelli, an anatomist, and Viviani, a disciple of Galileo, and they 
obtained a value for the velocity of 1148 feet per second. Similar 
experiments were undertaken for the French Academy by Cassini, 
Romer, Picard and Huygens, and they found the velocity to be 1142 
feet per second. 

The first direct experimental determination of the velocity of sound 
in air is usually attributed, however, to Mersenne, who took readings of 
the time between seeing and hearing the report of a gun as observed at a 
distant point. Mersenne was also the author of a comprehensive treatise 
on music and sound which was published in 1636 under the title “ Har¬ 
monic Universellc.” This book included sections on musical scales and 
intervals, dissonance and consonance, musical instruments and what 
was at that time an important advance in acoustics, namely the descrip¬ 
tion of an experiment to determine the actual number of vibrations per 
second in a musical tone. Pierre Gassendi (1592-1655) repeated and 
extended the velocity experiments of Mersenne by finding the effect ol 
the size of the gun (he used a musket and a cannon) upon the value 
obtained. In this way he disproved Aristotle's theory that a sharp sound 
was transmitted more quickly than a low one, i.e. a crack than a boom. 
Gassendi furthermore deduced from his experiments that the velocity 
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of sound was unaffected whether the direction of propagation was 
with or against the prevailing wind. The true influence was not 
discovered until some years later by William Derham (1657-1735) 
who was also the first to suggest that a knowledge of the velocity of sound 
could be used to estimate the “seat” of a storm, by noting the time 
difference between the lightning flash and the thunder-clap. It was 
not until some years later, about 1740, that measurements were made 
on the change of velocity with temperature. Two experimenters, 
Bianconi and La Condamine, independently formed a general con¬ 
clusion that the velocity increased with temperature. Bianconi made 
his observations at the same place both in summer and in winter, 
while La Condamine carried out his experiments at the same period 

places which differed widely in temperature. 

The early measurements of the velocity of sound in solids and in 
liquids were also of a large scale, i.e. non-laboratory, type, and the first 
recorded of the velocity of sound in a solid was not 

made until 1808, by Biot. This Frenchman, who is probably better 
known as the discoverer of the familiar law in optics bearing his name, 
used an iron pipe over half a mile long. By striking a bell mounted at 
one end ol the pipe and noting the difference of the times of arrival of 
the waves which travelled through the material of the pipe and those 

within the pipe, an estimate of the 
sound in the material was obtained. Some twenty years 

mifh acquired optical technique to devise an elegant 

method of rendering the modes of vibration visible by placing the 

specimen rod of a transparent material between the analyser and 

fu P®*^!:'scope. About this time, 1826, Colladon and 
^ celebrated experiments on the determination of the 

hpino ^ Lake Geneva, the source of sound 

*^cll, which when struck, simultaneously ignited 
nnH hPQ ^ S^apowder. The interval between seeing the flash 

sound was determined by means of a stop-watch, 
eoretical aspect of sound had its beginning with Newton’s 


derivation of the expression, velocity = for the velocity of 

beinp^fnnr/^^r*^^ t elastic fluid, the elastic modulus concerned 

the formula^'a^^^^ deformation considered. The proof of 

by suitable “Principia” in 1687, and 

in air was 968 Pp Newton calculated that the velocity of sound 

mentalW obserlpH the experi- 

Sd out that rhp ""- *^ter Lagrange (1736-1813) 

sideration the chJ^^ n^^thematical analysis failed to take into con- 

changes brought to temperature 

effecf therefore if propagation of the sound waves. In 

which is involved for the isothermal elasticity 

take place too ranid^v condensations and rarefactions in the wave 
t wafnot unti ?pa^ ^^or isothermal conditions to prevail. Actually 

equation on the basis Laplace modified Newton’s 

q on basis of Lagrange’s argument and the velocity calculated 
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from the corrected formula was in agreement with the standard experi¬ 
mental value. 

The theoretical study of sound and wave motion received a consider¬ 
able stimulus as a result of the development of the mathematical calculus 
by Leibniz (1646-1716) and by Newton, and there followed an era 
in which many famous mathematicians such as Euler (1707-1783) 
Lagrange, Poisson (1781-1840), D’Alembert (1717-1783), D. Bernouilli 
(1700-1782) applied calculus methods to many physical, including 
acoustical, problems. 

In view of the present-day importance of wave propagation in such 
periodic structures as crystal lattices or transmission lines, it is interest¬ 
ing to note that Newton was the first to attempt the derivation of an 
expression for the velocity of sound in a one-dimensional lattice. He 
assumed a very simple structure consisting of equal masses at equal 
distances apart along the direction of wave propagation, these masses 
attracting each other with a constant elastic force. By considering 
the wave-length to be large compared with the distance between 
neighbouring masses he was able to treat the lattice as a continuous 
structure, and so was able to calculate the velocity of sound in air. 
It was left to John Bernouilli and his son David to show that a one¬ 
dimensional system consisting of n poitu-masses possessed /; 
independent modes of vibration or // proper frequencies, as they are 
termed. Furthermore, the younger Bernouilli propounded the 
important principle of superposition, namely, that the general motion 
of any vibrating system is given by the superposition of its proper 
vibrations. By means of partial differential equations, just being 
introduced at that period, Euler completed the work on the solution 
of the case of a continuous string which had been started by Taylor 
(1713). It was Lagrange (1759), however, who treated this case as 
the limiting example of Newton’s one-dimensional lattice of point- 
masses, a result which was later applied by the engineer Pupin to the 
electrical problem of a “loaded" cable. Incidentally, both Euler and 
Lagrange refused to accept the principle of superposition, which in 
effect was but a special case of a Fourier’s series, destined to be 
developed a few years later. 

Newton’s simple periodic structure received further application, 
by Cauchy (1830), in his endeavour to explain the dispersion of optical 
waves by associating the latter with elastic waves of very small wave¬ 
length. This length now became comparable with the distance 
between the discrete masses of the structure, and the velocity of 
propaption was no longer independent of wave-length. The 
quantitative agreement with experiment was not good and this led 
Baden-Powell to consider a cubic lattice structure. The discovery of 
the modern dispersion formula, although usually attributed to Lorenz, 
was really due to Lord Kelvin, but his work attracted little notice at 
the time for it was contained in a paper dealing with the size of atoms. 
In his theory Kelvin assumes a structure in which a small mass is 
associated with every large mass so that the latter is restrained by two 
elastic forces, due respectively to each size of mass. The first 
mechanical filter constructed on these lines was due to Vincent (1898) 
and the electrical counterpart was developed by Heaviside, Vaschy, 
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Pupin, and Campbell (1906). It is interesting to note that the modern 
engineer or physicist tends to solve his mechanical, acoustical or even 
thermal problem, by translation first into the equivalent electrical 
system. 

The two men who were mainly responsible for the establishment of 
sound as an exact science were Hermann V. Helmholtz (1821-1894) 
and Lord Rayleigh (1842-1919). Both Helmholtz and Rayleigh were 
very versatile, the former occupying in turn the professorial chair of 
physiology (Konigsberg, 1849), anatomy (Bonn, 1855), physiology 
(Heidelberg, 1858) and of physics (Berlin, 1871). Helmholtz’s contribu¬ 
tion both to optics and to sound was mainly physiological and his 
classical work in the latter subject was contained in his “Sensations of 
Tone” (1862). Helmholtz developed the theory of summation and 
difference tones, and also the theory of resonators, including in par¬ 
ticular the spherical form of resonator bearing his name. Until the 
advent of this resonator the ear alone was used for the analysis of 
complex tones. It is interesting to note that musical instruments up 
to this time had been mainly evolved on empirical lines, the guiding 
principle being to fashion the instrument to give the maximum amount 
of pleasure to the hearer. A change of attitude, however, of the manu¬ 
facturer towards scientific method was heralded by Helmholtz’s col¬ 
laboration with a pianoforte maker, both in the suggestion and in the 
testing of improvements in the instrument. 


Lord Rayleigh was primarily interested in physics and chemical 
physics. Although his work in sound was essentially mathematical it 
must not be forgotten that he possessed considerable skill in carrying 
out experiments with simple apparatus and, moreover, could be 
exceedingly accurate when occasion demanded, as shown by his very 
careful determination of the density of nitrogen, which led to the 
discovery of argon. In his monumental work “ The Theory of Sound,” 
published in 1877, and often spoken of as “ The Principia of Acoustics,” 
Rayleigh gave a comprehensive survey of the subject up to that time 
but. furthermore, developed considerable additional theory which 
opened up a vast field of research for experimenters of the following 
generation. By means of a delicately suspended disc, which tends to 
set so that its plane is perpendicular to the direction of propagation of 
a wave, Rayleigh was able to make measurements of the absolute 
mtensity of sound. Before this time the detection of sound waves 
had been chiefly qualitative, such detectors as singing flames, singly 
and combined with manometric capsules, being employed to locate 
the nodes and anti-nodes in the path of a wave. Sand or other fine 
powder was also often used as an indicator, as for example in the well- 
known experiment of Kundt’s lube, first described by the German, 
A. Kundt in 1866. Incidentally by suspending the Rayleigh disc in 
the mouth of a Helmholtz resonator the sensitivity of the latter as 
an analyser was increased, and also the uncertain characteristics of 
the human ear as the detector were avoided. The phonic wheel used 
in accurate frequency measurements is usually attributed to Lord 

^ devised independently by La Cour 

( 1 O /o). 
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Two Other workers in acoustics of the last half of the nineteenth 
century deserve, in their different ways, to be mentioned with Rayleigh 

and Helmholtz. John Tyndall (1820-1893), an Irishman who succeeded 

Michael Faraday as Director of the Royal Institution, is probably 
best known for his investigation into the colours of the sky, but he 
also carried out original experiments on singing and sensitive flames. 
Tyndall is chiefly notable, however, for his outstanding gift as a lecturer, 
and his efforts to popularise sound and physical science in general. 
K. R. Koenig (1832-1901), a German, was a student at Konigsberg 
under Helmholtz but became an instrument maker, and devoted all 
his spare energy and capital to furthering his research work in sound. 
Amongst his most notable achievements was the construction of a tono- 
metric apparatus involving about 600 tuning-forks. The well-known 
clock-fork was another of Koenig’s efforts and his “phonautograph” 
was the predecessor of Edison’s reproducing phonograph which was 
invented some 20 years later. Koenig tested and calibrated every tuning- 
fork which he made and his “standards” are to be found in widely 
scattered parts of the world. 

In these days when research tends to become highly organised, 
at least outside of universities, the individual becomes a member of 
a team and so his sphere of work is restricted, possibly, to a small 
sub-division of a section of physics. By contrast, therefore, it is 
interesting to note a few prominent workers in other fields of physics 
during the nineteenth century, additional to those already men¬ 
tioned, who have made useful contributions to the development of 
acoustics. Sir Charles Wheatstone (1802-1875), of Wheatstone-bridge 
fame, carried out a number of experiments on audition and was the 
originator of the term microphone, which he applied to an instrument 
invented by himself and which resembled a stethoscope. Wheatstone 
was also the first to employ a rotating mirror to examine the 
motion of rapidly vibrating systems. Lord Kelvin was interested in 
mathematical machines and invented the first harmonic synthesiser in 
1872 which he used for the prediction of tides, and he followed this 
by producing the first harmonic analyser. These and more elaborate 
machines have proved of great use for the solution of various acoustical 
problems when used in conjunction with Fourier’s theorem* and 
Ohm’s law for sound. Fourier (1768-1830) himself was not interested 
in sound and he applied his theorem solely to the solution of problems 
in heat. It was left to the celebrated Georg S. Ohm (1789-1854), 
after whom the unit of electrical resistance is named, to indicate the 
theoretical application of Fourier’s theorem to acoustic problems by 
the formulation of an Ohm’s law for sound. This law states that all 
types of tone quality are due to certain combinations of a larger or 
smaller number of simple tones whose frequencies are commensurable; 
and further, that a complex musical assembly of tones may be analysed 
into a sum of simple tones, which may each be separately heard by the 
ear. The author of Henry’s law in electromagnetism, Joseph Henrv 
(1799-1878), a professor of physics at Princeton, U.S.A., carried out a 


* Fourier s theorem states that any finite and continuous periodic motion may be 
represented by a series of simple harmonic motions of suitable phases and amplitudes. 
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number of important investigations in connection with sound 
signalling through fogs and with acoustics of buildings. The notable 
contribution of the great Michael Faraday (1791-1867) of electrical 
fame, was his correct explanation of the “mechanism” of singing 
flames and the difference in behaviour of a light and of a heavy powder 
when used to indicate the modes of a vibrating plate. These powder 
figures were first discovered by Chladni (1756-1827) and are described 
in his book “Die Akustik.” 


The rapid advancement made in experimental acoustics during the 
last decade was fostered by the intense interest in the subject created 
as a necessary consequence of the submarine campaign of the first 
world war. Another factor responsible for the amazing progress 
has been the linking up of the close analogy existing between the theory 
of mechanical vibrations and that of alternating electric currents, 
coupled with the increasing use of these currents and the advent of the 
thermionic valve. The development of the valve and its application to 
broadcasting and sound-motion pictures has led to an increased demand 
for sound recorders and reproducers of continually improved standards. 
Furthermore, the increasing mechanisation of the life of to-day has 
accentuated the problem of noise, and so a great deal of attention has 
been focused upon methods of sound insulation, a factor also of prime 
importance in the design of sound-recording studios. Photography 
has also played a useful part in the solution of a number of acoustical 
problems, chiefly hydrodynamical, and the basic principle utilised here 
IS dependent upon the change in refractive index of a fluid medium due 
to an alteration of density created, for example, by the passage of a 
sound wave. The idea was first employed by A. Toepler in 1866. 
The cumulative effects of this widening field of acoustical applications 
have led to an increasing army of investigators and of people who are 
sound-conscious. As evidence of the growth of acoustical research 
may be cited the Bell Telephone Laboratories, which are the research 
organisation of the Bell Telephone Manufacturing Company of 
America. Many of the publications of these laboratories are of con- 
M^rable academic as well as technical interest. In Britain the Post 
Umce. the National Physical Laboratory, the Building Research Station, 
etc., are some government-sponsored groups, besides various industrial 
organisations, who are all actively engaged in different aspects of 
acoustical research. Also in some countries, e.g. Italy, Denmark, 
etc., there are colleges devoted solely to acoustical research and 
instruction. Journals dealing entirely with acoustics have appeared 
within comparative y recent times in America, France and Germany 
respectively under the titles the Journal of the Acoustical Society (1929), 
XhQ Revue d Acoustique (1932), and the Akustiche Zeitschrift (1936). 

historical survey could not be Justifiably closed without a 

thr^ the experimenters of the last two or 

11868 outstanding worker of this era was W. C. Sabine 

acont r. ” regarded as the “father of architectural 

acoustics, and the term a ‘‘sabinised” room is synonymous with one 
of good acoustical properties. F. R. Watson, P. E Sabine, F. R Bolt, 

I nvP* Davis (and others of the National Physical 

Laboratory) are also prominent names in this sphere of acou^stics. 
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The more complex the acoustic problem has become the greater has 
been the emphasis upon the importance of a previous theoretical 
analysis of the problem; in this theoretical field of sound notable 
names stand out like Stewart, associated with the theory of acoustical 
filters, Crandall, Kennedy, Olson (microphones), McLachlan (loud¬ 
speakers), Morse and Wente (microphones). In physiological acoustics 
H. Fletcher, of the Bell Telephone Laboratories, has been a prominent 
worker, while the lawyer-scientist Sir Richard Paget has carried out 
valuable investigations on the formation of vowel sounds. Dayton 
C. Miller’s name will always be associated with his exhaustive analysis 
of musical sounds. Erwin Meyer has been largely responsible for the 
development of electro-acoustic measurements which have attained an 
accuracy comparable with corresponding measurements in other 
branches of physics. These measurements are not necessarily 
restricted to audible sound, and in consequence of the improvement of 
electrical technique the generation of mechanical vibrations above the 
audible limit (approximately 20,000 cycles per second) has become 
an important branch of acoustics and is known as ultrasonics. The 
wave-lengths of these inaudible sounds become comparable with 
ordinary-sized objects and so the analogous optical effects of dif¬ 
fraction, etc., are readily observable. Ultrasonics first came into 
prominence during the first world war as a means of detecting sub¬ 
marines, but in peacetime it has been utilised for "depth-sounding,” 
for iceberg detection and for many other purposes. The great 
possibilities of research work in this field of acoustics has attracted the 
interest of scientific workers all over the world, as shown by the diversity 
of the countries represented in the list of investigators mentioned 
below. G. W. Pierce was responsible for much of the earlier quanti¬ 
tative work on the subject including that on the acoustic interferometer, 
and this was further developed by a fellow-American, J. C. Hubbard! 
W. G. Cady, also an American, and W. D. Dye of the National 
Physical Laboratory, were responsible for valuable work on the 
properties of quartz crystals in electrical circuits, which has led to 
their use as frequency standards. Other prominent investigators 
have been Bergmann and his co-workers of Breslau, Parthasarathy 
(India), Biquard (France), Giacomini (Italy) and R. W. Boyle and 
colleagues in Canada. 

It is hoped that this brief summary has enabled the reader to obtain 
some idea of the development in the science of acoustics through the 
ages, and how it is intimately concerned with many phases of everyday 
life. 

For further reference 

Love, A. E. H.: Elasticity. (Historical introduction.) Macmillan. 
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Waves 

When a gust of wind passes over a field of ripe corn the stalks 
are observed to bend in the direction of the wind, and the observer 
receives the impression of a disturbance or wave passing over the field. 
After the disturbance has died away the field becomes quiescent and 
the stalks regain their upright positions, until displaced by another 
gust of wind. A closer examination reveals that the stalks do not 
return directly to their positions of equilibrium, but that they execute 
gradually decreasing displacements backwards and forwards until 
they come to rest. In the case of a small disturbance in a liquid surface, 
however, the individual particles do not move in the direction of the 
resulting waves, but perform an up-and-down movement perpendicular 
to the direction of propagation. This is shown by the bobbing up and 
down of a floating cork. In both of these examples there is no bodily 
movement of the medium as a whole, despite the progress of the dis¬ 
turbance, and so the conception of a wave motion is obtained, viz. the 
propagation of a certain condition or disturbance in a medium from 
one point to another, without any bodily motion of the medium itself. 

The two types of wave motion cited above are termed (a) longitudinal, 
which corresponds to the to-and-fro movement of the cornstalks, and 
takes place in the direction of the propagation of the wave, and {b) 
transverse, which resembles the movement of the cork on the liquid 
surface. Sound waves in fluid media are of the longitudinal type. 


Simple Harmonic Motion. When waves succeed one another at 
regular intervals or periods, the particles, whether moving to-and-fro, 
or up-and-down, execute a periodic motion. The characteristics of 
this motion are readily investigated by experiments with a simple 
pendulum, which consists of a small weight or bob attached to the 
lower end of a light inextensible string fixed at its upper end to a rigid 
support. The word simple is used to distinguish this pendulum from 
the compound pendulum, which may be any irregular rigid body 
supported at a point other than at its centre of gravity. Both types 
ot pendulum swing in simple harmonic motion (S.H.M.) if the angular 
displacement from the vertical is small, i.e. less than about 5®. The 
maximum angular displacement is termed the angular amplitude of the 


. 1 swing so that the bob traces out a 

circle m a horizontal plane, the speed is uniform and the string sweeps 

out the slant surface of a cone. This arrangement is known as a 

heam‘^nr’rahf“!F™' a illuminated by a horizontal parallel 

H ’ '‘5 shadow on a vertical screen will be seen to 

ove m S.H.M. This can be verified by arranging a simple pendulum of 
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suitable length to vibrate in a plane parallel and near to that of the 
vertical screen. Subject to the condition that the angle of swing is 
small, the bob of the simple pendulum can be adjusted to move in the 
shadow of the bob of the conical pendulum. In contrast to the conical 
pendulum, the speed of the bob of the simple pendulum varies con¬ 
tinually, in a manner to be described later. This comparison suggests 
the following definition of — 

When a particle moves with uniform motion in a circle, its projection 
on to a plane perpendicular to the plane of the circle moves in 
S.H.M. (Fig. 2.1). 

The motion of the shadow of the bob of the conical pendulum is 
independent of the actual location of the screen, i.e. of the plane on to 
which the moving particle is projected, and, for convenience of graphical 




construction the plane through the diameter of the circle is taken, and 
the definition becomes:— 

When a particle moves with uniform motion in a circle, its projection 
on to a diameter of that circle moves in simple harmonic motion. 

Graphical relationship between displacement and time for a particle 
moving in S.H.M. If the amplitude or maximum displacement 
denoted by a, a circle, termed the circle of reference, of radius .i 
drawn with X and Y axes through its centre O, and the circumlei cnct: 
is divided into a number of equal parts, say 16, by the points -I. li, ( ’. 
etc. (Fig. 2.2). These points are projected on to the X axis as siiown, 
b being the projection of B, etc. Consider a particle to be jnoving 
anti-clockwise round the circle with a uniform speed V: it follows 
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xv 


I 


I I 


from the definition that the projection of the particle will move in 
S.H.M. along the diameter AJ. 

Now as the speed of the moving particle is constant, the times it 
takes to traverse the arcs AB, BC, CD, etc., are equal, hence the pro¬ 
jection moves through the corres- 
Y ponding distances Ab, be, cd, etc., 

in equal intervals of time, in this case 
T 

where T is the time taken for the 

particle to travel round the circum- 
y ference of the circle, i.e. the time 
^ taken to perform one cycle. This 
time interval T is a constant which 
is characteristic of the circular motion 
and is known as the periodic time 
or period, and clearly it represents also 
p. 2 5 periodic time of the motion of the 

projection of the particle. Referring 
to Fig. 2.2, it is evident that the actual 
displacements of the particle executing S.H.M. along AJ after equal 

intervals of are successively given by -\-OA, -\-Ob, +Oc, +Od, 

zero, —Of, —Og, etc. The relationship between displacement and 


Fig. 2.2. 



Fig. 2.3. 


lh?ho“ ontaTails k h””:" as in Fig. 2.3a in which 

of 9 9 JnH the diameter of the circle 

Of Fig. 2.2, and oa is the amplitude (OA in Fig. 2.2) It is usual to 
represent time horizontally as in Fig 2 36 ^ ) n is usual to 
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Deducliof\s from the graph. Velocity is defined as the rate of change 
of displacement of a body, hence the average velocity of the particle 

projection in any time interval is ^. 

Thus ^ is the average velocity in the first interval 




be 




>9 






second 




and so on (Fig. 


2.3^). It is clear that the smaller the time interval, the more 
nearly does the portion of the curve intercepted approximate to the 
hypotenuse of a right-angled triangle as shown in Fig. 2.3r, which 
represents the portion pq of the graph, and that for infinitesimal time 
intervals this hypotenuse coincides with the tangent to the curve at 
that particular time. Thus, the slope of the tangent to the curve at a 
point, say p'q' at z' in Fig. 2.3^/, is a measure of the instantaneous 
velocity at the time and displacement represented by that point; hence; 

(1) the velocity is zero when the displacement is maximum, for the 
tangent is horizontal; 

(2) the velocity is maximum when the displacement is zero; 

(3) the slope of the 
curve—and therefore 
the velocity—changes 
continuously, imply¬ 
ing that the particle 
projection is moving 
with an acceleration; 

(4) the greatest 
change in velocity is 
indicated by the great¬ 
est rate of change of 
slope; this occurs 
when the displacement is maximum for here the curvature is greatest. 
This statement is justified by the graph in Fig. 2.4, in which the slope 
of the curve in Fig. 2.36 is plotted against time. Note the similarity 
between the forms of the curves. 

(5) The particle speed is uniform and equals K, the velocity of the 
projection, when the displacement is zero; this occurs at the “uniform 

T IT 

speed instants,’* etc. In S.H.M. the acceleration is always 

directed towards the position of rest, O in Fig. 2.2, and is proportional 
to the displacement. 

The equation to the displacement-time curve. Consider a particle 
P (Fig. 2.5) moving in a circle with a uniform speed V. The angular 
velocity of the radius OP {=a) is obtained by dividing the !eri>:*h 
of the arc described in unit time by the radius. Thus if the time 
taken by the particle starting from A to go to 5 is ! sec,, then 

is the angle swept out in unit time, i.e. ‘togular 



Fig. 2.4. 
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velocity (w). Thus angular velocity is expressed in radians per second 
and is constant since V is constant. 

If P is the position of the particle after t sec., the angle AOP, 6 say, 
swept out by the radius is radians. The projection of P on OA is 
M and the displacement is given by 

OM—x=OP cos 9=OP cos ojt=a cos cot ... (1) 

which indicates the significance of a as the amplitude or maximum 
displacement of the S.H.M. This is the equation to the curve of 
Fig. 2.3b which is a cosine curve relating x and t. 


Epoch (or Phase) Angle. If the angular displacement of OP be 
measured, not from the axis OX (Fig. 2.5), but from some position 
OB where angle AOB=B^ then the displacement of the projection of Pat 
any time t will be given by x=a cos (a>r-|-S). This angle S is known 
as the epoch or initial phase angle and is measured in radians. Since, 

277 

however, (see (2)), then the displacement may also be expressed 

277 

as a cos -^(r+S'), where 8' expresses the epoch in terms of time. 

In T sec. the radius OP makes one 
complete revolution, i.e. it traces out an 
angle of In radians 

. ( 2 ) 



0) = 


It is sometimes necessary to express 
the angular velocity co in terms of the 
frequency («) and as frequency of vibration 
is the number of cycles performed in one 
second^ then the time T occupied in per¬ 
forming one cycle is - sec. 

n 

.*. /ir=l ... (3) 

Substituting in (2) the expression for w becomes 

tu =: Inn .(4) 

The angular velocity oi is a property of the circle of reference (p. II) 

and in order to identify it with the S.H.M. it is given the name 
pulsatance. 

The equation of S.H.M., then, can be written in the alternative forms 

x=a cos to/.(1) 

27Tt 

x=a cos . (la) 

x=a cos 277/1/.(I^) 

in which .v is the displacement of the particle. 

It should be evident that the S.H.M. can be expressed alternatively 
in terms of the projection along the OY axis (Fig. 2.5), and in this case 
the displacement of the particle at any instant would be 

y^asinwt .(Ic) 

assuming P to be in position A at /=0. 
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To find the velocity and acceleration of a particle moving with S.H.M. 
As the velocity is continually changing, it is necessary to consider the 
change of displacement Ax in a very small interval of time At. The 
equation 

x=a cos to/ at time /.(1) 


becomes x-\-Ax==a cos oj(t-\-At) at time /+Jr 
Subtracting (1) from (5) 

JA:=fl[cos <«(/+J/)—cos cot] 


( 5 ) 

( 6 ) 


whence* 


—2a sin sin 


(I) 


At 


At 


At 


Now in limit as Jr->0, [^si 


/ CO At 


s,n, j 




Ax 


and thus the instantaneous velocity v=-^= —acu sin cot 


( 7 ) 


When cot lies between O'* and 180° the value of sin <ot is positive, 
hence v is negative, i.e. from right to left in Fig. 2.5. When cot lies 
between 180° and 360°, sin cot is negative and v is positive, i.e. from 
left to right. 

If Jv is the increment of velocity of the particle in time At it follows 
from equation (7) that 

v-f Jv’=—aoj sin J/) . . 

Subtracting (7) from (8), 

Av——aco [sin w(t-\-At)~ sin cot] 

Jv_—2aaj[cos (/+Jr/2).sin cu. Jr;2] 

At 


( 8 ) 


Hence 


Jr 


Jv 


or the accelerationf a=Lt. aw- cos cot 

a= — co\a cos cot) 


— — (o'^X 


( 9 ) 


( 10 ) 


x=a cos a»r, from (1). 

_ The minus sign in equation (10) implies that the acceleration acts 
in a direction opposite to the displacement. This is made evident by 
considering the position of the pendulum bob at various stages in its 
motion (Fig. 2.6). 

This result is very important; it provides an alternative definition 

^•N.M. is the motion of a particle about a point in a straigiit line 
such that its acceleration is proportional to its displacement the 
point, and is always directed towards it. Thus, when v is negative, 
<* IS positive, since a= — co'^.{~x)^co‘^x. 




• cos B-cos A = 2 sin i —^— j .sin 




t sin /I—sin 5=2 cos 




)sin( 


A-B\ 
2 ; 
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The expressions derived above are readily deduced by application 
of the differential calculus:— 

As the displacement x=acosa>/, differentiation with respect to 
t gives 

velocity v=—aw sin mt. 

A second differentiation with respect to t gives the acceleration 


Position of 
Pendulum 



a=—ato^ cos a>/=— tu^x. 



Acceleration 
• • 

X 





+ - - 

0 0 0 


+ -H 

+ + 


Fig. 2.6. 


In the notation of the calculus, which will be used in succeeding 
chapters, the velocity and acceleration are respectively denoted by x 
and .x; and equations (9) and (10) may be written as 

9 


^~~aoj sin ojt 


and 


9 9 

cos <jot=~oj^x 


The conclusions previously drawn from the graphs 

directly confirmed by means of these formulae. ^ 


• • ( 11 ) 

■ • ( 12 ) 
may now be 


1 

1 

Graph 

Abscissa 

(lime) 

Ordinate 
(displacement a-), 

Slope X 
(Velocity v) 

Rate of change 
of slope 
(acceleration a) 

Fig. 2-36 

0 r 

T 3T 

maximum 

0 

maximum 


4 4 

0 

maximum 

0 
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It should be noted that the maximum numerical value of the 
acceleration along the diameter of reference AJ (Fig. 2.5) is and 
it occurs at the extremities; and further, that this is the acceleration of 
the particle P towards the centre O of the circle. This is to be expected 

as "=-> whence - ) ——; V being the uniform speed of the 

point P round the circle of reference. 

The alternative definition of S.H.M. can be modified, as below, by 
using the expression, from Newton’s laws of motion, that force= 
mass X acceleration. 

Let the particle performing S.H.M. have mass A/, then for a dis¬ 
placement ±x, the acceleration towards the centre is due to a 
force ^Afa= ±A/to^.v, hence the definition: 

S.H.M. is the motion in a straight line of a particle about a point 
in that line such that the restoring force is proportional to its displace¬ 
ment from that point. 


The magnitude of the ratio ^ is a measure of the acceleration per 
unit displacement of the vibrating system and is given in this instance, 
from (12), by the value of 

The more general form of the equation representing a simple harmonic 
motion is 



where is a constant and x represents the displacement of the body 
or system from its rest position. This displacement may be linear 
or angular, and the period of the motion is given by 


27T 


VP 


{\}b) 


In this preliminary study of S.H.M. the resistive forces, which are 
always present to bring the motion finally to rest, are for the present 
neglected, but will receive consideration later in the book. 


Energy of a strained body. When a helical spring is extended in 
length the effort required increases from zero to a maximum value 
which is governed by the material, dimensions, and extension of the 
spring. Denoting the extension by .r and the force necessary to 
produce unit extension by /3, the final effort will be /3.v, with a mean 

effort of Thus the work done on the spring will be (^).v ^ . 

and this is the energy stored. This is equally true for wires, rods, etc., 
providing Hooke’s Law holds, whether in tension or conspressioii. 

Energy of a small mass attached to a light spring vibraong in S.H.M. 
The energy ((/) of this system will be partly kinetic and partly poicriiial, 
except at the positions of maximum and zero displace. ncni of the 

attached body, 

^ constant . . . (M) 

W.M.S.—2 
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where M is the mass of the suspended body and v is its velocitv 

appropriate to a displacement .t. Such a system as this is said to be 

conservative and the above equation is expressive of the principle of 
the conservation of mechanical energy. principle or 

Rewriting equation (13n) as Mx=~px, it follows by multiplying 
each side by xdt and integrating (see also Appendix I) that 

\Mx^= 


+ C 


where C is a constant of integration, 


(15) 


i.e. 


c 


may Ve Khat°fhe P''®^i°“sly derived. Hence it 

may be said that the first integral of the equation of motion of a 

conservative system is an equation 
p of energy. 



d^s 

-Mg sine .( 16 ) 

where . is the displacement 05 measured along the arc from the rest 
position O. But and 

^ equation (16) now 

becomes ^ = sin 0, 


j.e. 


e^~^sine 


( 17 ) 
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Now for small angles sin 6 may be replaced by 0 to a sufficient order of 
accuracy, thus for an angle of 5®, sin 5°=-0872, whereas its angular 
measure is equal to -0873. 

It follows, therefore, that equation (17) may now be written as 

e=~^.e .(18) 


In words, this equation implies that the angular acceleration is 
proportional to the angular displacement which is the characteristic 
of a and so from the relation (13^) the period 




A motion in which the periodic time, as above, is independent of the 
amplitude is said to be isochronous. It is only because Hooke’s law, 
viz. stress is proportional to strain (see p. 55), is obeyed for small 
strains that elastically controlled vibrations of small amplitude are 
isochronous. For larger amplitudes the period of the pendulum is 
no longer constant and is given by the expression (for proof see 
Appendix) 

T—2tt \/^ ■ (1+jg).(20) 

where a is the amplitude of the angular displacement. 


2. Rubber cord or helical spring supporting a load. Assume the mass 
of the spring or cord to be negligibly small in comparison with that of the 
load, A/, If fig be the force necessary to produce unit extension, an 
additional extension of .x calls into play a restoring force of pgx, and 
the forces acting on the mass M are:— 

downward : A/g, 

upward: Mg-\-fig{-x)=Mg~figx. 

The resultant upward force=—/xg.r, which produces an acceleration 
of X upward in A/, giving an upward force of Mx; 
i.e. Mx=—p.gx; 


and 


X M 



This formula is applicable to the vertical oscillations of a helical 
spring. If such a spring has an appreciable mass, say m, it has the 

same effect on the periodic time as increasing the load by-^\ and the 

expression becomes 



T^Itt 


( 22 ) 
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The direct determination of m can be avoided by observing the 
periods Ti and for two known loads, and respectively, and 
subtracting; thus 




(23) 


Derivation of formula. If / be the length of the spring (or cord), the 


m 


linear density is y, and the mass of an element situated between 

points 5 and s-\- Sj, measured along the wire of the spring from the 
point of support is —~—. At any instant the velocity of the mass M 

is given by x and therefore the velocity of the element at the same 

xs 

instant will be y and its Kinetic Energy (K.E.) 

1 fmBs'^^xY mx^s^Ss 


2/3 


The K.E. of the whole spring is 

mx^ci 


2/3 


. 0 -4 3 


Now at the instant considered, the K.E. of the mass M is i W and the 
total K.E. spring increases the effective mass 


m 


of the system by -j. 


The Potential Energy (P.E.) of the system in its displaced position 
.Y is given by hence the total energy of the system is 


2 (^+y)'*^^+5M^->^^=constant; 
Differentiating with respect to ;. 


which is the characteristic equation of S.H.M. of period 





( 22 ) 


3. Oscillation of a liquid column in a vertical uniform U-tube. Let 
LL be the normal level (Fig. 2.8), g the uniform cross-sectional area, 
and p the liquid density. When the liquid is oscillating the elevation 
on one side equals the depression on the other. Noting that the 
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effects of surface tension on each liquid column tend to cancel, the 
only force to be considered is that due to gravity. (The tube is 
assumed to be sufficiently wide for the effect of viscosity to be 
negligible.) 

When the displacement is x, the excess mass 2xap above the 
depressed level in the right-hand limb causes a downward force of 
2xapgy which acts on the whole liquid column of mass lap^ I being the 
mean length of the column, and an acceleration in a direction opposite 
to the displacement is produced. It is left to the student as an exercise 
to verify _ 

T=2n^' .(24) 

Note: The effect of viscosity will be to cause damping and to 
increase T. 

4. Hydrometer of the Nicholson type. Let a be the cross-sectional 
area of the neck of the instrument (Fig. 2.9) at the water line, its 



Fig. 2.8. Fig. 2.9. 


displacement in a vertical direction .v, its mass A/, and the liquid density 
hQp. Show that the time of oscillation after a slight vertical displace¬ 
ment in a wide vessel is given by 

T=2rryjM. .(25) 

V gpa 

5. The resonator. The derivation of the formula for the natural 
frequency of a resonator follows along similar lines, but is deferred 
until Chapter 4. 

Wave motion 

So far the motions of discrete objects have been considered. Now 
suppose such objects to be connected, the motion of any one being 
communicated to its neighbours. For example, if several identical 
pendulums are arranged in line and are connected by light springs as 
in Fig. 2.10, on momentarily displacing the first bob A inwards, the 
spring a will be compressed, so that bob B will move away and com¬ 
press the spring b. In this manner a compression will travel along the 
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springs from left to right until all the bobs are set in motion, the energy 
of which will be derived from the work done in compressing the 
system of springs. 

Consider 9 particles to be represented by .4,5, C,. . . 7(Fig. 2.11). 

When at rest they will be as in the first row. Assume the particle A 
to move to the right in S.H.M. The movement of A will cause B 
to commence moving a little later, and for the purpose of this discussion, 


and for convenience, the lapse of time will be taken as ^ sec., T being 

O 

the periodic time of each pendulum, assumed uninfluenced by the 
rest of the system. After ^ sec. the disposition of the particles will 


be as in the second row, the displacement of A being determined by 
the construction given on p. 12, and indicated by the circle at the 
top of the diagram. Successive intervals find the particles in the 


Fig. 2.10. 



Fig. 2.11. (Numbers in circles denote equal time intervals.) 


shown; in the last row but one, A, E and J are seen to be 
n their original positions, A and J moving to the right and E to the 

meanin/of P^'^^e with A and J, the 

It wM he iin of reference circles. 

^ ?nd fi differ ‘he same, thus 

bv 90°^in Similarly A and C differ in phase 

this k einreilnT' ‘'’I ^rst, in which C is at rest. Usually 
his IS expressed by saying that C suffers a phase tag of 90°. The 

ticular^row ’^Ref between two particles in phase in a par- 

closer at the leff f ‘ ^hows that the particles are 

Ae kft InH a rlreV^ u ’ ‘his indicates a compression on 

(nHinlf ^ 1 , on the right. The wave is said to be longi- 

of the wave d>splacements are in the direction of the motiL 
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Graphical representation of a longitudinal wave. As the axes of a 
graph are at right angles, the displacement of each of the particles is 
plotted against its position of rest. Thus the graph showing the wave 
at time T of Fig. 2.11 is obtained by drawing the displacements verti¬ 
cally, as in Fig. 2.l2f. 

Displacements to the left, being negative, are shown below the 
X axis, and those to the right, above. This graph gives the displace¬ 
ments of all the particles at a particular instant. The reader should 
draw two similar curves, on the same axes, for two successive instants 
as shown in Fig. 3.7. The direction of motion of the wave is thus 
rendered evident. The arrow-heads in line (^) of Fig. 2.12 indicate 
the direction of motion of particular particles at time /=7’, and it is 
to be noted that at a position of rarefaction (in centre of system shown) 
the particles move in a direction opposite to that of the wave, but 
move in same direction at the location of a compression. 

Frequently it is necessary to represent graphically the movements of 
one particular particle in successive instantSy and in such a case the 
resulting curve for the particle A (Fig. 2.10) can be obtained by con¬ 
necting the dots in the first column, which represent the successive 

Atr^ t’Oooooooooo (a) 


t*r 



o 




o 




+ 



Particle 

Position 



positions ot A. In practice, time is plotted horizontally and displace¬ 
ment vertically. This displacement-time curve and the displacement- 
position curve (Fig. 2.12) are both sine curves, but great care must be 
taken to distinguish between them. Both are included in the expression 


.In . 

y—a sin ^ (-v—v/) 


in which the wave is assumed to travel in the positive direction of .y. The 
symbols o, v, /, at , y and A respectively stand for amplitude, wave 
velocity, time, distance from the origin to the undisturbed position 
of the particle, particle displacement and wave-length. This expression 
is the general equation of a plane progressive wave, and is discussed 
more fully in Chapter 3. 


Composition of two rotating vectors. If OPi and OP^ (Fig. 2.13) 
are the rotating vectors corresponding to two particles Pi and P., 
moving in circles with constant angular velocity, then the resultant 
displacement on the X axis at any instant is given by 

x—OPi cos hiA-OPzCos §2 
= OPi cos hiA-PiR cos Sg 
= OR cos 6 
since OP 1 RP 2 is a parallelogram. 
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The magnitude of OR is given by 

0 R^= 0 P^^^ 0 P^^+ 20 P^. 0 P^ cos ROP^ 

= 0Pt^-\-0P^^+20P^0P^ cos (Sj-Si). 

Hence, since (Sg—S^) is constant, the resultant displacement at any 
instant is given by the projection of the vector OR which forms the 
diagonal of the parallelogram of sides OPj, OP^. 

If OP^=OP 2 =ay say, then x=fl(cos Si+ cos Sg) and for n terms 

n 

x^aE cos and similarly y=aS sin . . . (26) 

I I 

y 

I 



XOP^^S^ I 

xon=e 

Fig. 2.13. 

Superposition of simple harmonic motions. The graphical method is 
useful m the compounding of a number of S.H.Ms., and the particular 
case will be ^nsidered where they have equal amplitudes a and pro¬ 
gressively differ in phase by a constant angle 8. The geometrical 

from Fig. 2.14, the successive vectors 
UPiy P 1 P 2 , P 2 P 3 . etc., representing the component vibrations each 
being set at an angle 8 with its neighbours. Following from Fie 2 13 
the resultant of OP, and P,P, will be given by OP, and this is com- 
pounded, in turn, with P^P^ to yield the resultant OP.. The final 
resultant is obviously given in magnitude (.4) and phase angle ( 6 ) 
by the closing side of the vector polygon. From the geometry of 
the figure the reader should verify that the phase angle ( 0 ) with respect 

to the OX axis is equal to which is one-half of the phase difference 
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between the first and last component vibrations. Hence it follows that for 
n component vibrations 
the resultant vibration 
will be expressed by 

.■v=OP„cos[<«/+(^)8]. 

The case considered 
above has important 
application in diffraction 
phenomena, for example, 
in the determination i of 
the intensity pattern of a 
diffraction grating, the 
function of the latter being 
to produce an equal phase 
difference in the beams 
transmitted through each 
successive pair of aper¬ 
tures. 

The analytical treat¬ 
ment of the case of ?i 
vibrations of equal amp¬ 
litude and constant phase 
difference follows as an 
extension of equation (26). 



For ^a.sinn8=a{sm . . . +sin/iS}* 

* Applying formula 2 sin mx sin nx=cos (m~n)x—cos {m+nXr. 

2 sin S sin S/2=cos 8/2-cos 38/2 
2 sin 28 sin 8/2 = cos 38/2-cos 58/2 


Hence 
Similarly, si 


2 sin (H- 1)8 sin 8/2=cos ^ j 8- cos ^ ^ 8 


2 

2 sin nS sin 8/2==cos cos 

2 sin I rsin /)8=cos 8/2-cos 8 

)a.sin 


=2 sin 




ft 


_ (■/) 


J7sinn8= . . W .sin ('i±i 18 


) 


, sin8/2—VT 

2 sin mx cos rt.v=sin (m-|-«)j>c+sin (m-/»).v it is easily shown that 
8 1 - . / 2«4-l \ 8 


2 sin ^ r cosrt8 = sin ^ ^^^ ^S-sin^ 


=2 sin ('4?] . 


COS 


) 
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and 



n 

Za. cos nS=a 

i 



sin 8/2 


. cos 


Hence 




8-1- cos^ 




The phase difference between the first and last component vibration 
is (?i —1)8=2^, but if n is very large this relation becomes 8=—. 


Therefore from (27) it follows that 



Fig. 2.15. 


. sm 6 
A=a — fTT^na 
sm O n 


sin 0 

e 



It is to be noted that when d=m7Ty 


where m is an integer, the value of A is 
zero, i.e. the polygon is completely 
closed. In the limiting case when the 
amplitude a and the phase difference 8 
are infinitesimal, n being very large, the 
vector polygon will become a continuous 
curve, in fact part of the circumscribing 


circle, closed by a chord. This curve 


assumes a spiral form if the successive amplitudes of the com¬ 


ponent vibrations gradually diminish in magnitude. The simplest cases 
are those in which two S.H.Ms. are acting (a) at right angles, (b) in the 
same straight line. The first type is demonstrated by the Blackburn 
pendulum, in which string in the form of a Y is attached to a beam 
(Fig. 2.15), and supports a weight W. The arrangement acts as a 
pendulum supported at AA and of length when swinging at right angles 
to the plane of the paper, and as a pendulum of length 4 when 
swinging in the plane of the paper. 

If the bob is moved out, say, at 30° to the plane of the paper, and 
to one side of the line IVO and then released, the two motions occur 
simultaneously, and the bob traces out a figure which is more complex. 
The actual shape of these Lissajous figures, as they are termed, depends 

on the ratio p and on the respective amplitudes of the two S.H.Ms., 

and also on the position of the bob at the particular instant of release. 
The latter governs the phase difference between the two S.H.Ms., 
and the effect is indicated in Fig. 2.16, which refers to two S.H.Ms. of 




WAVE MOTION 


27 


the same period and amplitude. Such figures are important in 
the comparison of frequencies by means of a cathode ray oscillo¬ 
graph (see Chapter 13). A simple demonstration of the figures 
formed with the apparatus of Fig. 2.15 is obtained by replacing the 
bob with a funnel containing sand; as the sand falls it is caught on 
a stationary tray, and reveals the figure described. 



Phase Difference 
of Component 
Vibrsfions 







Fig. 2.16. 


To trace a Lissajous figure in which the period of one S.H.M. is 
twice that of the other S.H.M. Draw a rectangle in which the sides are 
in proportion to the respective amplitudes OX, OY (Fig. 2.17). The 
period in the X direction is double that in the Y direction. At rest, 
the particle occupies the centre O of the rectangle; when moving in 
the S.H.M. of greater amplitude only, its path is along XX\ and 
when in the other S.H.M. alone, the path is along YY'. Consider 
the particle to be released from the position A under the influence of 
the forces producing both S.H.M. As the period in the XX' direction 
is double that in YY' direction, the particle cuts the YY' axis when 
it reaches CF, i.e. it is at Y'. Similar reasoning shows that it continues 
until it reaches the point B on the 


' I 
; \u \ 


\K\M 



! V 

85 




path. In order to fix intermediate ^ 4 e 

points, draw a semicircle on each 
side of the rectangle as diameter 
as shown in the diagram. Divide 
the larger arc into eight, and the 
smaller into four, equal parts, and 
project each part on to the corre- , 
spending diameter, and complete X 2 
the diagram as shown. The times 

taken for the particle to traverse 4 w/ ^ 

relevant portions of its respective C ' ^ 

diameters are equal, from the defin- Fig. 2.17. 

ition of S.H.M., hence, by joining 

the appropriate points of intersection of the horizontals and verticals 
by a smooth curve, the required path is obtained. If the particle 
is projected from G in the direction of GA, the Lissajous figure resembles 
a figure 8. This should be checked by the reader, and other figures 
drawn commencing at K and M. Fig. 2.18 shows figures in which 
the ratio of the periods is 3 : 1. 


Y' 


Fig. 2.17. 
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Two S.H.Ms. acting in the same direction. The second type of 
superposed S.H.M. may be demonstrated by attaching a short pen¬ 
dulum with a light wooden bob m to the bottom of a long one with a 
massive lead bob M (Fig. 2.19). When the two are swinging in the 
same plane the lower bob moves with two S.H.Ms. Each S.H.M. is 
drawn as a displacement-time curve to the same scale (Fig. 2.20 a 


(a) (6) (0 

Fig. 2.18. 

and b), and the displacements are added algebraically (Fig. 2.20c). 
The resulting curve is complicated, but repeats itself at regular intervals, 
i.e. it has a definite periodicity or frequency of repetition. 






Composition of two S.H.Ms. at right angles to each other—analytical 
treatment. The rotating vector OP of Fig. 2.5 is equivalent to two com¬ 
ponent perpendicular projections on the OX and OY axes, and as 
P moves round in a circle these projections move “to” and “fro” 
in S.H.M. along their respective axes. These component vibrations 

have equal amplitudes but differ in phase by 7r/2 
(cf. Fig. 2.16), for 1(c) may be written as y=a sin (at— 

acos(7r/2—a>/)=acos indicating that the phase 

of y lags behind that of x by njl. The converse of the 
above is also true, viz. that two mutually perpendicular 
S.H.Ms. of equal amplitude having a phase difference 
of 7 t/2 , are equivalent to a uniform circular motion, the 
radius of the circle being equal to the amplitude of the 
S.H.Ms. It should be noted that the motion of P is 
essentially a planar one. as distinct from the one¬ 
dimensional motion of the S.H.Ms. previously considered. 

The more general case where the component vibrations 
have different amplitudes will now be considered. Let 
these be x=a cos (at and y=b cos (a>r+S), where 8 is 
the phase advance of y with respect to x, time being 
counted from the position of the maximum value of- 
the A- displacement. 


M 


o m 

Fig. 2.19 

Now 


V 

g=cos (w/4- 8) 


i.: 


= cos (at COS §—(1—cos^ (aty sin 8 
=- cos 8— 1 - 


a 


a- 


sin 8 
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• • • ( 29 ) 

which on expanding and simplifying gives 

Y* Oxv V® 

.... (30) 

This is an equation of the second degree, and is the equation of an 
ellipse whose form varies with the amplitudes a and b and the phase 
difference 8, as tabulated below. When 

(1) 8—0, the curve becomes two coincident straight lines, y~-x^ 

passing through the origin and inclined to the .v axis at an angle 
tan ^bja; 

(2) S=7r/2 or 37r/2, the 

2 2 

curve is given by ^-}-^=l, 

which is an equation of an 
ellipse of semi-axes, a and b^ 
coincident with the x and y 
axes respectively. The orbital 
path degenerates into a circle 
when the origin being at 
the centre, and 

(3) 8=7r, the curve is again 
two coincident straight lines, 

y= passing through the 

origin but now inclined to the 
axis at an angle tan“^—6/a. 

The above paths will remain 
quite stationary if the two 
frequencies are exactly equal 
and constant; if, however, 
there is a small constant 
difference of frequency the 
form of the path will slowly 

change. Since this frequency difference will have the effect of gradually 
changing the phase angle 8, it follows that the path will assume sequen¬ 
tially the various forms under (1). (2), and (3) above, and the cycle will be 
carrwd out at a frequency equal to the difference of the frequencies 
of the component vibrations. This effect provides the means for the 
measurement of small frequency differences, by timing the rate at 
which the cycle is performed when comparing frequencies by a method 
involving Lissajous curves, e.g. cathode-ray oscillograph (p. 257) 

If the ratio of the frequencies is 1:2, i.e. x=a cos wt and y= 
b cos (2tW+S) represent the component vibrations, then the resultant 
path of the particle, on elimination of t between the above relations, 
may be shown in general to be a curve having two loops. Two 
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particular values of S will be taken, as the solution of the general case 
is very laborious. 

(1) a=o. 

Here x=acos oit .(31) 

y=b cos 2 cor.(32) 

From (32) it follows that cos^ wt=-li\‘]-ylb). Hence combining 
this relation with (31) the result obtained, on eliminating r, is 

x^=^(/>+>').(33) 

Similarly for it is easily shown that 

x^=^{b—y) .(34) 

Equations (33) and (34) represent parabolas, the one being the 

inversion of the other; one such curve is shown in Fig. 2.17, only 

in this case the frequency of x is double that of y^ so the equation 

^2 

would be ^^^^(ci+x). 

(2) S=7r/2. 

Here x=a cos co/.(35) 

y^b cos (2cor-l-7T/2)= —b sin 2ojt , (36) 

whence it is easily shown that 

^=sin2 2cor=4 sin^ ojt cos^ cor=4—„(l —— 
b^ a^\ or I 

or rearranging .(^^^ 

The path represented by this equation is a symmetrical figure of 8. 

In employing Lissajous figures to determine the ratio of two 
frequencies it is important to be able to recognise readily the frequency 
ratio from the pattern observed. If this ratio /• is a whole number 
then the number of loops in the figure will also be r. This fact is not 
necessarily observable, as when the pattern assumes a stationary position 
giving a line as in Fig. 2.17, but if either of the frequencies can be altered 
very slightly the figure will commence to turn and the loops will be 
rendered quite evident. 

When r is not a simple ratio let x=a cos w{t and y=b cos (< 02 ^+^) 
represent the two S.H.Ms. where/‘=ajja> 2 . Then the resultant Lissajous 
figure will be inscribed in a rectangle of sides 2a and 2b, and therefore in 
a given time t each of the extreme values of x will be attained t^2ttI coi— 
cdit/27t times and those of y, oj^tI27t times. Hence the ratio of the num¬ 
ber of traverses in the x and y directions is given by cjJ cii 2 =r, the ratio 
of the two frequencies. This result provides an obvious means of 
finding r by counting the ratio of the number of intersections of the 
pattern on two lines parallel to the x and y axes respectively. In this way 
the reader should verify that Fig. 2.18 shows Lissajous figures for a 
frequency ratio 3:1. 
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Pure tones and overtones. It will be shown later (p. 85) that 
the sine curves shown in Fig. 2.21 resemble the vibrations produced 
in air by tuning-forks, which have practically pure toneSy whereas those 
of a violin are more complicated (thick line in Fig. 2.21). It is the super¬ 
position of overtones (tones of higher frequency) on the fundamental 
note that gives an instrument its characteristic tones and quality; the 
fundamental determines the pitch of the instrument, and has the largest 



Fig. 2.21. 


amplitude usually, whereas the overtones are of smaller amplitude. 
The same remarks apply to the human voice. Overtones also affect 
articulation, i.e. the ease with which spoken words are heard. This 
is discussed in Chapter 14. 

It is possible to simulate various musical sounds by taking tuning- 
forks of the appropriate frequency and striking them simultaneously, 
the lowest with greater force than the others to accentuate the 
fundamental. 


For further reading 

Miller, D. C.: Anecdotal history of the science of sound to the beginning of 
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Wood, Alex.: Acoustics. Blackie, 1940. 

Davis, A. H.: Modern Acoustics. Bell, 1934. 

Wood. A. B.: Sound. Bell, 1930. 

Richardson, E. G.: Sound. Arnold, 1947. 




CHAPTER 3 


WAVE PROPAGATION 


The wave>equation 

If a particle is part of an infinite medium which is subjected to a 
periodic force applied at a point near the particle, the latter will be 
displaced from its position of rest. Its displacement at any instant 
will depend on its position relative to the direction of propagation 
of the disturbance in the medium. As a result of the impulses 
transmitted by neighbouring particles situated nearer to the ori^n 
of the force, each particle will execute a simple harmonic motion 
in the direction in which the disturbance travels. Consequently the 

velocity of propagation, v, will determine the time taken, -, for the 

disturbance to reach a point P situated a distance x from the origin, 
i.e. it will be the factor which determines the actual displacement y of 
the particle at P at any given instant. Since the disturbance is a simple 
harmonic motion and is continuous with time, then the motion of 
every individual particle will be repeated after an interval of time, T sec. 
say, and in this manner a wave is propagated through the medium. The 

interval T is the period of the motion and is equal to where n is the 


frequency of the source which may also be expressed as^, a» being known 

as the pulsatance (p, 14), The shortest distance between two particles 
whose displacements, at any given instant, are similar is known as the 
wave-length A of the periodic motion; i.e. it equals the distance travelled 
by the wave during the time T taken for the disturbing force to make one 
complete vibration or cycle; 

A=vr=-. 

n 

A simple harmonic wave is represented by an equation of the type 
y=a sin d = a sin wt (equation 1(c)). Such a wave is reproduced in 
Fig. 3.1. Now 

2tt 

_ 2TTVt 

X 


27TX 


• » 


y=a sin (x) 



When .V is a multiple of >’=0, and the curve cuts the axis; these 

multiple values are set out above the X axis in Fig. 3.1, This 

32 
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equation gives the actual contour, at a particular instant, of a transverse 
wave, for example, travelling along a string in which the actual motion 
of the particles is at right angles to the length of the string, i.e. perpen¬ 
dicular to the direction in which the wave is propagated. Alterna¬ 
tively, as already noted (p. 23), it may represent the instantaneous 
longitudinal displacements of the particles of a medium through which 



a longitudinal progressive wave is travelling. Either type of displace¬ 
ment may be represented, therefore, by the equation >’=/(.y), denoting 
that the displacement is a function of the position .v of the particle, 
but it does not specify the motion completely as the effect of time is 
not included. 

If the outline of the wave remains constant in form as it progresses 
through the medium it is said to be of “constant type.” Sound 
waves and light waves propagated through a vacuum conform to this 
designation. Hence the contour of the wave may still be represented 
by the same equation, ;’=/(.y), at any other time / provided that the old 
origin, from which y was initially measured, moves forward with the 
velocity v of the waves. In order to incorporate the time factor, 
consider the displacement of a particle situated at .y in the path of a 
train of waves, i.e. a group of successive waves proceeding from the 



same source. Two positions of this train are shown in Fig. 3.2, ulu 
they differ in time by an interval denoted by t. The displacement ot 
the particle under consideration at the respective instants will be 
given by 

r,-/(.Y) and . {\a) 

where the distance (.v) is measured from the same point O in the wave 

W.M.S.— 3 
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system. Referred to the old origin the equation yt=f(xi) will be given 
by yt=f(x—\t), since O has moved through a distance vt. 

Hence y=f{x^yi) .(1ft) 

is the general equation of a wave of constant type propagated in the 
positive direction of x with a velocity v, and it gives the displacement y 
at any time t in terms of the velocity of the wave and of the distance x 
of the particular particle from the original position of the origin. For 
a wave propagated in the negative direction of x, v is negative and the 
corresponding equation is therefore 

y=f{x-\-vt) .(Ic) 

A particular and important case of equation (1ft) is 

sin ^ (x—V/).(2) 


Alternative forms of the equation are: 

(a) Substituting «A for v, 

X 

j~nt 

(ft) Substituting n for T being the period of vibration, 

y=a sin 27r(^-i).(2ft) 

(c) Substituting k for 

A 

y=a sin 27 t(/cx—«/).(2 c) 

/f is known as the wave number, i.e. it is the number of waves per unit 
distance. It is often used in optics to express the frequency of spectrum 
lines. 

(c/) Substituting 

. 27t/xT ^ 

sin co{cx—i) . {Id) 

Observations: 

(1) There are three variables in the equation, the dependent variable, 

the displacement y, and the independent variables time t and distance x 
of the particle from the origin. 

(2) If t is fixed at a particular instant /q, the equation becomes 

^=asin2.g-^) 




in which a is constant. 


. / 27rx '\ 

A graph of this expression corresponds to 
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that of Fig. 3.2, the position of the ordinate being governed by the 
magnitude of a. It gives the disposition of all the particles at the 
n stant 

(3) If .X is fixed, say, at Xq, then 

=a sin 

gives the displacement of the particular particle situated at a point distan 
Xo from the origin. This 
expression gives the history 
of the motion of this particle, 
and its graph is similar to 
Fig.2.3i». In cases (2) and (3) 
a and jS are epoch angles. 

(4) The two graphs are 
termed displacement curves 
and may be plotted in three 
dimensions, in which the 
three axes are at right angles, 
as the three edges at the 
corner of a box. To draw 
these in two dimensions the third axis is inclined (Fig. 3.3a). Suitable 
scales are chosen and the graph for time is drawn on the XY axes.* 

Repeating this for i-e. half a period later, the graph, which is 

an inversion of the first, is drawn as shown. Further graphs for 



Fig. 3.3b. 

etc., are drawn, and the result is that, whereas a two- 
dimensional graph is a line, this three-dimensional graph is a surface 
which resembles a sheet of corrugated iron lying on a plane parallel 
to the Y~t plane, the directions of the corrugations being inclined 
to the / axis as shown in the plan (Fig. 3.3b). 

The general expression for wave motion is from equation (16) 

>’-/(x-vO.(3) 

y, being the displacement of the particle^ 

• In Figs. 3.3 (a) and (A), .v denotes the displacement and y the particle position. 
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A', the distance of the mean position of the particle from some 
arbitrary origin, 

r, the time which has elapsed, and 
V, the velocity of the waves. 

To find the velocity of the particle, differentiate the above expression 
with respect to time, then 

y=|'=-v./'Cv-vO.(4) 


As the particle velocity is variable, the value obtained is the instan 
taneous velocity. The particle acceleration is 


V/) . . . . 

. ■ . . (5) 

Differentiating with respect to x. 


. 

... (6) 

g=/"(x-vO. 

... (7) 

Substituting ( 6 ) in (4) and (7) in (5) give 


dt dx 

... (8) 

and 

dt^ dx- . 

... (9) 


respectively, two important results, particularly the latter. 

These results should be checked by using the particular equation 

277 -. . 

y=a sin —(x—vt). 

A 

The significance of (9) will be seen in the following section. 

Formulae for the velocity of sound 

The velocity of sound in a uniform homogeneous rod. Fig. 3.4 
represents a portion of a rod, the section at A being distant a from 

some arbitrary origin in the rod. 

Assume the section at A to 
suffer a displacement rf, in the x 
direction at a particular instant 
when the rod is in a state of longi¬ 
tudinal vibration, and that the 
section at B, which is very near 
to is displaced by an amount 
77 +Sr; at the same instant. The 
whole rod is strained and it is 
necessary to express this in terms of small lengths such as AB, because 
if A and B were taken to be an integral number of wave-lengths apart, 
the displacement of the section A would be equal to that at section B, 
and no strain would be apparent. By taking small lengths this is 
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eliminated. The need for this is further emphasised by reference to 
the graphs in Fig. 3.5. Both graphs show the displacement of each 
point along the rod due to an applied stress, but whereas (a) relates to 
a steady stress, (b) deals with a periodic stress which produces com- 
pressional waves in the rod. Clearly, the strain in the first case is 
constant at all points, but in the second case the strain varies with the 
alternating stress, and at any point will be measured by the tangent 

of curve (b) at that point, which is expressed by ~. 

The strain at A, then, at any instant is and the rate of change of 


strain with distance is 

dx\dx/ dx^ 

actual change of strain is . S.v, 

so that the actual strain at the section 

Bis — . 5.r. The elastic modulus 

dx dx^ 

called into play by a simple longi¬ 
tudinal pull is Young’s modulus,* £, 
so the stress at the section A, assuming 
Hooke’s Law is obeyed, is equal 

to £ X strain and 

dx 


In the distance AB, i.e. hx, the 



that at 


The difference 

between these stresses is£. ^. Sx, and 

dx^ 

thus the resultant force acting over 
the whole sectional area S of the rod 

AB is . Sx.5. This force causes 
dx^ 



Fig. 3.5. 


( 10 ) 


an acceleration of the mass AB, which is represented by so that 
d^-n d^rt 

which p stands for the density of the rod, 

^2 r ^2 
0^r)_E C^f) 

dt'^~p-'^^ . 

Since this equation must be dimensionally correct it follows that 
~ has the dimensions of (velocity}^ which is verified by reference to 
equation (9) which states that 


2 B 
v^=- 


(11) 


* See Chap. 5. 
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where v now stands for the velocity of longitudinal elastic waves in 
the material, hence: The velocity of sound in a solid rod is propor¬ 
tional to the square root of Young’s modulus for the material of the 
rod, and is inversely proportional to the square root of its density. 

A method of finding Young’s modulus for substances which are 
difficult or impossible to procure in the form of a wire, e.g. wood or 
glass, is at once suggested, for these substances are readily obtained 
as rods for which the value of v is obtained by the dust tube method 
devised by Kundt (p. 137). It should be mentioned, however, that the 
modulus obtained under these essentially adiabatic conditions may 
differ slightly from that obtained under the isothermal conditions of 
normal static experiments. 


The velocity of sound in a gas. The same argument holds as for a 
solid, the gas being considered to be contained in a cylindrical pipe. 
Young’s modulus, however, does not apply, for the lateral dimensions 
of the gas remain constant. The adiabatic bulk modulus* replaces 
Young’s modulus, and is equal to yP, y being the ratio (Cp/Cv) of the 
principal specific heats Cp and Cy of a gas, and P the absolute pressure 
of the gas. 

Originally Newton assumed that the compressions and rarefactions 
to which the gas was subjected while transmitting sound waves were iso¬ 
thermal changes, and hence Boyle’s law hdd. The isothermal elasticity 
is calculated by assuming that an increase of pressure p produces in a 
given mass of gas of volume K a contraction equal to tV. If P stands 
for the initial pressure, then 

PV=^{P+p){V~hV) 


=PV+pV-PhV-phV, 

so that PhV=p{y~hV). Now hV is of the order and so phV 

may be neglected, hence 


P=p. 


V _ P 
hv SVjV 


where p is the stress which produces the strain 





Isothermal bulk modulus= 


stress 


volume strain 


=P 



The ^alues obtained for the velocity of sound from the formula 

— /P 

V \ ~ were considerably lower than the actual values, and it was 

Laplace that the elasticity involved was the 
adiabatic bulk modulus, for, owing to the rapidity with which rare¬ 
factions succeed compressions in a gas transmitting sound, the changes 
could not be isothermal. Substituting yP for q in equation (11) 



• See Chap. 5. 


. (13) 
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Results calculated from this expression are in agreement with those 
obtained experimentally. To show that the elasticity=yP, write 

PV‘^=={P-\-p){V~hVy, expand the last bracket to three terms, and 
proceed as before. 

By using a modified Kundt’s apparatus to measure the velocity of 
sound in a gas available only in small quantities, it is possible to utilise 
the above formula (13) to calculate y. This has been done for the 
rare gases. 


Effect of temperature on the velocity of sound in a gas. The gas 
equation may be written 


T, 


for m gm. of a gas, Tj signifying absolute temperature and Kq the 
volume occupied by the gas at standard temperature {T^ and pressure 

(P o). Dividing by m, the equation becomes finally = and 

^ ^ ihPi) UoPo) 

substituting for and — from equation (13); 

Po Pi 

TiY Toy 


or 


V]_ 

VT, VTo 



Thus, the velocity of sound in a gas which obeys the gas equation is 
proportional to the square root of its absolute temperature. 

In air atO° C^, Vo=331-5 m. per sec., and by calculation Vioo=387-4 m. 
per sec. at 100° C. This agrees closely with the experimental values, 
but it should be pointed out that y decreases slightly with increase of 
temperature, and that the relationship should be used for moderate 
differences of temperature only. The value of y for all gases lies 
between and unity, Tj being the theoretical value for monatomic 
gases, and } for diatomic gases. 

Writing equation (14) in terms of the centigrade scale, 



very nearly, if / is small; 


increases by 


0 


t 


546’ 

331-5; 

546 


4 

or, for an increase of ;° C. the velocity at 0°C. 
m. per sec. = -6I/ m. per sec., a result which has 


been chiefly of academic interest until the recent interest in flight at super¬ 
sonic speeds, i.e. at speeds greater than that of sound. At sea-level in 
our climate the speed of sound is about 760 m.p.h., but the air becomes 
colder and less dense with height and at 30,000 ft. is calculated to be 
660 m.p.h. 


Effect of pressure. The density of a gas is proportional to its pressure, 
hence shows that velocity is independent of pressure. 
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Properties of displacement curves 

As previously stated, the graphs which show the relationship between 
y and t for a particular particle and that between y and x at a particular 

time as expressed by the equation y=a sin -^(x—vt) are known as 

displacement curves. 

277 

Let the angle v/) be denoted by 0; increasing x by^A increases 

0 by ±277, but sin (^± 277 ) is equal to sin hence the value of y is 
the same at the points :v+A and x —A as at the point x, hence A is the 
distance apart of successive points in the wave which are in phase, 
and is therefore the wave-length. 

The slopes of the displacement curves are given by differentiating 
the wave equation with respect to I and x respectively:— 


dt 


a 


cos 


277 

T 

277 


{X-I'O] 


277V 


t r 277. x~’277 

^__ + LacosT(.v-v/)J^ 


( 15 ) 

(16) 

S\ I A 

these results confirm (8). 

is the particle-velocity, so it follows that its value at any point is 

proportional to the slope of the displacement-time curve at that point. 
The horizontal portions of the y-t curve (Fig. 3.6) occur at the crests and 
troughs, so these are times of zero particle-velocity. At the points 
where it cuts the t axis, the curve has its maximum slope, and these 
are points of maximum particle-velocity. The rate of change of slope 

d / dy\ d^y 

\^/ acceleration. This is clearly zero at the 

points of maximum particle-velocity, and maximum at the points of 

zero particle-velocity, i.e. at the 
maximum points of the displace¬ 
ment-time curve. This is shown 
in the particle velocity-time curve 
which is reproduced below the 
y-t curve. Notice that the curves 
are 90° out of phase. 

Application of these conclu¬ 
sions to the simple pendulum is 
helpful: when it is moving 
through its lowest point its 
velocity is maximum and its 
^ * •*!. acceleration zero, but at its maxi- 

f Zero Velocity, but the acceleration is maximum, 

“ '■ P'oPortion.1 to 

a displacement-distance or y-.v curve in Fig. 3.7 represent 

V In particular time, travelling with a velocity 
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(from eqn. 8), when -1^ is negative, ^ is positive, 

which means that the particles are moving upward on the forward side of 

each wave (the right-hand slopes in the diagram), and when ^ is 

ox 

positive, i.e. on-the left-hand slopes, ^ is negative, i.e. the particle- 
velocity is downward. 



Fig. 3.7. 


Now consider the curve to represent a train of sound waves in air* 
the ordinates now stand for the longitudinal displacement of the 
particles at a particular instant. 

As before, when ^ is negative, is positive, and the particles are 
moving in the positive direction, i.e. in the direction of the wave, 
when ^ is positive, the particles are moving to the left. To determine 

(a) .. 



Fig. 3.8. 


the actual position of the particle the ordinate PQ (Fig 3 8^/) at a 
particular point P is set off to the right of the equilibrium position if 
above the abscissa, i.e. to PR, and vice versa, a reversal of the procedure 
indicated on p. 23. Proceeding in this way the particles whose 
equilibrium positions are shown as dots in Fig. 3.8o actually occupy 
the positions as in {b). It follows that in a compression the particles 

are moving in the same direction as the waves, and in a rarefaction, 
in the opposite direction. 
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Energy of a particle moving in S.H.M. 

As previously, let y=a sin aj(cx—0 represent the S.H.M.; then if 
m is the mass of the particle its Kinetic Energy (K.E.) at any instant 
is given by 

o}{cx—t) .... (17) 

The maximum value of the K.E. is therefore 

K.E. .(18) 

But since no energy is assumed to be dissipated by friction, etc., it 
follows from the conservation of mechanical energy that the total 
energy of the system at any time=since P.E. is zero when K.E. 
is a maximum, and vice versa. 

K.E.+P.E. (Potential Energy)—. . (19) 

Hence the P.E. of the particle at any instant 

= K.E. = —cos^ to(cx—/)] 

= sin^ to(cx—0.(20) 

But the expression (17) may be written as 

— <D(cx~—t)=\ma^o}\\-\-co%2ojt) . (21) 

The average value of (1+cos 2a>r) over a complete cycle is unity. 
Hence K.E.{mean)= co^ 

=P.E.(mean) from (19). 

The total energy of the particle may also be expressed in terms of 
the frequency («) of vibration, viz. 

.( 22 ) 

The above results signify that for a particle vibrating in S.H.M. 

(a) The mean K.E. of the particle is equal to one-half of its 
maximum K.E. 

(b) The total energy of the particle is on the average half kinetic 
and half potential. 

(c) At a given frequency the energy of the particle is proportional 

to the square of its am¬ 
plitude of motion. 

(d) If the frequency is 
variable, then for the ener^ 
of the particle to remain 
constant, must not alter, 
i.e. the amplitude must vary 
inversely as the frequency 
(or directly as the period). 
The graph in Fig. 3.9 depicts 
two such vibrations of equal energy, the shaded curve referring to a 
vibration of double the frequency but half the amplitude of the other 
curve. 

The above analysis may be extended to determine the energy per 
unit volume of a medium through which a plane wave is passing. 
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If p is the density of the medium, then from (19) it follows that the 
energy density, i.e. the total energy contained in unit length of the 
wave per unit area of the wave-front is given by 

=-27T^paV .(23) 

The rate at which energy flows through the medium will be equal 
to the energy contained in a cylinder of volume=c times unit area of 
the wave-front, where c is the velocity of the wave. 

Hence the energy flow per unit area of wave-front per unit time 

=Er 

=2-n'^pcaV .(24) 

Ef is taken as a measure of the intensity of a sound wave (this is not, 
however, the same as the “loudness,” see Chap. 10). 

Obviously Ef^c.Ej .(25) 

Ef is sometimes termed energy flux. 





CHAPTER 4 


TRANSVERSE VIBRATIONS 
Vibration of stretched strings 

A sonometer or monochord consists of a uniform wire which 
passes over two fixed bridges and (Fig. 4.1), and is under tension 
which can be varied as required. A third bridge B which is slightly 
higher than the others is placed between them and is movable to 



Fig. 4.1. 


allow the vibrating portion to be altered in length. Sonometers are 
usually tuned by adjusting the tension of the wire so that the frequency 
of transverse vibrations is lower than that of a standard—usually a 
tuning-fork—and then moving the adjustable bridge until beats (p. 77) 
are heard. Continued adjustment makes the beats diminish in frequency 
and eventually they become imperceptible. The vibrating portion 
of the wire is then in tune with the fork. This is readily verified by 
placing a small paper rider astride the middle of the wire and putting 
the stem of the vibrating fork into contact with the movable bridge: 



Fig. 4.2. 


the wire is set into vibration by resonance through the motion of the 
bridge, and this agitates the rider, which may be thrown off. 

An interesting experiment is as follows. A sonometer is tuned to 
a frequency of, say, 256 c.p.s., using a tuning-fork in the manner 
described above, and the setting tested by means of a paper rider. 
The rider is replaced and the test repeated with a tuning-fork of 
double the frequency of the first. The rider remains undisturbed. 
Two more riders are added, one midway between each end and the 
middle, and the vibrating fork again applied. The added riders are 
thrown off, but the original one remains. This means that the string 
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Vibrates in two parts (Fig. 4.2) when the octave is elicited, and that the 
middle IS a node; the ends of the parts, or loops, are nodes also. 
Ihe bridge B is moved to coincide with the central node; the portion 
ByB of the wire now responds to the octave, but fwt to the original 
lork. The octave and other overtones are usually present in a 
musical note, and are responsible for the particular quality by which 
the source of a note of a given pitch may be identified. 

This experiment indicates one of the laws of stretched strings,* 
VIZ. that for a given tension, the frequency of transverse vibrations of 
an ideal string is inversely proportional to its length between two 
successive nodes. In symbols, 

1 

^ ^ -j .1st law. 

If the vibrating length of a wire is adjusted to vibrate in a single loop 

under a known tension of, say, 4 Ib.-wt.. the frequency being 

256 c.p.s., the octave is elicited by increasing the tension to equal 

16 Ib.-wt., i,e. the frequency is doubled if the tension T is quadruDled 
In general, 

n cc VT .2nd law. 

Lastly, it can be shown that the frequency of a string of definite 

length and tension is decreased by increasing its mass per unit length 
for t- & . 

I 


n cc —p= 

Vm 


3rd law. 


The bass wires of a pianoforte are loaded by winding a copper wire 
closely on to each steel wire. This device is preferable to using thicker 
wires (reduction in tension of an ordinary wire being impracticable) 
as the mass per unit length is thus increased without sacrificing flexi¬ 
bility, and it has the added advantage of reducing non-harmonic 
vibrations. Alternatively, the frequency can be lowered by “over¬ 
stringing” an upright piano. This consists in running the bass strings 
across the treble (Fig. 4.3), and allows longer strings to be used The 
resulting tone resembles that of a grand piano, and such a piano is 
frequently termed an “upright grand.” 

The three laws are combined in the expression 



in which n is the frequency in cycles per second, / the length in centi¬ 
metres of the vibrating portion of the wire between two successive 
nodes, T the tension in dynes, and m the mass per unit length of the wire 
expressed in grams per centimetre. The reader should verify the form 
of the relationship by the method of dimensions. This formula mav 
be proved conveniently in two stages. Firstly, the velocity V of 
propagation of a wave along a string is shown to be given by 

' m 


* Usually known as Mersenne’s Laws. 


(2) 
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and then this is combined with the expression V=n\ to give 


r/r \JT 
n=-\' —. V — 


m 21 


0) 


A being the wave-length of the transverse vibrations. 

This formula is strictly applicable only to an ideal string, i.e. one 
which is perfectly flexible, is perfectly uniform and does not suffer 
appreciable changes in length whilst vibrating. In a perfectly flexible 
string the stiffness is considered negligible, but when this condition does 
not hold a formula such as that due to Donkin should be employed, viz.: 


N /T{, , 

" 8Pr 


( 3 ) 





Fig. 4.3. 


Piano frame—note the “overstrung” bass strings set in N.W. direction. 


In this formula r is the radius of the circular section of a wire of 
total length /, and E is Young’s modulus of elasticity of the wire. 
N assumes a value of unity for the fundamental and it is evident that 
the correction factor for the stiffness becomes increasingly important 
with the higher harmonics of the wire. 

Before proceeding with the proof, it is essential that the reader 
should appreciate the fact that the wave which travels along a stretched 
string is reflected from the end, and that the outgoing waves are 
superimposed on reflected waves to form the standing wave system 
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of a vibrating wire. This may be difhcult to visualise, but by considering 
the motion of a single pulse on a stretched string first, and then Melde’s 
experiment, the problem should be clear. 

Consider a rope AB in which a single transverse wave Wh moving to 
the nght (Fig. 4.4). Each particle of the rope repeats the motion of the 
particle to the left of it, for in an undamped progressive wave each 

^ ^ S-H.M. of the same amplitude and period but in 

dijjerent phase. Particles one wave-length apart will differ in phase 
by 2'tt radians. This wave propagation is conveniently demonstrated 
by means of a uniform rope 1 cm. in diameter and 15 m. long, secured 





Fig. 4.4. 


at one end to a wall and passing over a pulley near the free end. To 
this end is attached a load of about 4 kg. to maintain a uniform tension. 
If the horizontal portion of the rope is struck near to the pulley, a 
single wave-crest will be observed to move along the rope to the fixed 
end, from which it will be reflected, with amplitude reversed. Usually 
such a wave traverses the rope several times before becoming imper¬ 
ceptible. and by timing with a stop-watch it is easy to obtain the 

velocity. To verify experimentally the expression F=\/— for 

the rope, several values of V should be obtained with different loads. 



Fig. 4.5. 


As m is constant a graph of against T should give a straight line 
and from its slope m can be calculated. This can be checked hv 
direct weighing. ^ 

Mclde’s experiment and standing waves 

Melde’s experiment resembles the one just described, but the periodic 
motion is maintained by an electric tuning-fork of between 20 and 
50 c.p.s. to which the end of the string is attached. The load is 
gradually increased until resonance is obtained, which occurs when 
the string vibrates in a series of loops. The difference between the 
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experiment described above and Melde’s experiment is that the wave- 
crest is caused to pass along the rope in the former, whereas in the 
latter each to and fro movement of the fork is responsible for sending 



Fig. 4.6. 

out a wave-crest. Each crest is reflected back from the pulley, and 
the returning system fits in with the outgoing system when resonance 
occurs, so that there may be other positions along the string besides 





STANDING WAVES 49 

that at the pulley where the displacement is always zero. This super¬ 
position of similar waves moving in opposite directions causes 
a standing wave system which is characterised by the presence of 
nodes, and is more fully discussed on p. 106. A further increase 
in tension causes the string to be rearranged into a smaller number 
ot loops, and finally there is one loop only. Now each loop ends in 
a portion of the string which is at rest, and therefore is a node; the 
point at which the string is attached to the fork, however, suffers a 



slight movement, and is termed an approximate node, which should 
oe avoided in measurements. With two or more loops, the half 
w^e-length of the vibration can be easily obtained, 
progressive waves and standing waves are shown diagrammatically 

in Figs. 4.5 and 4.6. 

trl^ wave AiBiCiDi progresses to A.S,C.,D., owing to the 

of the particle A^ to a.^, a^ to A.,, etc. This may 
readily demonstrated by rotating a wire helix about its axis, and 
observing a point on the wire. 

^8* 4.6 shows two progressive 
waves moving in opposite directions; 
j. ^ point in their common paths is 
therefore subjected to two similar 

These are com- 

cnrvAc the thick 

thp -1 ^ not advance, hence 

tZ wave. Notice that 

th(» marked N, are present at 
fonr?^® Ppsitions in each of the 

which are the 
progressive waves. 

each phase with 

easilv A ^nt are in phase in Fig. 4.6^/. This case is 

thirlf^/X.rotating a wire sine-curve, of the form of (lie 
mick curve in Fig. 4.6d about the dotted line. 

strino*!?*5^ transverse waves along a stretched string. Consider a 
;c-axi« if j 4.7) to be displaced slightly from its position on the 

F'ie 4 ^ The portion between b and c is enlarged in 

> and the tension is assumed to remain unchanged as the 
W.M.S.—4 
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displacements are small. The component of the tension acting 
perpendicular to the x-axis at b in positive direction of y is, at the 
instant under consideration, 

= -rsin e 

= —approx, when 6 is small. 

The corresponding force at c 

=T sin (0+80) 

=r sin 0 cos 8 0+7'cos 0 sin 80 
=7’^+r80, approx. 

dx dx^ 


Since 


0 : 


dx’ 


Therefore the resultant force on the element ^x in the y direction 


=+rf^.zix. 


dx^ 


The equation of motion is 


d^y . d^y 


dx^ 


dt^ 


or 


i.e. 


d^y_T d^y 
dt^ m’dx^' 

V= A/?. 


m 


. . . . ( 4 ) 


( 2 ) 


If the tension T is expressed in dynes and m in grams per centimetre 
length, then the velocity of the pulse V is in centimetres per secon^ 

The expression is derived from K=«. A=n,2/=\/“, ^ 

being the wave-length, and / the distance between successive nodes. If L 
stands for the complete length of the string in vibration and N the 

JL N /T 

number of loops, and the expression may be written V 

If the wire vibrates with its fundamental tone; if N~2t 

with the first overtone, and so on. Electrical engineers, in a similar 
case, refer to the first mode as the first harmonic, the second 

mode as the second harmonic, and so on. This has the merit of 
simplicity, but to avoid complication in this book, the term overtone 
will be used, with the meaning indicated above. 

By combining equation (4) above with equation (19) on p. 82, 
the differential equation of motion of a stiff wire, neglecting angular 
motion, is obtained, viz.: 

d^y Ek^ d*y 

dt^ m'dx^ * * * 


. (5) 
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where k is the radius of gyration of the cross-section of the wire about 
its neutral axis and the other quantities have their usual significance. 
It is to be noted that a stiff wire will act as a rigid bar for short wave¬ 
lengths but as a flexible string for long waves. 

The reader should perform 
Melde’s experiment with the 
prongs of the fork moving at 
right angles to the string (Fig. 

4.9), and adjust the tension 
to give an even number of 
loops. Next, turn the fork so that it vibrates towards the string The 
number of loops is/laW. The diagram (Fig. 4.10) is self-explanatory. 

Two simple methods are available for maintaining a “metal string” 
at the frequency of, or a multiple of, that of an alternating current 
supply. In the one the current is passed through the wire (which 
need not be magnetic) and a permanent U-shaped magnet is placed 
astride the string at an antinode. In the other the alternating current 
is passed through an electromagnet which replaces the permanent 
magnet. The string must now be an iron wire and its fundamental 
frequency will be double that of the electrical supply 




Fig. 4.10. 


M 



Frequency of vibration of a taut wire loaded at one point. M in Fig. 
4.11 represents the load of mass M secured to the wire AB and displaced 
through a distance y. Actually y is small compared with /, and so 
the increase in tension due to displacement is negligible. Denoting 
the tension by P, and considering the resultant force in the y directiont 


l~X X 


_1, / p./ 

2Tr 'V Mx(l-x) • • • • (6) 

Clearly, is inversely proportional to x(l-x). and so, by altering 
the position of the mass M the fundamental frequency can be adjusted 
arrangement made to act as a frequency filter. The graph 
(Fig. 4. 2) shows the calculated values for a thin wire of length 100 cm. 
with a load of 9*81 gm. and a tension of 10 kg. weight. The effect 
ot moving the weight at the mid-point is small, but is considerable at 
about one-quarter of the length from the ends. Near the ends the 
etlect ot the difference m tension between each portion of the string 
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is no longer negligible, and so the values are unreliable. If the leng^ 
X bears a simple ratio to (/—x), e.g. 2 : 3, the string can vibrate in 
five loops (Fig. 4.13) with the mass M situated at a node, and the 
frequency will be that of the fifth harmonic or fourth overtone of the 
string (Fig. 4.13). This result is interesting in view of Young’s law 



Oistance (in cm.) of mass from one end ofmre 

Fig. 4.12. 


(1800): “No overtone can be present in a vibrating system which 
would have a node at the point of excitation,” for it indicates a 
means of suppressing an undesirable overtone. Such an overtone is 
the seventh, and this is eliminated in a piano by making the striking 
point in the strings one-seventh of the length of each string from its end. 

A drum skin is an example of a stretched diaphragm. The over¬ 
tones are inharmonic, but their undesirable presence is suppressed in 



Fig. 4.13. 

tuned drums—kettledrums, not side-drums—by striking them at a 
point about one-quarter of the diameter from the edge; a distance 
which is a matter of experience, and which causes the oVertones to be 
muffled. Diaphragms do not vibrate if limp, and for this reason they 
must be in tension, or of a rigid nature. This may be achieved by 



FREQUENCY OF A LOADED WIRE 53 

pleating radially or corrugating concentrically as in an aneroid 
barometer, in which rigidity is combined with flexibility. Such 
corrugations introduce resonances which, however, may be minimised 
by making the corrugations follow a spiral path. 

Wires, like diaphragms, must be rigid or in tension if they are to 
vibrate. For a wire to be rigid it must be short, and then it really 
constitutes a small rod or bar, and must be held at one or more 
points which are usually at the ends or at the middle. If secured 
(a) at the middle only, it is termed a free-free bar; (b) at one end only, 
a fixed-free bar; (c) at both ends, a fixed-fixed bar. Each form will 
vibrate transversely if struck, and longitudinally if stroked with a 
resined cloth. Torsional vibrations are possible if the bar is cylindrical, 
and are usually of high frequency, the squeak of non-lubricated wheels 
being a good example, the axle constituting the bar. 



CHAPTER 5 


PROPERTIES AND TYPES OF WAVE MOTION 

Sound is the result of the movement of some material body, as for 
instance the parchment of a drum, or the strings of a violin, the reeds 
of a mouth-organ, or the performer’s lips with a brass instrument, etc. 
Often the ear is able to directly associate a certain effect as the 
distinctive sound produced by the motion of a particular body under 
definite conditions, e.g, the characteristic “rustle” of a leaf in the 
wind. The movement giving rise to the noise, or sound, however, 
does not involve a bodily transfer of matter. This fact is at once 
made evident if a gas tap is “turned-on” in a room, for the “hiss” 
of the issuing coal-gas is heard at the remote corners of the room some 
finite time before the presence of the unburnt gas is detectable. The 
sound is conveyed across the room by a series of compressions and 
rarefactions, imparted to the immediately surrounding air by the 
issuing gas and then handed-on to neighbouring parts of the medium. 
Now the motion of the sound-producing body itself involves, in 
general, as for example in the case of the leaf cited above, a “to and 
fro” movement about the position of rest of the body. In other 
words, after the sound generator has received its initial displacement 
it must return towards its original position, in order that the vibration 
can be repeated for a sufficient number of times to be identified by the 
ear. This property, which controls the return of a body or material 
medium to its original physical state after being subjected to some form 
of distortion, is known as the elasticity of the body or medium. 

Before, therefore, considering the various types of wave which 
may be transmitted through a medium, it will be necessary to become 
familiar with the various fundamental moduli of elasticity. Now 
if a body is acted upon by an external force, two effects are likely to 
occur—the body will tend to change its volume or its shape (or both), 
and hence at least two fundamental elastic constants are needed to 
describe the behaviour of the body. 

The simplest type of deformation occurs when a body is subjected 
to compressive force acting equally in all directions, e.g. hydrostatic 
pressure at a point in a liquid, so that a change of volume is brought 
about without any change in the shape, of the body. The corre¬ 
sponding elastic modulus is known as the bulk or volume modulus, 
and it is a physical property of all matter, both solid and fluid. In 
point of fact it is the only type of deformation possible in fluids, 
as in general they do not offer any permanent resistance to changes 
of shape, although viscous liquids may resist changes of shape due 
to rapidly applied forces. A further qualifying statement with regard 
to liquids should be noted here, namely, that the surface of a 
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liquid exhibits resistance to change of shape, as is made evident by the 
phenomenon of surface tension. This latter force is the controlling 
factor in the so-called capillary waves which are propagated over the 
surfaces of liquids of shallow depth. 

The magnitude of the force acting per unit area of a body is referred 
to as the applied stress, i.e. if F is the force in dynes acting over an 

f 

area of A sq. cm., then the average stress is expressed as -r dynes per 

A 

sq. cm. The strain due to the applied stress is measured by the 
fractional deformation produced, e.g. in the case of the bulk modulus 

y 

it will be given by the ratio y where v is the change in volume of a 

body whose total volume is V before the application of the stress. 
Now it has been shown experimentally by Robert Hooke that for small 
deformations of elastic solids {i.e. bodies which return to their original 
state after removal of small applied forces) the strain is proportional 

stress 

to the stress. The ratio ——then is constant and defines a modulus 

strain 

of elasticity, the particular modulus concerned being dependent upon 
the type of deformation. For example, the bulk (or volume) modulus 

is known as the compressibility^ is defined by the ratio, 

compressive (or tensile) force per unit area 
change in volume per unit volume ’ 

(ip . 


or in symbols by K= — 


the negative sign is inserted because an 


dvjv' 

increase of pressure (dp) produces 
a decrease of volume (</v). 

Hooke’s law does not hold for 
large values of applied stress, and 
the point at which the law begins 
to fail is known as the elastic 
limit of the body, and it will be 
made evident by a more rapid 
increase of strain with stress than 
holds over the elastic range (see 
Fig. 5.1). An experimental illus¬ 
tration of this effect may be con¬ 
veniently carried out with a light 
spiral spring fixed at its upper end and loaded at the bottom. For 
small loads the stretch produced is seen to be proportional to the added 
load and on removal of the load the spring returns to its original length. 
If the stretching force becomes excessive, however, the spring may 
acquire what is known as a permanent set. The range of applicability 
of Hooke’s law varies considerably both for different materials and for 
different types of deformation. For example, the range for steel is very 
large compared with that for lead, but the latter does behave as an 
elastic body within small limits, for it is this property which allows 
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sound to be transmitted along lead pipes. The particular modulus of 
elasticity involved in the propagation of these longitudinal waves along 
a metal pipe or rod is known as Young’s modulus. In this case the 

strain is measured by ^ where / is the magnitude of the change in the 

length of a specimen of original length L, and the stress is expressed by 

^ where/is the total tensile or compressive force acting over the area of 


cross-section {A) of the material of the tube or rod. Hence Young’s 
modulus is given by its measurement for a specimen 



in the form of a wire may be carried 
out by the simple apparatus shown in 
Fig. 5.2. The specimen A under test is 
rigidly held in a clamp C, which is 
securely fixed to an overhead support such 
as a wooden beam. This wire carries 
a vernier K, and this moves over a scale 
5 carried by a second wire B which itself 
is fixed similarly to A and is kept per¬ 
manently taut by a weight P. By this 
arrangement any movement of the over¬ 
head support will affect both wires 
similarly and therefore does not become 
registered as a change of length, i.e. 
there is no movement of the vernier 
relative to the scale. The load W on the 
specimen A is varied and the correspond¬ 
ing changes of length recorded, care being 
taken that the initial loading is sufficient 
to render the wire taut. Readings should 
be taken with increasing and decreasing 
loads, and provided the elastic limit has 
not been reached a close concordance 
between the two sets should be attained. 
Any marked disagreement is probably 
due to removal of kinks in the wire, and 


5.2. in this case the cycle of readings should 

be repeated. A graph of extension 
against load (expressed in dynes) should be plotted, and from the slope 


of the straight line through the points the mean value of ^ deduced. A 

micrometer gauge is used to measure the diameter {d) of the wire 
at a number of points along its length and in two directions at right 
angles, and so A is determined and finally L is measured. The value 
E is then calculated and expressed in dynes per square centimetre; 
typical values for a variety of materials are shown in the table below. 

The range of values shown in certain cases is indicative of the varia¬ 
tion of the elastic modulus with the state and purity of the material. 
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Approximate Values of Young's Modulus (£) for some Typical Materials 

(dynes per square centimetre) 

Aluminium 7 xI0“ Oak .. 1-3 xlO'* 

Copper 10 to 13x10“ Quartz 8 xl0“ 

Glass 5 to 8 xl0“ Rubber lOMo 10« 

Lead .. 1-6 x 10“ Steel.. 18to25xlO“ 


Now if a body is deformed a certain amount of work is performed 
on it and, if the strain is such that the elastic limit has not been reached, 
this energy will be stored in the body as potential energy, the amount 
being proportional to the square of the displacement (see p. 17). 
When the constraining force is removed there will be a gradual trans¬ 
formation of this stored energy from the potential to the kinetic form, 
and the change will be complete when the body reaches its original 
forni or bulk. The velocities acquired by the particles of the body, 
by virtue of their kinetic energy, will, however, cause them to travel 
through the normal positions of rest (if free to do so) and in this way 
the body becomes distorted in a sense opposite to that of the initial 
deformation. The magnitude of this reverse deformation in general 
will be only slightly less than the original value, the difference resulting 
from energy expended in overcoming resistive forces experienced by 
the body during its motion. It should now be evident that any 
such elastic body (or medium), after suffering a small initial displace¬ 
ment, will perform "to and fro" motions under the appropriate 
elastic control. Since, by Hooke's law, the restoring force on any 
particle of the body (or medium) is proportional to the displacement 
of that particular particle from its rest position, then it follows from 
definition that the resulting motion is periodic and simple harmonic 
in type. Unless the energy loss due to friction, etc., is replenished by 
an external agency, i.e. unless the vibrations are maintained by a suit¬ 
able stimulus, then the amplitude of the motion will gradually decay. 

It should be noted here that some sound generators, e.g. flags 
when flapping in the wind, operate without recourse to an elastic 
control, but this cannot apply to the vibrations of the fluid medium 
(usually air, of course) by which ultimately the ear of the observer 
is affected. The last statement needs qualification, however, by 
noting that the ear may also become conscious of sound, not through 
aerial vibrations, but by "bone conduction," i.e. through the longi¬ 
tudinal vibrations of the facial bones, a process which may be 
experienced by holding the stem of a vibrating tuning-fork against a 
cheek bone or jaw, or a watch against the forehead. 

The second essential property of a body or medium which is trans¬ 
mitting or generating mechanical vibrations is that it must possess 
inertia. This is the property by virtue of which a body is carried 
through its rest position when it is released from an initial displacement. 
If a medium did not possess appreciable inertia, any force applied to 
it would produce an effect instantaneously and hence the mechanical 
disturbance would be propagated with an infinite velocity. 

To investigate in more detail the characteristics of the propagation 
of compressional waves it is convenient to consider the behaviour 
of a long spiral spring, say 5 or 6 ft. long, comprising approximately 
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one hundred coils of diameter 2 in. to 3 in., which is fixed at its upper 
end F and has a light body W attached to its lower end (Fig. 5.3). 
Suppose that W is suddenly moved from its equilibrium position, 
resting on a bench, say, at upwards to c and then back to b. The 
immediate effect will be for the coils nearest to W to become pressed 
against each other and then to rebound in consequence of the resistance 
offered by the elastic properties of the material of the spring. In 
this way this “condition” of compression will be handed on by 
contiguous coils upwards along the spiral. This propagation of a 
condition in a medium is what is meant by a wave motion, so it can 
be stated that a wave of compression has been propagated along the 
spiral spring. Now in the above experiment the body W was finally 
brought back to its original position b^ i.e. the total length of the spring 

was unaltered. Hence it follows 
that if some portion of the spring 
is being compressed, then at the 
same instant another portion 
must become elongated. In other 
words, the wave of compression 
will be followed by one of rare¬ 
faction. The time taken for either 
condition, i.e. compression or 
rarefaction, to move unit dis¬ 
tance along the spring will be a 
measure of the speed of propa¬ 
gation of compressional waves 
along the spring, and its value 
will depend upon the elastic con¬ 
stants of the material of the spring 
and upon its dimensions. 

Now the problem just con¬ 
sidered is analogous in some re¬ 
spects to that of a stretched string 
(Chap. 4) and if, at any instant, 
the displacement of each coil of 
the spring from its equilibrium 
position is plotted against this 
position along the axis of the 

spring, then the curve obtained will be similar to the displacement curve 
(Fig. 3.1). In the case of a plucked violin string it must be remembered 
that it is a transverse wave which is transmitted along the string and that 
it results from the resistance offered by the stretched string to a change 
o{ shape. In the case of the spring, however, the actual coil displace¬ 
ments are in the direction of the axis of the spring, i.e. in the direction 
in which the compression travels. Such a wave motion is referred 
to as compressional or longitudinal, and is moreover brought about 
by the resistance of a body (or medium) to a change of size. When 
the disturbance on the string reaches a fixed end it should be evident 
that there is a reflected disturbance which is 180° out of phase with 
the incident one, e.g. a wave-crest will be reflected as a trough, a natural 
consequence of the fact that the resultant displacement at a fixed point 



(t) (n) (III) (IV) 

Fig. 5.3. 
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must be zero at all times. Such a condition must also hold for the 
compression along the spring when it arrives at the upper fixed point, 
but the necessary equal and opposite motion of the particles in the 
oppositely-travelling reflected wave must obviously be associated with 
a compression (often termed condensation) in that wave as for the 
incident one. Hence at a fixed end a compression will be reflected as 
a compression (see Fig. 5.3 (IV)) and a rarefaction as a rarefaction. 
At a free end, e.g. if the end W is attached to the load, which is no 
longer supported on the bench, the incident condensation would become 
a reflected rarefaction and vice versa, for IF is now free to move. It is 
evident therefore that, with both ends of the spring fixed as in Fig. 5.4, 
the compression will travel up and down until the energy expended in 
the original work of compression has been completely dissipated in 
overcoming the frictional resistance to the motion. Suppose, however, 


Time tsecs. {^*i)secs. 



Fig. 5.4. 



Time tsecs. 



(a) 


(^*l)secs. 




Fig. 5.5. 


that just as the compression reaches IF, after its first excursion up and 
down the spring, the load is moved to c and back to b (Fig. 5.3), and 
the movement is repeated every T sec., which is the time for the com¬ 
pression to travel twice the length of the spring. Then it should be 
evident that the motion of the spring will be maintained and a so-called 
standing wawQ system (p. 49) set up, but for the motion to be simple 
harmonic in type the load should move between limits a and c which 
represent extreme positions on either side of but equidistant from h. 

If oj is the pulsatance associated with this S.H.M., then r=— and the 

OJ 

applied force F at any time will be given by sin wt, where F^ is 
the amplitude of the force. The appearance of the spring at different 
times during its fundamental period (T) of vibration is shown in Fig. 
5.4 a, b and c. Standing wave systems will also be set up on the spring 
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if the frequency of the applied force is an integral multiple of the funda¬ 
mental frequency and Fig. 5.5 a, b and c illustrate the case of the 
first overtone. 

Another aspect of the motion of the spring is obtained by focusing 
attention on a particular coil as the transmitted wave passes along; 
it will be seen to perform a similar movement to that imparted to the 
end of the spring, but each coil will begin its motion a little later than 
the coil immediately below, i.e. there is a continuous change of phase in 
the direction of travel of the wave. This “handing-on*' of vibrational 
ener^ may also be illustrated by having a dozen or so similar steel ball 
bearings in contact with one another inside a horizontal glass tube of 
slightly larger diameter than that of the balls. If an additional ball 
15 rolled into the tube to strike one of the end balls, then it will be found 
that the other end ball will move away, but the remainder will stay 
at rest. The mechanism at work, as in the case of the spring, is 
that the kinetic energy imparted to the first ball has been transferred 
almost completely from ball to ball down the line in the form of elastic 
energy of compression until the last ball has been reached. Like the 
end coil at a free end of a spring, this last ball is free to move, so that 
its potential energy due to compression is transformed into kinetic 
energy of motion, which will be slightly less than that possessed by the 
ball initially projected on to the end of the line. 

It should be noted, however, that a finite time elapses before the 
end ball moves away, i.e. there is a phase lag, so that the transfer of 
energy does not occur instantaneously, which implies that the velocity 
of propagation of the compressive strain is not infinite. 

Suppose now that in the case of the spring the number of turns 
per centimetre be increased and the coil diameter be reduced (or the 
wire diameter increased), then it is evident that the system will 
approximate finally to a solid rod of the material of the spring. Now 
such a rod may also be excited, like the spring, to transmit longitudinal 
waves, for example, by clamping the rod at its centre and drawing a 
“resined” cloth in a longitudinal direction over a short distance at 
one end (see Kundt’s tube experiment, p. 137). Alternatively the 
rod may be struck by a hammer on an end face and a compressional 
{i.e. longitudinal) wave propagated along its length. 

Torsional vibrations. Torsional vibrations arise from the resistance 
of a .solid medium to shearing forces which are such as produce a 
deformation of a body without changing its volume. The corre¬ 
sponding elastic modulus which controls such strains is known as the 

coefficient of rigidity (/;) and it is defined by the ratio The 

shear strain 

meaning of this coefficient may be illustrated by means of Fig. 5.6 
where a block of solid material, shown in section as abed, is subjected 
on its upper and lower parallel faces to equal tangential forces T, 
the rotation of the body being prevented by applying forces T' as 
indicated so that clockwise and anti-clockwise couples are equal. 
If the block be considered as built up of a series of planes parallel 
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to the upper and lower faces, then the effect of applying the shearing 
forces is for each layer to move horizontally relative to its neighbour 
(Fig. 5.6/>), in the manner of a pack of playing cards. In the aggregate 
effect the body is said to be sheared through an angle 6 (Fig. 5.6c) 
and the 


Coefficient of rigidity n = 


shear stress 
shear strain 



where A is the area of the upper and of the lower face. 

In the case of a circular rod (Fig. 5Ja) subjected to a torsional 
couple G acting about the vertical axis through C, the solid element 
abcdefgh (Fig. 5.7/)) becomes sheared through an angle S to the 
position a'b'cde'f'gh, the lower end of the rod being fixed. The 
angle of shear 6 may be expressed in terms of the angle of twist and 

the coefficient of rigidity is then given by u— where a is the 

~Y'l 

radius and / the length of the wire or solid cylinder. 

The setting-up of torsional waves in a cylinder of material is indicated 
in Fig. 5.9. Torsional (and also bending) waves are prominent means 



T 

(a) (b) 


Fig. 5.6. 



whereby sound is propagated through the structures of buildings, the 
velocity of propagation being less than that of longitudinal waves in 
the same material. Particular attention has to be directed to the 
existence of torsional vibrations in all types of machinery with fluctu¬ 
ating torque, in the motion of the wings of aeroplanes and also in 
certain types of acoustical apparatus. An example of the latter occurs 
in the moving system of an electro-magnetic cutter used for sound 
recording, where a rubber rod is chosen of such a length that the 
torsional vibrations transmitted along it become so attenuated that 
the amplitude of the wave reflected from the far end may be neglected 
{cf. a correctly terminated electrical transmission line). 

The velocity of propagation of transverse vibrations through an 

elastic solid is given by Vi~ \ /; being the coefficient of rigidity 

and p the density of the medium, whereas the corresponding expression 
for lon gitudin al waves in an infinite medium is (see Appendix) 

where K is the bulk modulus of the material. Eilher 
type of wave may be propagated alone in a homogeneous medium 
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but the existence of boundary surfaces or surfaces of discontinuity 
will, except in the case of normal incidence, give rise to a partial 
conversion into the other type. In the elastic solid theory of light, 
the light waves were identified with the transverse wave motion and 
the elastic solid medium with the so-called ether. Based on these 
assumptions Fresnel worked out correctly the quantitative laws 
regarding reflection and transmission coefficients, but the difficulty 
created by the existence of longitudinal motion within an elastic solid 
was the important factor that led to the acceptance of the electro¬ 
magnetic theory of light, which will only permit transverse motion. 

Particle motion 

In this paragraph attention will be directed to the motion of the 
actual elements or particles of the disturbed medium, for the type of 



(a) {b) 

Fig. 5.7. 


wave propagated is fundamentally dependent upon the form of the 
orbits of those particles. The linear motion of a particle is the simplest 
type of orbital vibration and this may occur (i) in a plane perpendicular 
to the direction of propagation of the wave, as in a string vibrating 
transversely, or (ii) in a plane containing the direction of propagation, 
as for compressional waves in a fluid or solid. The upper diagram of 
Fig. 5.9 indicates how planes of particles, equidistant from each other 
in the undisturbed fluid, become displaced during the passage of a 
compressional wave due to the applied force F=Fo sin wt. In the 
lower diagram the passage of a compressional wave through a solid of 
finite lateral dimensions, e,g. a rod, is seen to give rise to a small 
lateral movement, shown greatly exaggerated in the figure. Waves 
which are propagated over the surface of a liquid are mainly controlled 
by the surface tension of the liquid-air interface, and in this case the 
water particles perform circular orbits with their planes parallel to the 
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direction of propagation (see later). In contrast the propagation of 
torsional waves in a rod, due to an applied alternating couple, involves 
the ultimate material particles in circular, or part-circular, vibrations 



Rarefaction 


Rarefaction 


Compression 


Compression 
Direction of iVaue 


Compression 


Direction of Wave 



which take place in planes perpendicular to the direction of propagation 
(see Fig. 5.9). If all the particles of the medium through which the 
wave is travelling perform identical orbits, although the vibrations of 
each lag behind those of neighbouring particles nearer the source of 
disturbance, then the wave is spoken of as being of constant type. 


Direction 
of wave 

\ 


Fig. 5.8. Fig. 5.10. 

The wave motion depicted in Fig. 5.10 shows a transverse wave 
propagated in an infinite solid medium, the control being exercised by 
shearing forces. It will be noted that a very small element of the 



Direction of wave 
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medium at the crest D or trough B of the wave is momentarily stationary 
and undistorted, and hence both its kinetic and potential energies will 
be zero. Those elements, however, which are passing through their 
equilibrium positions C, and A' suffer the maximum distortion and 
their potential and kinetic energies will be a maximum. 

The further the wave motion spreads out from the disturbance 
centre the larger the mass of the medium set into vibration, and since 
for S.H.M. the kinetic energy of motion is proportional to the product 
of the mass and the square of the amplitude of the particle vibration 
(p. 42), then the amplitude will decrease with the distance. In the 
case of plane waves which are propagated in the form of a beam of 
constant cross-section, any diminution of particle amplitude at increas¬ 
ing distances from the source will be due solely to energy losses brought 
about by viscous resistance, etc. With cylindrical wave propagation 
the spreading of the waves is in a horizontal plane only, so that the 
attenuation due to the larger masses set into vibration can be calculated 
as follows. Let a^ and a^ be the respective amplitudes at distances 
and from the source, then if the corresponding masses of the 
medium set into vibration are and it is evident that 


A/g 2flT2 Tg' 

Hence, assuming no energy dissipation due to viscous resistance, 
KM^a^=KMM,^ from equation (22) (p. 42) whereis a constant, and so 


£V = "-^ i.e. 


or the amplitude varies inversely as the square root of the distance. 

A similar argument applied to spherical waves shows that in this case 

the amplitude is proportional to the inverse of the distance. 

Lord Rayleigh has shown (“Theory of Sound,” Vol. JI) that, owing 

to viscosity and heat conduction, the intensity of sound falls off more 

rapidly than follows from the above geometrical considerations, and 

It is the high-pitched sounds which are most strongly attenuated. 

In the case of plane sound waves Rayleigh deduced the formula 
I (8800)c‘' , j • , 

“ ’ where a is the distance from the source of sound, at 


1 


of that 


which the amplitude of the waves is reduced to i ie - 

j 2-718’ 

ot the source, c and n are respectively the velocity and the frequency 

of the sound. For a note of frequency 1000 c.p.s. the distance d is 

approxi^mately * 05x10^ cm., while for a frequency of 10,000 c.p.s. 

It IS reduced to 105x10^ cm. Knudsen has since shown the effect 

of humidity and temperature on the absorption of sound in air, and 

has found that there is a critical value of the humidity, which varies 

with the frequency, at which maximum absorption occurs. 


Particle-velocity and wave-velocity 

The velocity attmned by any particle of a medium subjected to a 
disturbance inust be carefully distinguished from the actual wave- 
velocity, i,e. the rate at which energy is being propagated through the 
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medium. Even though the particle may be executing several thousand 
vibrations {n) per second, its amplitude (a) of motion in a normal 
sound wave is quite small, being of the order of a few thousandths of 
a millimetre, hence the maximum particle-velocity v= 27 T«a(from eqn. (7), 
p. 15) is seen to be extremely small compared with that of the wave. 
In the case of surface water waves of very large amplitude, however, 
it is possible for the water particles, as they execute circular or elliptical 
orbits, to attain a horizontal velocity equal to that of the waves. 

The relation between the particle-velocity (v) and wave-velocity (c) 
may be conveniently deduced by reference to a wave-displacement 
diagram. The wave form AP^P^BCD (Fig. 5.11a) represents, at 




time Mhe particle displacements (longitudinal or transverse) of a wave 
travelling from left to right. The displacements at points x and 

respectively, and for convenience 
QiP^ IS assumed to be the maximum displacement. At a later instant 
(/+d/). the particle at will have attained its maximum displacement 


(Fig. 5.116), and its velocity will be given by v= 
in the limit when Q 1 Q 2 is infinitesimally small. 



r] — {7)~Ar}) Arj 
At At' 

.( 1 ) 


or 


During this time interval of At sec. the maximum of the wave will 
therefore have moved from P, to i.e. a distance of Ax in the 

W.M.S.— 5 
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direction of the wave propagation, and hence the wave-velocity 


. .. . dx 

c=^, or, in the hmit 


( 2 ) 


as 


<2]02 IS made infinitesimally small. The ratio of P velocity 

wave-velocity 

therefore given by . 


V At djj . . .. . 

-=-3-=V in the limit 
c Ax dx 


(3) 


At 


The ratio - may now be expressed in terms of the bulk modulus of 

a fluid medium when the displacement will necessarily be longitudinal. 

For, considering unit area of cross- 


(X) 



Q 


t 


(XfAZ) 



section of the medium and supposing 
lines 2/ and (Fig. 5.12) to repre¬ 
sent the displaced positions of the 
planes of particles normally situated 
at 2i and respectively. Then it 
is easily seen that the volume Ax of 
the medium between planes Qi and 
Qz has become, as a result of the pas¬ 
sage of the wave, a volume (Ax+Arj). 
Hence the change in volume is given 
by At}^ and if Ap is the correspond¬ 
ing excess pressure (in this case it 
will be negative), it follows from 
definition that the bulk modulus (A') of the medium may be expressed as 

.(4) 


Q* 




Q‘ 


(AX) 


(Ax-t-AV) 

Fig. 5.12. 




Ax 


By combining equations (3) and (4) the numerical ratio of particle- 
and wave-velocities may be written as 

- = ^ (5) 

Similar reasoning to the above will give the corresponding expression 

. (« 

for the case of longitudinal waves in a solid rod, where E is Young’s 
modulus and Ap is the applied stress. 

Condensation in a compressible medium. The condensation (j) of a 
medium at any point is a measure of the change of density there due 
to the passage of a sound wave, and it is defined by 
where is the undisturbed density of the medium. 

Hence ■y=(p-Po)//>o.(7) 

Now the mass of the medium between planes 2i and Qz (Fig. 5.12) 
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is the same as that between the displaced positions Qi and Q 2 
respectively, 

poAx=p(^x-\-Atj) .( 8 ) 

Therefore from (7) and (8) it follows that 

l'^s={\-\-Ar)IAx)~^ or 5 =—^approx. . (9) 

Substituting in (4) the following expression is obtained 

Apis or Ap ^Ks .(10) 




Fig. 5.13. 

Water waves 

These waves will now be considered in more detail, since they form 
an instructive means of seeing, as distinct from inferring, many of the 
properties associated with wave motion. 

When a pebble or similar object O (Fig. 5.13) is dropped on to a 
water surface LL it tends to pull the water particles near the point of 
incidence downwards with it, but the initial effect will actually be a 
“heaping up” as indicated in Fig. 5.13a. The sides of the trough 
created are thus subjected to an increased fluid pressure which tends 
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to fill the cavity, but owing to its inertia the water is carried past its 
equilibrium position and the surface assumes the form shown in 
Fig. S.\2>b. The continued repetition of this process results in the 
generation of a small group of waves travelling outwards from 0 
(Fig. 5.13 c and d)^ the centre of disturbance, with a velocity which is 
independent of the amplitude. The dependence or otherwise of the 
velocity of a water wave upon either or both wave-length and depth 
of water is determined by the conditions prevailing (see below). The 
waves described above are chiefly controlled by gravity, but a closer 



Fig. 5.14. 


inspection of the liquid surface would reveal the formation of a number 
of smaller waves of much smaller amplitude, which are generated 
immediately the object O touches the water surface. These capiUofy 
waves, as they are termed in distinction from the gravitational waves- 
are principally controlled by the surface tension of the liquid-air 
interface. Fig. 5.14 shows in profile and plan the system of circular 
waves generated on the surface of a shallow liquid by a thin rod 
excited simple harmonically to vibrate up and down in the surface. 
The control of these waves will be essentially due to surface tensioD» 
and if they are viewed stroboscopically, i.e. by intermittent light of 
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the same frequency, their wave-length may be measured and eqn. (13), 
p. 70, used to deduce the surface tension of the liquid. 

M\ surface water (or liquid) waves will be subjected to both gravi¬ 
tational and surface tension control in proportions which vary according 
to the length of the waves. 

If the slope of the water wave and the ratio of its elevation to wave¬ 
length are both small everywhere, then the displacements may be 
considered as simple harmonic functions of the time and horizontal 
distance. The orbits of the water particles have been stated (p. 65) 
to be circular, as are shown by the dotted circles in Fig. 5.15. The 
time taken for the particle at C, the position of a crest, to move down 
from C to C, the trough position, is one half of the period of the 
wave and represents the time taken for the wave to advance one 
half wave-length, i.e. half the distance CQ between two crest positions. 
Furthermore, since the troughs and crests pass periodically any point 
in the path of the wave, it necessarily follows that the periodic time of 
the horizontal oscillations of a water particle is the same as that of 
the vertical oscillations. These water waves possess high and narrow 
crests with broad and flat troughs. 



Fig. 5.15. 


It is evident from Fig. 5.15 that the continuity of the liquid is 
preserved by the movement of the water particles from a hoi ow to 
a crest, a fact which is borne out by a swimmer who, in a rough sea, 
experiences a forward urge on the crests but tends to be carried back¬ 
wards in the troughs. The extent to which particles, initially at rest 
in a horizontal plane beneath the surface, are disturbed, decreases 
exponentially with the depth of the plane below the surface; this is 
indicated qualitatively by the various surfaces CjCg, etc., in Fig. 5.16 
Actually the particle amplitude at a depth of half a wave-length is only 
about 4 per cent, of that at the surface, while at a depth of one 
wave-length it is reduced to 0*2 per cent. 

The classical theory of hydrodynamics* gives the following expression 
for the velocity (r) of a wave on the surface of a liquid: 





(ID 


where S is the surface tension, p the density and h the depth of the 
liquid, and g the acceleration due to gravity. 


• See for example Milne-Thomson. L. M • 
Macmillan, 1938. 


“Theoretical Hydrodynamics.” 
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Deep-water waves. Nowtanh^^^/i=0*995if?^=3-0, i.e. 
or /i>A/2, so that the above expression may be then written simply as 



2nS 

pX 



which indicates that under these conditions the velocity of propagation 
is independent of the depth. 



Fig. 5.16. 


Shallow-water waves. These are propagated under conditions 
defined by ^ being small, so that tanh -^h may be taken to be -^h 

without serious error. This means that -^h is of the order of 0*1 

or 0*2 for tanh 0*I = -0997, and tanh 0-2=*1974. Equation (II) now 
becomes 


, 27Th . 27r/z 

since tanh reduces to 




If, furthermore, X is greater than a few centimetres in length the 
second term in the above expression may be neglected and 
These results are shown (for constant h) in Fig. 5.17. Since the velocity 
of the so-called ‘Tong waves” is independent of wave-length they are 
analogous to sound waves, but it is to be noted that the velocity is 
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proportional to the Vdepth. This dependence upon depth is due 
to the presence of a solid bottom, where the vertical motion of the 
particles is prevented from taking place and so brings about a modifica¬ 
tion of the orbits of the neighbouring water particles in the layers 
above. The penetration of this effect towards the surface will be the 
greater the smaller the total water depth. Furthermore, the orbits 
of the water particles become elliptical, with their major axes horizontal, 
owing to the reduction of their vertical velocities, and at the bottom 
of the liquid the particles will merely oscillate “to and fro’* in a 
horizontal plane (Fig. 5.18). An extreme example of long waves are 
tidal currents, in which the horizontal velocity may amount to several 
feet per second, whereas the vertical velocity may be only a few inches 
per hour. 



Fig- 5.18. Fig. 5.19. 


mjn. 


It follows from (12) that there is a minimum velocity of propagation 

of surface waves on a liquid surface, which is obtained by differentiating 

with respect to A and equating to zero. This leads to the condition 

4^25' 

for a minimum that A*=:- and 

pg _ 

• I g^min._27r5 Vpg , g. iWS ^ /4^ 

pXtnia. 27t p ' 27tVs'^ p 

.r ....(-f)*. 

In the case of water Ami„ = l-73 cm. and Cn,in=23-2 cm. per sec., 
i.e. 0*52 m.p.h. Hence for a wind to maintain waves on a water 
surface its speed must exceed 0-52 m.p.h., since there will be dissipation 
of energy due to viscosity of water. 

It is to be noted that surface tension and gravity exercise equal 
controls at the minimum velocity and the relation between velocity 
and wave-length is shown graphicaUy in Fig. 5.19. For the shorter 

wave-lengths defined by A<27r'\/— the term ripples as suggested by 

ps 

Kelvin is used, while waves whose A>2.^/Z 

are known as graviiy 

waves. pg 

For water waves of large amplitude the velocity of propagation 
becomes greater than the value indicated by classical theory, and the 
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water particles in the wave actually show a forward movement, i.e, 
their paths are no longer closed. In such cases the profile of the 
waves IS not sinusoidal but may be considered as following the 
trochoidal curve which would be traced out by a point at a distance a 
from the centre of a rolling circle, where a is the amplitude of the 

waves. This circle (Fig. 5.20) has a radius ^ and rolls on the funderside 

Ztt 

of a horizontal line at a height ^ above the mean level of the surface. 



Fig. 5.20. 


Group- and wave- (or phase-) velocity 

If an ocean wave is observed to approach a sea wall at a slight angle 
so that the wave-front reaches one end of the wall a short time before 
it arrives at the other end, the “splash’* set up at the point of contact 
of the wave-crest with the wall is seen to travel along the latter at a 
speed apparently much greater than the speed of propagation of the 
incoming waves. This rate of travel of the disturbance along the 
wall is an example of a velocity, for it measures the rate of travel 
of a certain phase, here the crest, and the reader acquainted with the 
ultra short-wave technique will recognise the similarity of the above 
illustration with a certain aspect of the problem of the propagation of 
electromagnetic waves along a wave-guide. The dependence of the 



Fig. 5.2L 


phase-velocity of the water wave upon the angle between the wave¬ 
front and the wall may be easily calculated as follows. 

LQi ABC and B C (Fig. 5.21) represent successive positions of the 
wave-front at times t and /-j-d/ respectively, and a the perpendicular 
distance between the two wave positions. Then the velocity of 

approach of the wave-front towards the wall is given by 
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the phase-velocity by 



so that 


U a a 



- -which shows 

sin a 


that Vp increases as a gets smaller. These two velocities Vp and U 
correspond respectively to the phase- and group-velocities in an electro¬ 
magnetic wave-guide, and it is evident that the phase-velocity becomes 
infinite and the group-velocity (in direction WW) zero when the wave- 
front is parallel to the wall. 

When the surface of still water is disturbed by the dropping of a 
stone the wave system generated (see Fig. 5.13) can be analysed into a 
number of simple harmonic components of different wave-lengths* 
The resultant wave surface (see Fig. 5.22) due to the compounding 
of two S.H.Ms. of equal amplitude but different wave-lengths is similar 
in form to that of Fig. 5.13. Now the velocity of propagation depends 
upon the wave-length so that, in course of time, there will be a grouping 
of the waves into sections of approximately the same wave-length. 
In observing such a complex wave motion, the attention is focused 
on the velocity, wave-length, and period of the resultant disturbance 
due to the combined action of the constituent waves. The rate of 
a.dvance of, say, the maximum of the combined effect measures what is 
known as the g/*ow/7-velocity, which in the case of gravity water waves 
is less than that of the individual waves. Hence if attention be fixed 
on one of the latter it will be seen to advance through, and to gradually 
die out as it approaches the front of, the group. The gap thus created 
is occupied successively by the other waves advancing from the rear. 
By way of illustrating the difference between group- and wave-velocities, 
H. Skilling cites the case of a caterpillar which may be considered to 
move across a surface at a group-velocity. The speed at which the 
ripples travel along the back of the caterpillar from its tail to its head 
corresponds to the phase-velocity, which here, as for the gravity waves, 
is greater than the group-velocity. 

This difference between group- {(J) and phase- (c) velocities arises 
from a variation of the velocity of wave propagation with frequency, 
i.e. wave-length, and if this law of variation is known the relation 
between the group- and wave-velocities for a given system of waves 
may be deduced. 

Diagrams (I) and (11) of Fig. 5.22 show two wave trains defg and 
DEF respectively, the latter possessing the longer wave-length. The 
resultant form at time ^=0 of the group comprising these two waves 
is shown in diagram (111), while the form after a time t when the 
individual waves have advanced by ct and (c-\-Ac)t is shown on the 
right-hand side of the Fig. 5.22. In diagram (IV) of Fig. 5.22 the wave 
trains (1) and (11) are shown together on the same time-base and the 
resultant wave-form in diagram (V). At Dd and Fg the crest D and d 
and Fand g of the two systems coincide, and after a certain time interval 
T the crest at e will have caught up with E as indicated by their new 
positions e'E' on the right-hand side of diagram (IV). The graph 
wave-form at this juncture is shown below the latter diagram. 
Obviously the distance Ddiind E'e' represents the distance the maximum 






75 



76 


PROPERTIES AND TYPES OF WAVE MOTION 


disturbance of the group has travelled in t sec., i.e. Ur cm. where U 
is the group-velocity in centimetres per second. But from the figure it 
is easily seen that Ut=ct-\-X where c is the velocity of the wave of 
length A. Also it follows from the diagram that ct=(c+ Jc)t+^A 
where (c-\-Ac) is the velocity corresponding to the wave-length 

(A+/1A). Hence from these two relations it is found that f/=c-A-^ 

AX 

or m the limit when AX and therefore Ac are very small, we obtain 
Rayleigh’s equation 


U=c~X 


cic 

dX 



In the above diagram the phase-velocity has been shown to decrease with 

dc 

wave-length, i.e, ^ is negative, and so the group-velocity U is greater 

than the phase-velocity, which is the state of affairs holding for capillary 
waves. 

If the relation between wave- (or phase-) velocity and wave-length 
can be written as V—kX^ where k and p are constants, then Rayleigh’s 
equation may be rewritten as U=(\~p)c. A few typical examples 
of the values of p and V for different waves are given below. 


Sound waves 
Deep gravity waves 

Capillary waves 
Flexural waves 


II 

o 

II 

p-^l 

^=2- 

II 

1 


II 

1 

U^2c 


In the case of light waves, it is not possible to observe the progress of 
any individual wave in a group and hence all direct methods of measur¬ 
ing the velocity of light will necessarily give only the group velocity. 
It is the group-velocity which determines the rate of transference of 
energy by a wave train of finite length, and it is this rate which is 
actually observed in such experiments. 

If Vq and V be the respective via re-velocities of light in vacuo 
and in an optical medium of refractive index /x, then and 


hence 



It follows that 


dV_dV dp. Vo dp V dp 
dX dp'dX p^‘dX~ p'dX' 


and so (14) becomes 






F^om his early direct measurements of the velocity of light in 

Michelson deduced that the refractive index was 
1-758, which was considerably in excess of the value 1-635 as obtained 
in ordinary refractive index measurements. The discrepancy was 
later seen to be due to the fact that it was not p which had been 


calculated, but the ratio of the group-velocities ~ which is equal to 
since wave- and group-velocities are identical in vacuo. The application 
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of (15) showed that the two values were actually consistent with 
each other. The distinction between group- and wave-velocities is 
also of considerable importance in the electrical transmission of 
signals along “lines” or in the atmosphere, the dispersion in the latter 
case being due to the presence of electrons in the ionised layers. 

A very convenient graphical method of deducing the group-velocity 
when the relation between wave-velocity and A is known may be noted 
here, taking as reference Fig. 5.23 which represents rather qualitatively 
the variation of the velocity of gravity water waves with their length 
(see also Fig. 5.13). It is easily seen from the diagram that the intercept 


dV 


{TO) on the y axis of the tangent 1 ^ 


to the curve at the points will 


be a measure of the group-velocity corresponding to a length 
Ap of the waves under consideration. 

If the two waves of Fig. 5.22 differ only slightly in length, but are 
still of equal amplitude, then the form of the resultant wave becomes 



similar to that shown in Fig. 5.24. The envelope of this wave-form 
may be recognised as the beat variation of intensity between two sounds 
of equal amplitude, but slightly different frequency (.'. wave-length), 
while the corresponding phenomenon in radio is that of the modulated 
wave analysed into its two side-band frequencies and carrier frequency. 

An alternative method of deriving equation (14) will now be given based 
upon the wave-system depicted above. Suppose that the disturbance is 
represented by two Fourier components given by 

sin (A:.)c—to/) and ^ 2=0 sin{(A: J^)J^■—(oj | Jo;)/} 

where and J<o are very small and have their usual significance. Then 
by the principle of super-position the resultant disturbance is 

’?=• Vt+ Vz^-2acos i(x^k—tdoj) sin {kx— cot), 

i.e. r)=^s\n{kx-iot) which can be regarded therefore as representing a 
progressive sine wave of slowly varying amplitude given by 

^ - 2^cos \{x^k — tAw). 
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The dotted line in Fig. 5.24 will be seen to constitute an envelope to 
the actual wave-form and represents a “wave of amplitude” of length 

y_4n_2\^ 

Ak AX' 

An instantaneous picture of the wave system will show appreciable 
lengths of calm stretches interspersed with groups of waves since ^ will 
only vary slowly with x at constant t, for Ak and A w are supposed extremely 
small. In the general case of more than two components therefore, the 
places of maximum p will obviously mean that a certain range of A*s are 
nearly in phase at these points, brought about by the fact that their different 
A’s have been compensated by their different speeds of propagation. Hence 
this particular group of waves must have moved with a group-velocity U 
such that the component waves, in phase at the origin, are also in phase 



Distance 

Fig. 5.24. 



at a distance x, for the particular instant under consideration, 
implies that: 

kx—mt ={k-\- Ak)x—{o>+ A uj)t 


or 



A (it 
'Ak' 


This 


i.e. in the limit the group velocity U= 


do) 

W 


But 





\dc dX) 



Before closing this section it is opportune to make a brief reference to 
an example of wave phenomena occurring in atomic physics. 

When a beam of electrons impinges on a thin crystalline substance C 
(Fig. 5.25) it suffers diffraction and gives rise to a pattern on a suitable screen 5, 
in the manner of that produced by light or sound waves after incidence upon a 
regularly spaced grating. In other words, the electron beam exhibits 
wave-like properties, and the associated wave-length A can be deduced 
from the spacing of the rings in the diffraction pattern D (Fig. 5.25). The 
wave-length is found to vary inversely as the particle velocity F, the latter 
being suitably varied in an experiment by adjustment of E, the electrical 
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potential difference through which the electrons (of mass m and charge e) 
are accelerated. The value of V is calculated from the equation \mV"=eE. 
In tjie case of a “packet’* of electron waves of different lengths, the speed 
of travel of the centre of the group, the group-velocity Vg^ is defined by 

—qr where v is the frequency. It is easily deduced * that for free 


electrons Vg=V, 

Flexural vibrations 

For a thin wire the diameter is 
very small compared with its 
length, and in the elementary 
treatment of the transverse vibra¬ 
tions of a taut wire stiffness is 
neglected and only its tension is 
considered. On the other hand, 
as the ratio of diameter to length 
increases, a condition is reached 



when the stiffness becomes all-important, and the body is then termed 
a rod or bar, and for the theoretical treatment of this case it is the 
effect of tension which is neglected. 

The restoring forces in the transverse or flexural vibrations of a 
bar (Fig. 5.26) are due to bending so that, as in the case of longitudinal 
vibrations, it will be Young’s modulus of elasticity which is involved. 
The equations of motion in the two types of vibration, however, are 
notably different. 


Transverse Vibrations of a Rod 



Wave is controlled btj Youngs Modulus of Elasticitij 


Fig. 5.26. 


In order to appreciate the nature of the forces involved the static 
equilibrium of a uniform bar of regular cross-section, bent by equal 
forces F applied at the ends (Fig. 5.27), will be considered. In con¬ 
sequence of the applied couple, the longitudinal fibres in the lower 
part of the bar become compressed and are shortened, while those in 
the upper part are put in tension and extended. Hence it is evident 
that since the distortion produced is due to simple extensions and 

♦Quantum theory states \=h;mV^ Hv-Et and IV, where h is 

Planck’s constant, Et the total energy, c the velocity of light and IT the constant 
potential energy of a free electron. The phase velocity Vp^yXe^c-lV. 
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compressions, then the extent of the deformation will be governed by 
the Young’s modulus E of the material concerned. It will be noted 
that one plane N-^N^ of the bent bar remains unstrained, and this is 
termed the neutral surface. The longitudinal axis of this surface is 
termed the neutral axis, and it passes through the so-called centre of 
gravity of any cross-section of the rod, the radius of curvature of this 

axis being denoted by R in Fig! S.21{a), 
and the centre of curvature by C. C is 
the common centre of curvature for all 
longitudinal filaments, and the line 
through C perpendicular to the plane 
of the paper is termed the axis of bending. 

The internal forces which are brought 
into play by the straining of the fila¬ 
ments, say at in Fig. 5.27, must 
constitute a couple equal and opposite 
to that due to the external forces. The 
forces above and below N-^N^ will be 
tensile and compressive respectively as 
mentioned above, and the bending 
moment (G) exerted at Y^Y2 will be given 
by G=ZTy, where y is the distance from 
of the filament under stress T. 
The variation of T across the section 
of the bent bar may be deduced by 
considering the strained and unstrained 
length of the longitudinal filaments 
lying in the plane The unstrained 

length will obviously, by definition, 
equal those lying in the neutral surface, 
viz. NyN^^RB, and the strained length (Fig. 5.28) will be given by 
X,X2=^{R-\^y,)e. 

Hence by definition 

I T I 

^ longitudinal stress a _ a a 

longitudinal strain” {XyX2—NyNX~yyd~yy 

\ / Re R 

where a is the area of cross-section of the filament. 

It follows that and hence the bending moment at YyYz is 

G= .... (16) 

over ^ ^ 

cross-section 

The quantity is denoted by I, and it usually signifies a moment 
of inertia, but in this instance a mass does not enter into the expression, 
and the meaning here is that of a second moment of area of cross- 
section about the axis in which the neutral surface cuts it. Alter¬ 
natively / may be written as where A is the area of the uniform 





FLEXURAL VIBRATIONS 


81 


cross-section of the bar and k is the radius of gyration of the 
section about the above-mentioned axis. For small bending the 
expression for the radius of curvature may be written approximately 
1 d^y 

as where (.v, >■) is the location of any point with respect to the 

centre of the bar on the neutral axis, x is measured along the bar 
and y vertically downwards. 

Hence equation (16) may be written as 

dH' 


G^El 


dx- 


(17) 


Attention is now focused upon an element of the bar between x 
and A'-hS.v (Fig. 5.29), the forces which act on any section being 
represented by a couple and a single shearing force acting in the 


I 



Fig. 5.28. Fig. 5.29. 


plane of the cross-section. If ni is the mass per unit length of the bar, 
then taking moments about y/ it follows that for equilibrium 


G { FSx=G' \- 


mgibxV 


or 



Sx=fBx~ 


mg{8xy^ 


Hence in the 


limit, assuming the weight of the element to be negligible, 



Also the resultant lateral force on the element of the beam is given by 
^'-\-mghx~F=F-F==[y^hx in the limit, 

lateral force=(^p)8A'=£'/^|^)8.v 
from (17) and (18). 

W.M..S.—6 
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It follows that on the release of the impressed forces the resulting 
acceleration, due to the above lateral forces called into play by the 
bending, will be given by 




where p is the density of the material, and c= \/- is the velocity of 

propagation of longitudinal waves in the medium. 

In the above analysis the small angular rotation of the bar caused 
by bending is neglected. 

The constant kV occurring in equation (20) does not possess the 
dimensions of (velocity)^, since A: is a length, and hence the velocity 
of propagation of a train of harmonic waves along the bar cannot 
depend solely on elasticity and density, but must depend also on 
the wave-length. Let the equation of a simple harmonic wave 
propagated with velocity v in one direction along the bar be given by 

y=P cos ^ (vt~x) .(21) 


On substituting from (21) in (20), the latter equation is satisfied if 

/ 27rv\ 2 



27r. . ^ 

COS -^(v/ — A') = 0, 


i.e. 


v= 


IrrCk 


Hence the velocity of propagation of transverse vibrations varies 
inversely as the wave-length, so that the laws governing these vibrations 
of an elastic rod are much more complex than those of a string. It 
follows that in the propagation of a non-harmonic wave the resultant 
disturbance would be the sum of those due to its harmonic components, 
each of which, however, would travel with a different velocity owing 
to their different wave-lengths. 

Just as in the case of strings, standing lateral vibrations can be set 
up by the interference of waves reflected from the ends of the bar, 
and the possible modes of these vibrations depend on the method of 
supporting or clamping the bar. Now in a standing transverse 
wave system the nodes are points at which the displacement is always 
zerOy but the change of slope is a maximum; it follows that an end 
fixed in direction is not a true node. Again anti-nodes are places 
where the largest displacements occur, but where the body (string or 
bar) is always moving parallel to its original position, i.e. there are no 
changes of slope involved; it is evident, therefore, that a free end is 
not a true anti-node. Furthermore, the point of zero lateral motion 
nearest to a free end is not a true node since the change of slope there 
is smaller than at the free end itself. 
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End conditions for a bar of finite length 

(i) Fixed: for all values of time it follows that 

dy_ 


dy 


>^=0 and ■:/=0. 

dx 


(ii) Free: y and ^ are quite arbitrary, but both the bending moment 

G and the shearing force F must be zero as there is no material beyond 
the end to produce a couple or transmit a force. It follows therefore 

from (17) that ^^=0, and from (17) and (18) that ^=0. 

(iii) Supported end (or point along bar) as provided by a rigid knife 
edge prevents displacement so that y=0 always, but any slope may 
be assumed. The external force imposed by the constraint must of 
necessity be applied at this point and therefore exerts zero moment 

d'iy 

about it, i.e. ^=0 from (17). The toy known as a harmonicon 

consists essentially of a series of thin metal bars, resting on supports, 
which are set into vibration by striking with a small hammer. 

The full solution of equation (20) for the various end conditions is 
rather beyond the scope of this book and the reader is referred to 
treatises such as Lamb’s “Dynamical Theory of Sound.” However, 
the general results of the problem showing the dependence of the 
frequency of the lateral vibrations upon the dimensions and material 
of the bar may be easily deduced as follows. 

Let d be distance between two true nodes on the vibrating bar, 

then the frequency of vibration (/) will be given by or 

A 2a 


V A'ttck cic 

/cc^, but from (p. 82) hence it follows that 


^ kc k /£ 

J2 V 7 


( 22 ) 


t 


For a rectangular bar ^ thickness of the bar, 

i.e. the dimension in the direction of the lateral vibrations. The 
expression (22) therefore becomes for a rectangular bar 




(23) 


t 

If two bars are vibrating in the same mode, then d is the same fraction 
of the length / of the bar in each case and hence their frequencies 

^ law has received considerable experimental 

verification. 

Summary of properties of lateral vibrations of a solid bar 

(a) The frequency (/) is cc \/?, i.e. to the velocity of propagation 
of longitudinal vibrations in the bar. 
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(b) The velocity of propagation is dependent on wave-length or 

frequency, since/ocpocyg, then v=/Aoc^. 

(c) The frequency is proportional to the thickness (/) but independent 
of the width of the bar. 


(d) The frequencies of the successive modes of vibration of a free- 
free bar, i.e. a bar undamped at the ends, for example, are cc 3^ 
5^ 7^ 9^ etc., hence the overtones are not harmonic in contrast to 



Fig. 5.30. 

those of a vibrating flexible string. As in the case of the string, how¬ 
ever, the partials actually present in a vibration depend on its method 
of excitation and on the point of application. 

The form of the curves assumed by a free-free bar vibrating trans¬ 
versely in its first three modes are shown in Fig. 5.30 a, b, and c respec¬ 
tively, while d and p refer to the first two modes of a clamped-free bar. 

If a free-free bar is bent, then the two nodes (denoted by crosses in 
Fig. 5.31) of the fundamental mode of vibration move towards one 
another, and this tendency increases with the degree of bending; the 
limiting case in the figure showing two parallel limbs corresponds 
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to that of a tuning-fork. Chladni found that for a bent bar the mode 
of vibration with three nodes was impossible, and the first three modes 
of a tuning-fork are indicated in Fig. 5.31^. In practice, a tuning- 
fork, is invariably thickened at the centre of the bend, where the stem 
is attached, and it has been argued that it is preferable to regard 
each prong as being equivalent to a straight bar fixed at the stem- 
end but free at the other end. The over¬ 
tones of a tuning-fork, as to be expected, 
are not harmonic, but if generated they 
become less important compared with the 
fundamental as the amplitude of vibration 
gets smaller. 

The stem is not completely at rest, having 
a small component vibration in a vertical 
direction which can be communicated to a 
table by direct contact. Frequently large 
forks are mounted on resonance boxes; 
these consist of boxes open at one end and 
of suitable volume (Fig. 5.32) for resonance. 

Amplification resulting from contact with a 
table is due to the greatly increased area in 
vibration, despite the much smaller ampli¬ 
tude; the vibrations will, however, die away 
much more rapidly. A similar argument 
applies to amplification by a horn. 

Occasionally the frequency of response 
of the supporting table appears to be the 
octave of the vibrating fork. This has been explained by assuming the 
prongs to be accurately parallel; such prongs have a small downward 
component as they move inward from the central position, which is 
reversed as they move outward (Fig. 5.33). After passing the central 
position, the components are downward, but on the return of the 
prongs the components are upward. These components are trans¬ 
mitted to the table via the stem, giving a frequency double that of the 
fork. The effect is eliminated by inclining the prongs towards each other. 

The frequency of a tuning-fork may be adjusted 
by a small sliding weight on each prong which can 
be fixed in any desired position. The load increases 
the inertia and lowers the frequency. This also occurs 
if one prong only is loaded, but the motion is eccentric. 

The vibrating membrane 

The ideal membrane is assumed to be a uniform 
Fig. 5.32. and infinitesimally thin solid lamina possessing per¬ 
fect flexibility, so that its motion is essentially con¬ 
trolled by the applied tension, and is practically independent of the 
elastic constants of the material. A good approximation to an ideal 
membrane clamped around its periphery is provided by the vibrating 
soap film shown in Fig. 5.34, the film in this case covering the opening 
of a resonator. The modes of vibration of the film when set into 
motion by aerial vibrations are shown in Fig. 5.34 a and h and refer 




(b) 


Fig. 5.31. 
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Fig. 5.33. 


to frequencies of 1200 and 650 c.p.s. respectively. The drum is a 
notable example of a membrane, the stretching frame providing the 
necessary tension, while the human ear affords an interesting case of a 
membrane performing forced oscillations under the impact of sound 
waves. In the kettledrum the membrane closes a hollow hemispherical 
resonator, and the tension adjustment is by means of screws around the 

permits a range of pitch control of nearly a fifth. 

Ine ideal properties assumed for a membrane suggest that it may be 
regarded as an assembly of strings parallel, say, to x^Ox^ (Fig. 5.35), 
but the him is also, in general, curved in a perpendicular direction 
and hence there is the additional effect of a series of filaments parallel 

to XiOy^ to be considered. 
In fact, if the thickness of 
the membrane is neglected 
the problem of its dynamic 
equilibrium may be solved by 
reference to the analogous 
case of a soap film. Let 
the rectangular element ABCD 
of the membrane be chosen 
sufficiently small so that the 
forces Thy and TSj: may be 
regarded as acting at the 
F*g- 5.35. centres of the sides and tan- 

. . gential to the membrane, T 

being the uniform tension (measured, like surface tension, as a force 
per unit length) which is stretching the membrane. It follows from 
surface tension theory that these tangential forces are together equivalent 

to a normal force on the membrane equal to SjcSy, where 

Ri and ^2 are the principal radii of curvature at O, i.e. the radii of 
curv^urein the vertical planes containing XiOx 2 ^^dy^Oy^ respectively, 
li m be the mass per unit area of the membrane whose acceleration at 

any instant is given by then the equation of motion of the mem¬ 
brane may be written as (cf vibrating string, p. 50) 

m. SxSy.-^^=T(^j^+lfxSy=T(^^+^'jSxSy, approx. 




d^z\ 

dl^ mKdx^^dyV 



This is the standard form of wave equation for motion in two 
dimensions, and the velocity of propagation of waves along the 
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membrane is therefore given by Cm~\/ —• Although the motion 

of a bounded membrane may be very complicated, yet it can be analysed 
into a large number of wave trains travelling to and fro over the 
surface with this speed Ca/. The frequencies of the permitted vibrations 
are strictly determined from the boundary conditions and are sometimes 
called “characteristic” values, but they are probably better known 
by the German designation of Eigenwerte. This latter term is a 
familiar one in advanced atomic theory, being first employed by Schroe- 
dinger in his formulation of wave-mechanics. The circular membrane 
with its edge clamped provides a greater interest for the physicist than 
the square or rectangular membrane, but to derive its various modes of 
vibration equation (24) is more conveniently expressed in polar coordi¬ 
nates with the centre of the membrane as origin. The mathematical 
analysis is too difficult to attempt here, but the general pattern of the 
nodal lines may be stated to consist of radial lines from the origin, 
together with a system of nodal circles based upon the origin as 
centre. The clamped outer edge of the membrane must obviously 
coincide with one of these circles as is to be noted from Fig. 5.34. 


Vibrations of diaphragms and plates 

When a membrane possesses appreciable stiffness it approximates 
to a thin plate; elastic control now becomes important and with 
thicker plates the tension factor is negligible by comparison. The 
mathematical analysis of vibrating plates is very difficult, although 
their modes of vibration can easily be demonstrated by experiment. 
The simplest case is the diaphragm or circular disc rigidly clamped 
at its edge, and Lord Rayleigh derived the following expression for 
its fundamental frequency of vibration: 



2-96 

2-n 


A y/ , ^ 



where r is the radius and h the thickness of the diaphragm, £'is Young’s 
modulus, (7 is Poisson’s ratio, and p is the density of the material of 
the diaphragm. The above expression may also be written as 


.(26) 

where C is the velocity of propagation in a thin plate of the same 
material and thickness but infinite in extent. 

Chladni (1787) made the first experimental investigation of the 
vibrations of plates by clamping the plate at a centre of symmetry 
and simultaneously bowing and touching selected points. The 
simplest mode of vibration, i.e. when the plate is vibrating at its funda¬ 
mental frequency, is that in which there are four segments and four 
corresponding nodes. The patterns are usually exhibited by means of 
fine sand dusted on the surface of the plates, the sand arranging itself 
along the nodal lines. Savart discovered that very fine powders such 
as lycopodium collected at the anti-nodes and not the nodes, and this 
effect has been further investigated by Andrade. 
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(a) 


Oown 


Oown 


Chladni’s laws of vibrating plates follows immediately from the 
above formula (25) of Lord Rayleigh. If two plates show the same 
nodal patterns then (i) if they are of similar shape, their frequencies 
vary directly as their thicknesses, and (ii) if they possess the same 
thickness then their frequencies will vary inversely as the square of 
their diameters. 

A general idea of the principles underlying the development of 
Chladni figures may be obtained by a method due to Wheatstone, in 
which the plate is regarded as being built up from a series of parallel 
thin bars as indicated by equidistant lines in Fig. 5.36 a and b. C is 
the clamp at the centre of the plate, so that on the above supposition 
if the plate is bowed at or and damped at or it would appear 
in its fundamental mode, to perform 
lateral vibrations in the manner of a bar 
clamped at its centre. The lower sketch 
of Fig. 5.36a indicates the displacement at 
the edge of the plate (O being the nodal 
point) when looking in the direction 
D^CD^. If the bowing is too strong there 
is a danger of the higher frequencies being 
elicited, although these tend to die out 
more quickly than the fundamentals. On 
interchanging the bowing and damping 
points (Fig. 5.366), a similar type of vibra¬ 
tion to that observed above (Fig. 5.36a) is 
again noted when viewed in the direction 
D 2 CD 1 . The resultant form of pattern 
obtained by superposing the figures of 
Fig. 5.36 a and h is shown in c\ which is 
self-explanatory, and it may be experi¬ 
mentally realised by bowing at either 
corner B^ or B<^ and touching an adjacent 
corner (Z), or D^. It is to be noted with 
any form of pattern that adjacent seg¬ 
ments move in opposite directions, and 
consequently there are always an even 
number of segments. 

Besides the familiar method of bowing 
there arc two other methods of exciting 
the vibrations of a plate. If the latter is composed of iron, or has a 
suitably small insert of this metal, then electromagnetic excitation 
may be used. The exciter will be a small electromagnet carrying an 
alternating current of a frequency appropriate to the plate, and hence 
in practice the frequency of the source should be variable. This 
method is shown in Fig. 5.37 applied to the determination of the 
natural frequencies of a disc which carries the blades of a steam turbine. 
The resonance is elicited by means of the A.C. magnet shown in ihc 
right-hand top corner, the pattern being rendered visible by mean.^ c)t a 
fine powder. 

The other method is one due to Mary Waller and consists in bringing 
solid carbon dioxide, of sufficiently high density, into contact \Mlh 




(C) 


Fig. 5.36. 
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a metallic plate. The solid CO. sublimes at —80°C., so that when 
brought into contact with the warmer metal considerable local gas 
pressures are developed, due to the rapid formation of gas. An 
impulse is therefore imparted to the plate, and it is set into and main¬ 
tained at its natural frequency by receiving additional impulses at 
each approach to the solid CO 2 . The method is very simple and 
effective and requires no adjustment of frequency as the excitation 
agent possesses no natural period of its own. Dr. Waller’s attention 
was first directed to the phenomenon by an ice-cream vendor, who 
showed how he could cause his bicycle-bell to chatter by bringing a 
piece of “Drikold" into contact with it. 

All good thermal conductors may be excited in this manner, and 
so the method provides a means for the geologist to differentiate 
rapidly between semi-conductors and insulators. The detection of 

the lack of uniformity in metal 
plates by the corresponding 
distortion of the Chladni 
figures is another interesting 
application of the technique. 
It is important to note that 
with the solid CO 2 method of 
excitation the object under ex¬ 
amination need not be rigidly 
supported, and so is partic¬ 
ularly appropriate for the in¬ 
vestigation of the modes of 
vibration of an irregularly 
shaped body like a spanner 
which cannot be easily, if at 
-^ppi-phys. all, deduced mathematically. 

The range of frequencies most 
easily excited by this method 
IS between 1000 and 4000 c.p.s. Figs. 5.38 a and b were obtained by 

using the solid COg method, the nodal lines being rendered 
visible by lycopodium powder. 

Although not directly employed in the form of a musical instrument, 
the diaphragm is widely used for the recording and reproduction of 
music and speech, as in various types of microphone (see p. 271). 
In these applications care has to be taken that its inherent fundamental 
irequency IS greater than the highest frequency to be recorded, or, 
alternatively, the diaphragm is suitably damped at its natural period. 

r telephone microphone has a fundamental frequency 

ot about 800 c.p.s. so that acoustical distortion would be very notice¬ 
able, m the absence of appreciable damping, if the incident sound 
wave has a prominent component of this frequency. 

Bells bear a similar relation to plates as tuning-forks to rods since 
they may be regarded as curved discs loaded in the centre. 
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CHAPTER 6 

REFLECTION, REFRACTION AND ABSORPTION 


Reflection 

The simple laws of reflection in optics also apply to acoustics 
provided that the limitations imposed by diffraction are carefully 
recognised; viz. that the dimensions of obstacles and apertures must 
be large compared with the wave-length of the sound. This condition 
implies that for the more common lower audio-frequencies, reflecting 
surfaces, assumed to be smooth and regular, must be at least of the 
order of 10 ft. in their linear dimensions for the laws of geometrical 
optics to be directly applicable. 

These laws, to remind the reader, are as follows:— 

(1) The incident ray, the reflected ray and the normal at the point 
of incidence all lie in the same plane, and 

(2) The angle of reflection is equal to the angle of incidence. 
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Fig. 6.1. 

Construction of wave-fronts. The graphical construction of the 
form and position of an advancing wave-front at a future instant, is 
deducibie from a principle enunciated by Huyghens which states, 
every point on a wave-front is to be regarded as the centre of a 
spherical disturbance spreading outwards from it, so that the resultant 
disturbance at any point in front of the advancing waves will be 
produced by the summation effect of all the elementary centres of 
disturbance. For example, suppose a plane wave has reached a 
position given by AA’ (Fig. 6.1) which therefore represents the wave- 

particular instant t sec., say, i.e. it is the locus of all the points 
which the wave motion has reached at a given moment. Then the 
wave-front at a subsequent time (/-tt) sec. will be obtained, following 
Huyghens construction, by drawing a series of circles (since only a 
plane section of the complete motion is shown) with centres at points 
^25 etc., in AA and common radius cr, where c is the velocity of 
propagation of the longitudinal waves in the medium. It will be seen 
that all these wavelets touch 55', which therefore forms an envelope 
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to these wavelets. A closer consideration of the problem would 
suggest that the centres of these secondary waves should also give 
rise to a plane wave in a backwards direction, i.e. towards the source 
of the waves, but Kirchhoff has shown theoretically that the effect of the 
secondary waves in this direction is nullified by mutual interference. 

Similar reasoning to the above is applicable to the construction of 
the wave-front of a spherically diverging wave, partly shown in section 
as AA' in Fig. 6.2, where S represents the centre of the wave system. 
It is easily seen that the wave-front at a subsequent time (z+t) sec. will 
be a portion BB' of the spherical surface of radius c(/-f-T) with centre S. 

Reflection at a plane surface—acoustical images 

Consider a plane reflecting surface AB (Fig. 6.3) of infinite txiQXiX, 
and let a point source be situated at O. Then waves diverge from O 
and undergo reflection from all parts of the reflecting surface, and 
the effect at any point, L say, is the resultant of the aggregate effect 
of all the reflected waves, together with the direct sound from O. 



The problem of these reflected waves becomes considerably simplified 
if a fictitious source of sound is placed at I on the normal to and on 
the other side of the surface, such that NI=NO. This image source 
is assumed to be exactly similar in intensity, phase, and frequency 
to the actual source at O. 

Adopting the argument followed by Lindsay and Stewart: Suppose 
the reflecting surface to be removed and consider the combined effect 
of the sources at O and / at a point P in the plane AB. Then the 
spherical disturbances (indicated by the doited lines) which are 
generated by O and /, and which pass through P, will subject the 
particles at that point to equal forces in the directions PL and PM. 
The resultant displacement will evidently lie in the plane AB so that 
the latter may now be replaced by a hypothetical reflecting surface 
of zero thickness without affecting the resulting wave motion. Hence 
on the side of AB nearer the source, the effect of the presence of the 
reflecting surface on the sound waves emanating from O is the same 
as if this surface is removed and an image / of the source is placed 
as indicated. 
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The reflected sound is termed an echo, and if a brief hand clap is 
made at O then an observer at L will hear the sound by the direct 
path OL and by means of the echo along the path OPL. The hearer 
will perceive the echo as separate and distinct from the direct sound 
if the difference in length of the two paths is sufficiently large, and 
this fact is of prime importance when considering the acoustical 
properties of a lecture or concert hall. It is found that if the difference 
in times of arrival of the direct and reflected sounds of a spoken word 
is about sec., then the word is usefully reinforced, but if delayed 
longer the echo interferes with the direct sound. Assuming the velocity 
of sound in air at room temperatures to be 1120 f.p.s., then to avoid 
“blurred” speech the above condition implies that a speaker must 
not be further away from a back-wall reflector than 
= \®=28 ft. At a distance of about 33 or 34 ft. the echo will be 
heard quite distinctly from the sound received directly from the 

source. Use is made of this phenomenon 
for obtaining an approximate estimate of the 
depth of wells, etc., by timing the arrival of 
an echo. The comparatively recent develop¬ 
ment of ultrasonic generators, which enable 
beams of sound to be easily produced, has 
resulted in the employment of the echo¬ 
sounding method to the charting of ocean 
depths, to the detection of icebergs, and, in 
wartime, of submarines, etc. In the modern 
technique, the sending of the sound signal 
and the reception of the echo are accurately 
timed by electrical means, thus eliminating 
the errors of the human observer. Alter¬ 
natively the echo-method may be applied 
to the measurement of the velocity of sound 
if the path-length is known, and it has been 
suggested that Newton made such a measure¬ 
ment in the long walk, or passage, at Trinity 
College, Cambridge, which bears his name. This passage possesses a 
flat roof and end walls, so that if a brief sound is created at a position near 
one end it will travel up and down between the end walls. Hence, if 
an observer situated near the sound source times the hearing of, say, 

6 echoes in t sec. and / is the length (in centimetres) of the passage, then 

the velocity of sound in air will be given by y 

6 



In a closed room the repeated reflection of sound at the containing 
surfaces produces an enhancement of the sound intensity at any point 
in the enclosure as compared with that due to the direct sound alone, 
as would occur if the walls were absent. This building-up of the 
sound intensity within an enclosure is governed by the volume of the 
room and the nature of the surfaces of the walls, ceiling, etc., and 
the phenomenon is known as reverberation (see Chap. 14). 
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Whispering galleries. In the majority of these galleries whispered 
sounds produced at any point near the circumference, give rise to 
diverging sound waves which become focused at another point where 



Fig. 6.4. 


an observer may clearly hear the whispered conversation. This 
phenomenon has been explained in terms of the reflection of waves 
at a concave surface, but it is not sufficient to explain the effect observed 
in some galleries such as that of St. Paul’s Cathedral. In these cases 
a whisper uttered near the wall can be heard by a listener in a like 
position anywhere around the circumference. The reason put 
forward to account for this phenomenon is that the walls are slightly 
inclined downwards and, together with the floor of the gallery, prevent 
a great deal of the spreading of the sound waves so that they become 
largely restricted to a circular channel near the wall of the gallery. 


Reflection of a plane wave at a plane surface 

The problem of the reflection of a plane sound wave at a plane 
surface is a natural extension of the similar problem for the single 
source. Let A, B, C. D, etc., and AD' 
represent respectively sections of the 
planes, normal to the plane of the paper 
(Fig. 6.4), of the incident wave-front and 
of the reflecting surface. The direcUon of 
the incident wave will be given by the 
normal to the wave-front, and if this latter 
makes an angle 9 with the reflecting sur¬ 
face, then the direction of the waves will 
make an angle 9 with the normal NA 
(Fig. 6.5) to the reflecting surface. It 
should be noted that if the conditions of rectilineal propagation are 

satisfied then the normals to the wave-front may be described as ravs 
of sound. 

Now using the concept ofacoustical images, all pointsD, etc., 
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of the incident wave-front will respectively give rise to such images 
at a, b, c, dy e, etc., which will behave as virtual centres of 
spherical disturbances. Since all the particles Ay By C, etc., are 
vibrating in phase, as follows from the definition of a wave-front, 
then Qy by c, etc., will also be in phase with each other. If aA'=bB' 
=cC'y etc., then it is evident that the envelope of these spherical 
wavelets will form the reflected wave-front A'B'C'D' at some given 
time, / sec. say, after the wave-front meets the surface. If v is the 
velocity of sound in the upper medium, then in the particular case 


shown in the 


diagram /=- 

V 


AA' 


and at a later time /' the reflected 



Fig. 6.6. 


wave-front will 


have reached 


the position A"B"C'D" v/htre 



It follows from the geometry of the figure that since A'B'C'D' is 
parallel to abed and bB is normal to the surface AD\ then angle 
A'D’A=^n%\Q D'^^/=angle DAD'y i.e. ^>=6 or the angle which the 
reflected wave makes with the surface is equal to the angle between 
the incident wave-front and the surface. Since the sound rays are 
normal to the wave-fronts the above deduction immediately implies 
that the incident and reflected rays make equal angles with the normal 
to the surface at the point of incidence. Furthermore, since ADy AD 
and A'D' are sections in the plane of the paper of planes perpendicular 
to that of the paper, then it follows that the incident and reflected 


rays, together with the normal to the surface at the point of incidence, 
all lie in the same plane. 
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Reflection of a spherical wave at a plane surface 

Let O be the source of spherical waves (Fig. 6.6) which are to 
undergo reflection at the plane surface represented by ADC, then the 
acoustical image of O will be situated at /, where iD=OD, and ODI 
is perpendicular to ADC. Consider the wavelet GDF which has 
just touched the surface at D, such that OD^vt where f is the time 
taken for a disturbance at O to reach D, v being the velocity of sound 
in the medium. Now in the time taken for this wavelet to progress, 
such that the wave-front between A and C has come into contact with 
the reflecting surface, a reflected wave such as CB'A will have been 
formed. In the absence of the reflecting surface the incident wave 
would have reached the posi¬ 
tion ABC, where DB=CF= 

DB'. Consequently the re¬ 
flected wave ‘'emanating” 
from the virtual image / will 
form part of a spherical sur¬ 
face of radius ]B'=OB=OD 
-\ BD = ID-\-DB'. Consider 
any point P on the reflecting 
surface, then the wave re¬ 
flected from this point will 
have reached M where IM= 

IB', and PM=PN where N 
would be the corresponding , 
position to A/ on the “unre- ^ 
fleeted” wave-front ABC. 

It is evident therefore that 
an alternative method of con¬ 
structing the reflected wave- 
front is to draw the envelope 
CB'A to the spherical wavelets 
from many points between A 
and C which have all become 
centres of disturbance as a 
result of the impact of the 
incident wave. The radius of 
any one of these wavelets will 
be the difference between OP F*g- 6/7. 

and OB, where OP represents 

the straight line drawn from O to any point between A and C. Sum¬ 
marising, it may be said that a spherical wave diverging from the source 
O is converted, after reflection, into a wave of equal radius diverging 
from the image position I, the effect of the surface therefore being 
merely to reverse the curvature. 

Now suppose the source O to be a continuous generator of spherica. 
waves, the surfaces of maximum compression at any instant bcini; 
represented by the circular lines aa, hb, etc., in Fig. 6.7. Certai?' 
wavelets/; g, h are shown to have reached the reflecting surface ADC 
and given rise to reflected wavelets after the manner prcviouslv 
mentioned. The wavelet e has just reached the reflecting surface. 

W.M.S.— 7 
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The pattern of the sound field produced by the combined effect of the 
incident and reflected waves will be given by the right-hand side of 
YY' in Fig. 6.8, where will correspond to the source O and Si to 
its image /. It is evident that if the source is placed very close to the 
reflecting surface its image will also be correspondingly near. Con¬ 
sequently since source and image vibrate in phase with the same 
frequency, the displacement in the sound field will be approximately 
double that due to the source alone, provided the separation of source 
and image is small compared with the wave-length of the sound waves. 



Fig. 6.8. 


An important application of this effect is the location of a loud¬ 
speaker unit at the centre of a baffle board. 

Reflection at curved surfaces 

The reflection of plane and spherical waves at curved surfaces is 
considered below, but only briefly, since these cases are fully worked 
out in books on optics, the method of solution following that employed 
previously when dealing with plane surfaces. It is assumed that the 
aperture of the spherical reflecting surface is small compared with 
the radius of the surface, as otherwise the effects become complicated. 
In this connection R. W. Wood has investigated theoretically the case 



REFLECTION AT CURVED SURFACES 


99 

of the reflection of a plane wave at a hemispherical concave surface 
and has constructed a series of diagrams giving a number of successive 
positions of the reflected wave-front (Fig. 6.9). He experimentally 
verified his predictions by using a modified form of Toepler’s method 
to photograph successive positions of a sound wave during its reflection 
at a cylindrical surface. 

(1) Plane wave at a concave surface. Let P^BP^ (Fig. 6.10) represent 
the trace of the spherical surface and the trace of the plane 

wave-front of the incident wave, which would have reached the position 
shown but for the presence of the reflecting surface. The effect of 
the latter is to give rise to the reflected wave M^BNL where in the 
limit P\M\~PiN^ (also ttod PiMi is the distance travelled 



V. 

WWVoyVQ/ 

vjCvOOO 

[Wood: '"Physical Optics. ' Macmillan Co,, New York, 

Fig. 6.9. 

by the reflected disturbance at Pj. while the centre Bofthe incident wave 
travels over the distance PiA^i. 

Actually the reflected disturbance at P^ will reach a point A 
say, where the normal P^F cuts the reflected wave-front. The aperture 
as shown in the diagram is, however, greatly exaggerated, and in 
practice the angle M^P^A will be sufficiently small that its cosine may 
be taken as unity and so P^M^=P^A to required degree of accuracy. 

If R is the radius of the reflecting surface and p that of the reflected 
wave, then from a well-known property of the circle 

(AA.)(2B-^P,yV,) = (A^,B)2=.(A/,ArO(2p-A/iA^,), 

R 2P,N, 

P P,N,-P,N~, 


or 


2 approx. 
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Hence or the curvature of the reflected wave is twice that of 



the reflecting surface. The point F on the axis to which the reflected 
wave converges is known as the principal focus of the mirror, and it 

is evident that with the assumed degree of approximation FB—p—^. 


This distance from the focal point to the pole B of the mirror is known 
as its focal length as in optics. The waves on passing through the focus 
will commence to diverge. 

In the case of a convex surface the centre of curvature C and the 


focal point F will lie on the side of the mirror remote from the reflecting 
surface, but the above relation between focal length and radius of 
curvature will still be satisfied. 


(2) Spherical wave at a 
spherical surface. As typical 
of this class of reflection, that 
taking place at a convex sur¬ 
face N 1 BN 2 is chosen in Fig. 

6 .11. The incident wave-front 
M 1 N 1 PN 2 M 2 is shown diverg¬ 
ing from V and to have reached 
a position where the portion 
of the wave-front between Ni 
and N 2 has been reflected and 
appears to diverge from a point 
Q. From the geometry of the 
figure it follows that BP=BT, 

SPfST^-PT=2BT, and SB= 

BT—SP. Hence as before, 

ISB^ST-SP or Fig. 6.10. 

B p2 Pi 

where pj, p.y and R are respectively the radii of curvature ot tne 
incident wave, the reflected wave and the reflecting surface. If 
note is taken of the opposite signs of pi and P 2 » above 

2 11 

relation may be written as - 5 =—j—, which will then represent the 

R Pz P\ 

reflection of any spherical wave at any spherical surface. 

Summarising, therefore, it may be said that the curvature of the 
reflecting surface forms the arithmetical mean between the curvatures 
of the incident and reflected waves. The points V and Q are referred 
to as conjugate foci with respect to the mirror, i.e. a wave diverging 
from either will after reflection diverge from (or converge to) the other. 



Reflection from a parabolic mirror 

If a small source of sound is placed at the focus of this form of 
reflector the spherical waves diverging from that point are transformed 
into plane waves on reflection. This effect is seen by reference to 
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Fig. 6.12, where Fis the focus of the parabolic mirror which is shown 
in section. A number of spherical wave-fronts are shown diverging 




Fig. 6.12. 

from F, and portions of these wave-fronts have already undc'gonu 
reflection at the surface of the mirror. In particular, a consideration 
of the smallest wavelet of radius FA'—FB\ etc., reveals that the 
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reflected portion would have reached the dotted circular position 
A'B'C'D’E* in the absence of the mirror, and hence the various points 
a, b, c, e, etc., will have become centres of disturbances. With 
radii equal to the distances of these points from the imaginary dotted 
wave-front A'B’CD'E\ measured along its radii, secondary wavelets 
are constructed with the respective points as centres. From a property 
of the parabola, viz. that the paths FbB, FaAy etc., are equal, it follows 
that the centres of disturbance A, By C, D, E, etc., are all in phase, 
i.e. the envelope of the wavelets from Oy by c, etc., is the straight line 
ABODE representing the section of a plane wave-front. 

Parabolic mirrors are employed in film studios to pick up the voices 
of leading actors in crowd scenes, and another application is their 
use in the location of aircraft. A typical apparatus designed for this 
purpose is shown schematically in Fig. 6.13. The reflector R is composed 
of plaster of Paris, which has been suitably coated to give it a hard 

and weatherproof surface, and 
mounted in a manner which permits 
it to be rotated and elevated at any 
desired angle. A piezo-electric micro¬ 
phone M is mounted at the focal point 
of, and faces, the reflector which is 
adjusted in position and elevation 
for maximum sound intensity in the 
telephones. The axis of the mirror 
will then give the direction of the 
sound source. 

A method in which the focusing 
properties of the parabolic mirror are 
utilised to determine the velocity of 
sound in air was suggested by A. 
Michelson, the American physicist, 
celebrated for his optical interfero¬ 
meter experiments, although the actual 
experimental work was performed by 
T. C. Hebb. The experiment was 
designed essentially to overcome the 
uncertainties of sound velocity measurements over long distances in 
the open air, where wind, temperature and humidity are liable to show 
appreciable variation over a baseline of several miles. Incidentally 
this method of Hebb’s also has an advantage over another stationary 
wave-method, that of Kundt, in which there arises the uncertainty of 
tube corrections. 

The apparatus is shown schematically in Fig. 6.14, where Mi and 
are two large parabolic reflectors (5 ft. aperture) made of plaster 
of Paris coated with varnish, and a telephone transmitter or micro¬ 
phone is placed at the respective focus, F^ and F^, of each mirror. 
T is a telephone transformer supplied with two primaries and 
which are respectively connected in series with F^ and Fg, and a battery. 
The secondary winding of the transformer, which is linked with each 
primary, is connected in series with a telephone receiver R. The 
source of sound S was also located at the focus of A/j, and in Hebb’s 



Fig. 6.13. 
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experiment it was a whistle blown at constant pressure and giving 
a high-pitched frequency of approximately 2400 c.p.s. Now the 
intensity of the sound heard at the receiver R will be the vector sum 
of the signals received by Fi and Their relative phase may be 



R 


Fig. 6.14. 


adjusted by a relative displacement of Mi and A/ 2 , so that if the position 
of M 2 (together with F 2 ) is gradually varied, at certain places a wave¬ 
length apart, the sound intensity at the receiver is a minimum. If it is 
possible to move M 2 a hundred or more wave-lengths, i.e. a distance 
of the order of 20 to 30 metres, the value of the wave-length may be 
accurately estimated, and if the frequency is measured to a corre¬ 
sponding degree of accuracy the velocity of sound in air is known to 
within 01 per cent, or less. Hebb obtained a value of 331*44 metres 
per sec. for the velocity of sound in air at O'’ C. 


Refraction 

Sound waves crossing obliquely the boundary 
separating two media, in which their velocities 
of propagation are different, undergo an abrupt 
change in direction. The laws governing this 
phenomenon of sound refraction are the same 
as those applicable to light waves, viz. (i) that 
the incident ray, the normal to the refracting 
surface at the point of incidence, and the refracted 
ray are in the same plane; and (ii) that the 
sine of the angle (/) between the incident 
ray and the normal bears a constant ratio to the 
sine of the angle (/*) between the refracted ray 
and the normal (Fig. 6.15). The incident and 
refracted rays are normal to their respective wave- 



Fig. 6.15. 


fronts. Expressed symbolically the second law may be written as 

S * 

- —=constant=-:7r, where C, and Co are the velocities of sound in 
sinr C 2 

the two media as indicated in Fig. 6.15. In the case of sound waves 


sin 
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at ordinary frequencies it is preferable, from the physical point of 
view, to regard / and r as respectively the angles between the incident 
and refracted wave-fronts and the plane surface (Fig. 6.16). 

Let represent a section of the advancing wave-front (Fig. 6.16) 
when /j has reached the boundary surface £/% and Axh and 
are the rays at the confines of the incident wave train. As each 
point ^21 Pg, etc., of the incident wave-front reaches the boundary 
surface it becomes the origin of spherical wavelets spreading out into 
the second medium. Hence, following Huyghens’ construction, 
the envelope of these secondary wavelets, will represent the wave- 
crest of the refracted beam in medium 2. The distances and 
l^Rx will therefore have been described in the same interval of time, 



Fig. 6.16. 


and hence by combining these 


i.e. But and hence by combining these 

Q C 2 IxRx sin r ^ 

relations Snell's law is obtained. 

Refraction of spherical sound waves at plane and at spherical 
surfaces lead to the analogous formulae obtained in optics, and since 
in acoustics these cases are not particularly important only a brief 
reference to them will be made. In Fig. 6.17 a spherical wave ABD 
is shown to be diverging from the source at O, and to be incident upon 
the plane surface NBL separating the two media. If the medium 
existed also to the left of the boundary the wave-front at a later instant 
would, by Huyghens' construction, assume the spherical front NML^ 
but since the velocity of sound C, in medium 2 is less than the velocity 
Cl in medium 1, the radius of the secondary wavelet from B will be 


BM'=\^^BM. Hence CA/'TV becomes the new wave-front in medium 

2, having its centre of curvature at O'. Denoting OM and O'M* 
by R and R’ respectively it is easily shown that to a first approximation 

provided BM and BM' are small compared with R 

and R' respectively. 
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Fig. 6.18 showing a spherical wave undergoing refraction at a con¬ 
cave surface should be self-explanatory, since the reasoning and 



deductions follow the theme of the previous case. C is the centre of 
curvature of the reflecting surface. 

So far only an abrupt change in the properties of a medium have 
been considered, but many examples occur in nature in which the 


Medium Z / 
Velocity of/ 



Medium / 
Vebcitij of 
Sound C, 


dP^r—^c - 


c,>c. 


Fig. 6.18. 

change takes phcc gradually, and in these cases the change in direction 

of the refracted ray will also be correspondingly gradual as indicated 
in Fig. 6.24. 
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Partial reflection and measurement of sound absorption 

Plane sound waves are propagated with constant velocity and without change 
of type, in any direction within a homogeneous medium, but the Presenw 
of any discontinuity, i.e. a change of mechanical properties at any Por|ion 
of the medium, will immediately disturb the uniformity of propagation. 
So far consideration has only been given to the ^se of sound waves reflated 
at a perfectly rigid and smooth surface so that the amplitude of the reHectea 
wave is equal to that of the incident, i.e. the reflection may be said to be one 
hundred per cent. In practice this degree of completeness of reflection is 
never attained, although it is interesting to note ^at it is more complete for 
a sound wave incident upon a hard polished surface than for a light wave 
upon a correspondingly good flat optical surface. This 
reflection will imply that the strength (defined in Appendix 21) ^ 

/ (Fig. 6.7) is no longer to be taken as equal to 5, the strength *he soui^re 

O but to some value fS where / is fractional and for most materials wi 
vary with the angle of incidence of the impinging wave upon ‘he reflecting 
surface. The square of the factor/, i.e. is known as the coefficient ot 

reflection (of sound energy) of a surface. • , a ^r^nci'Hpr 

As an introduction to the general problem of partial reflection, consider 

the case of plane waves travelling down a tube closed at one end by a piug 

of the material under investigation. The reflection is thus . 

one of normal incidence, but the problem is a more general case ot m 

resonance tube dealt with on p. . HknlAce- 

Let sin {o>t-kx) represent the incident wave where ox. the displace 

ment of a particle at any time /, varies with its position x along the tu ^ 
and has a maximum value a. is the pulsatance defined by 

2 ^ j 

where N is the frequency and T is the period of the waves, while ana 

A is the wave-length. The displacement due to the reflected wave will 
be given by i,=/a sin (o,t+kx). Hence the resultant displacement at any 

point and time will be given by 

■r)=r}i-\-7)i=a sin sin {(ot+kx) 

=fi(l r/) CO? Arx sin W—fl(l —/) sin cos <»>/, . . (-1 

which represents two standing wave systems both of period T— 

^ out of phase with one another. An inspection of the above equation 

shows that the amplitudes of the two sets of waves vary from 
position and are respectively given by a{\ 'rj) cos kx and fl(l^ 

The maximum values of the former occur when x=0, K ' 

and for the latter when etc.; these values are respectively 

0 ( 1 +/) and a(l- /). at 

Since the maximum amplitude of one standing wave system 
places where the amplitude of the other is zero, it follows that these maxi 
amplitudes may be measured separately and their ratio is give / 

qO+/) _'ii say 

(1 f) ^ ^ ^^7* 

Since the energy of a wave is proportional to the square of the anipHtu e 

/•a * 

of a wave (see p. 43), then the coefficient of reflection a—j — J 

The fraction of the incident sound energy which is not reflected passes 
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into the reflecting medium itself and becomes absorbed to an extent dependent 
upon the nature of the medium and usually also upon the frequency of the 
waves. On reaching the second boundary face of the specimen the attenuated 
plane wave will emerge as a plane wave with a constant but reduced 
amplitude. This latter wave is usually referred to as the transmitted wave, 
while the wave within the material is known as the refracted wave. It is 
usually recognised that the absorption of the material is measured by the 
fraction of the incident energy which is not reflected, i.e. by 



{A.^A.y 


This expression for ^ may alternatively be written 


as 


which is more convenient for computing ^ from the observed ratio of A, 
to Ai. 

It is instructive to rewrite equation (1) in the form 

v=[a—fa] sin {o,t—kx)-] /a[sin io>t~kx)-\-sin (ajM Ar.v)] . . (2) 
whence ’7=o[l —/] sin (w/—^;c)-r2yi7 sin w/cos A:jc .... (3) 

The latter equation comprises two terms, the first term represents a 
progressive wave and the second a standing wave. The first is only zero if 



Fig. 6.19. 


/= I, i.e. if complete reflection occurs, and this is the condition to be expected 
when no energy is carried forward into the medium closing the end of the 
tube. 

The general procedure underlying the method adopted by Taylor, Paris, 

and others to measure the sound absorption coefficients of material is shown 

by Fig. 6.19 where the specimen under test forms a plug P at one end of the 

resonating tube, which is energised by the loud-speaker S’. The investigation 

of the pressure variation along the axis is carried out by means of the small 

exploring tube R which is connected to a microphone with its amplifier 

and indicating meter. The formula derived above may be applied and the 

tube should be sufficiently long for a number of maxima to be observed 

This tube method of determining sound absorption coefficients is limited 

application to small samples of material, which must therefore be 

fairly homogeneous to be representative of the whole. Furthermore the 

method only measures the absorption coefficient for normal incidence 

whereas m practice its value for all angles of incidence is what is chiefly 
required. ^ 

It should be emphasised again here that when sound waves undergo 
reflection at the bouridary of two media, changes of phase occur in thc 
reflected and refracted portions of the dispersed incident beams. In the 
case where the reflecting medium” is a perfectly rigid material there is 
no change of phase in the refracted wave but the reflected wave is tt radians 
out of phase with the incident wave, whereas reflection at the “open" end 
of a resonance tube occurs without reversal of displacement phase for the 
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reflected wave. These two cases correspond to /= —1 and 
respectively, and it follows that for a porous and flexible solid material the 
value of the phase change will assume an intermediate value dependent 
upon the density and rigidity of the substance. The effect of the phase 
change is merely to shift the stationary wave system, so that the above 
analysis does not become invalid when estimating a (see Appendix 13). 


Partial reflection of plane sound waves for any angle of incidence upon the 
boundary surface of two extended media 

The reader is referred to Rayleigh’s “Sound” (Vol. II, § 270) for a more 
rigorous analysis of the problem, but the following treatment at this stage 

has the merit of emphasising the physical principles involved. 

It is assumed that the linear dimensions of the boundary surface are large 
compared with the length of the incident sound waves, so that the geometrical 
laws of reflection and refraction are applicable as for the corresponding 

problem in optics. If this con¬ 
dition is not satisfied then the 
problem becomes essentially one 

of diffraction. . 

Let BEFD {Fig. 6.20) represent 
a section of the boundary surmce 
and GEFH, EFML and 
sections of the incident, reflected 
and refracted beams respectively. 
The cross-sections of the appro¬ 
priate beams are indicated by M 
and A^ in the figure, the sufhx 
1 referring to the medium in 
which the sound wave is 
travelling and the suffix 2 to 
second medium. The velocities 
of sound in the two media are 
therefore Ci and Cj respectively a 
indicated in the ray diagram {hig- 

6.15), the corresponding densities 

of the media being h and Pa- 
The geometrical law of retiec- 
tion states that the angle or r • 
flection is equal to the angle 
incidence (/), and Snell s law ot 

refraction gives where r is the angle of refraction. The angles 

i and r are measured between their respective wave-fronts and the , 

surface (Fig. 6.20) or the equivalent angles between the normals Nit 

NiEand the normals to the wave-fronts (Fig. 6.15). _ 

Two conditions require to be satisfied at the boundary surface as toiiow 

(i) Continuity of displacement. This condition is a consequence of t e 
assumption that the interface between the two media remains undistur 
during the passage of the sound wave, i.e. that there is no separation 
relative motion of the media perpendicular to their common surface, 
slipping of one medium upon the other parallel to this surface. 

If Or, at be the amplitudes, i.e. the maximum displacements, of a , 
due to the passage of the incident, reflected and refracted (alterna i 
known as transmitted) waves respectively, then it follows from the a 



Medium (7) 

B 


Medium (D 
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condition that the normal components of these on each side of the boundary 
must be equal, 

* OiCOsi—Or cos i=at cos r .( 4 ) 

The negative sign accrues from the reversed direction of propagation of the 
reflected wave from that of the incident and refracted waves. 

(ii) Conservation of energy. This condition assumes that the energy in 
the incident sound wave reaching the boundary surface per second must 
equal the sum of that carried away per second in the reflected and refracted 
waves. This assumption will not be valid if the second medium absorbs 
any part of the refracted beam, such absorbed energy appearing as a heating 
of the medium. 

Now the energy per unit volume of a medium due to the passage of plane 
sound waves is given by equation 23 onpage43asi/)a2^2, where pis the density 

of the medium, a is the amplitude of motion and ^ ’s the frequency of the 

waves. The energy reaching the surface BD per second is contained within 
a volume /liXc„ and that carried away by reflected and refracted waves 
within volumes AiXCi and A.xcs respectively. Hence it follows from the 
above condition that 

PiAiCi(a,yu>-^-PiAiCi(aryoj--\-PiA.iC.i{a,)-w- ... (5) 

A A 

c^i^cotr' written as 

^ ^ 2\ ■» cos r 

PiCi{ai—arn= PiCiOr -; 

cos / 


O'- P,c.a,=(l-/'-)=.(6) 

where f-.— 

di' 

(6) may now be rewritten, after squaring each side, as 

oiKl ~jy COS'i= or cos^ r .( 7 ) 

From (6) and (7) it follows that 

1 l-/ \ _ pgCa. cos i pt sin r cos i _ p.. cot / 

1 —f) PiCi cos r p^ sin i cos r~ p, cot r 

as by Snell’s law /o. 

sm r Ca . 

The ratio of the reflected to incident amplitude of vibration is therefore 
given by 

^_COt r 

f V Pi cot / 

/>J J cot r \ . 

\ Pi cot i) 

The condition for complete transmission, i.e. no reflected wave is easily 
deduced from equation (9) as ^ 

Pi cot r Pa cot f 

Pi cot / p^ 'cot /. 

for complete transmission to 
occur, the angle of incidence must satisfy the relation 

. 
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i.e. — must be intermediate in value between unity and for cot® / to be 
positive for real values of />i, pa, C\ and c., Hiis condition holds in the case 

where both media are gases. On page 38 it is shown that c= \/ ~^ where 
y, the ratio of the specific heats of a gas, does _not vary appreciably 
for the simple gases. Hence it follows that V 7 ' approximately, and 


C 2 


therefore cot® /= 


Pl-l 

Pi 


P2 


\ which is essentially positive. 

Pi\ Pi 


P ^ P 

The general amplitude relation may now be expressed in_a simplified form 
for the case of two gases by substituting it 7-=7 = \/ equation (9). 

bill / C8 ▼ Pi 

This leads to which, it may be noted, is also the relation given 

by Fresnel for the reflection of light polarised perpendicularly to the plane 
of incidence. 

Total reflection . ^ 

If c, is less than c, (Fig. 6-20) then from SnelFs law it follows that there 

will be a critical angle of incidence u for which the angle of refraction r is yu , 


i.c. 


Sin 90 Ci \Ci 


The velocity of sound in water is greater than that in air, hence total 
reflection can occur for waves travelling from air to water but not m tne 
reverse direction, 

e.g. Cwatcr=4'6cairJ sin approx. 

Hence 12^ is the greatest angle of incidence for which sound 'S 

into water from air, and in a succeeding paragraph it will be shown tnai 

very little sound energy enters the water even at normal incidence. 

Normal incidence. In this case i and r both tend to zerb, and it follows 
that 

sin A /tan A /cotr 


£i 

Ci 


sin r 


I 

r 


0 

0 


tan r) Vcot i 

i-*.0 i^O 

r-*-0 r->0 


Hence equation (9) now becomes 

Pi 


/= 


£i 

Ci 


P2_|_£i 
Pi C* 


OjCj — 

PiCi + P\C\ 


( 12 ) 


The condition for complete transmission at normal incidence is therefor 
that PiCi=piCi. The product of velocity and density is variously knov^ 
as the characteristic acoustical impedance for unit area of the medium or iw 
radiation resistance. Denoting piCi and piCi by Ri and respectively, 
equation ( 12 ) may now be written simply as 

‘Rl 

^~Ri-\-Ri . 


. (13) 




PARTIAL REFLECTION 


111 


The above analysis indicates therefore that in order to obtain the maximum 
transfer of acoustical energy from one medium to another, the characteristic 
acoustical impedance of each must be as nearly equal to the other as 
possible. This problem of impedance matching, as it is termed, occurs in 
many branches of physics, as for instance in order to obtain the maximum 
energy output from a battery the external load resistance should be chosen 
equal to that of the battery. Again, in optics light is reflected at the surface 
of discontinuity of two media, e.g. air and glass, but if the surfaces of the 
media are separated by a film which is a quarter of a wave-length thick 
and has a suitably chosen refractive index, then reflection for light of this 
particular wave-length is eliminated. The value of this refractive index n 
must be intermediate between the refractive indices m and ^2 of the two 

media, or more exactly In this example the optical film plays 

the part of an impedance-matching device with respect to the media which 
it separates, and its behaviour is thus analogous to the electrical transformer 
in alternating current circuits. A similar prodecure is employed in acoustical 
technique (see also p. 347) as a means of matching two media of widely 
different acoustical impedances and /?.. respectively. The matching 
medium is sandwiched between the other two and should be the appropriate 
thickness relative to the wave-length of the sound to be transmitted, and its 
acoustical impedance R should be as nearly equal to R^Rz as possible. 

It is appropriate to point out here that only sudden discontinuities of the 
properties of a medium give rise to reflection and these changes should 
occur within distances which are short compared with the length of the waves 
employed. A transitional change of properties in small steps would seem 
therefore to be the obvious means of reducing reflection to a minimum; 
in other words, the objective should be to simulate the characteristics of 
a transmission line. Such a device in sound is provided by the acoustical 
horn, whereby the acoustical impedance of the pipe feeding the horn is 
matched to the impedance of the free air at the mouth. This result is brought 
about by a gradual change in the cross-section of the horn which results in 
radiation of acoustical energy from its mouth, in contrast to being reflected 
to and fro with the formation of useless standing waves as is the case with 
the ordinary resonance tube. 

Reflection and transmission coefficients at normal incidence 

T-u n .• fT' • . reflected sound energy 

The reflection coemcicnt a . ^ ' -;- — 

incident sound energy 


PxCjar 

Ur' 

(i,- 



The transmission coefficient fi - transmitted (or refracted) sound energy 

incident sound energy 

Pzc.ai - 
PiCiar 


Rz r/t~ 

~R,'d? 
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But from (7) 

—=(I—/‘)2^^i;^=(l—/)“ at normal incidence. 
ar cos®r 


Hence (15) now becomes 



AR.R, 

{Rz^R.Y 



An inspection of the expressions for the reflection and transmission 
coefficients shows that they are both independent of the wave-length of the 
sound, and consequently any incident wave which is complex in type, 
comprises a mixture of frequencies, will be reflected or refracted with its 
wave-form unchanged. Furthermore, a and ^ may be written respectively 


as — 1-„ and , i.e. both coefficients are symmetrical with respect 

to /?! and Ri', hence the ratios of the reflected and transmitted energies will 
be identical on whichever side of the boundary surface the wave is 
incident. 


Transmission of sound from a medium of small to one of a large acoustical 
impedance 

In this case Ri is small compared with Rz and almost complete reflection 
is obtained even at normal incidence. The coefficients a and ^ can now 
assume the approximate expressions 


a = 


' 4 ; 




/?2 




= 1 - 


4^ 

R. 


rJ 


and 

/?, for air 41, y ?2 for waters 1-43 x 10^ c.g.s. 

Hence percentage of acoustical energy entering water from the air a 

/inn D 


_ 400/?, 

normal incidence = — 5 —- 012. 

M\-i 


Transmission of sound from a liquid to a solid 

The acoustical impedances of the two media are now more nearly ct^ 
parable. For example, consider the transmission from water to stee 
/?, for water= l -43x 10® c.g.s.; Rz for steel=3'9x 10* c.g.s.; 


3-9--14\2 /3*76' 


= 0 - 866 . 


,3-9H--14/ V404 

Hence 86-6 per cent, of the incident sound energy is reflected and 13-4 per 


cent, is transmitted. 

Detection of under-water objects. The foregoing theory has an 
application in the possibility of locating under-water objects, such ‘ 
bergs or wrecked ships, by echo-sounding methods. The success or otn ' 
wise of these methods is dependent upon the intensity of the sound bea 
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reflected from the object being sufficiently large for detection. Now the 

acoustical impedance for ice=l-9x 10* c.g.s., hence a= (^i^?Ill^V=0 022 

or only just over 2 per cent, of the incident sound energy is reflected at 
normal incidence. Such circumstances would not be favourable for using 
echo-sounding methods but for the fortunate fact that icebergs contain 

. M ^ j air cavities, and their presence leads to 

a considerable enhancement of the sound energy reflected. 


Reflection of sound at the interface of two gaseous media 

On page 110 it is shown that ^‘= />/where c and p refer to the velocity 
of sound and density of a gas respectively. Hence from equation (12), 



i.e. 


Ct-Ca 

Vp.+ Vpi Cx-t-Cs 

If the difference in velocities is very small then 


. (17) 


c^=Cl■\-^Cy say, and therefore /=-=^ 


2cx 


approx. 


(18) 


Suppose that a sound wave is travelling from nitrogen (density 
= () 00125l gm. per cc.) to oxygen (density=0 00I429 gm. per cc.) at normal 
incidence, then substituting in (17) gives the ratio of the reflected to 
incident amplitude as 

v^oq]^- \-WrUT 

^ V 0014294- V-001251 


•0024 

•0732 


•033. 


Hence the reflected energy is ( 033)% i.e. 0 0011, of the incident energy. 

If the sound wave travels initially in hydrogen (density 0 00008837 gm. 
per cc.) instead of in nitrogen, then 0-36 of the incident energy is reflected! 

A sound wave passing through the air may suffer reflection from strata 
differing in temperature and humidity although the magnitude of the effect 
under conditions usually prevailing in the atmosphere is quite small. The 
appropriate formula for calculating the effect due to differences in tempera¬ 
ture between different regions of a gas is obtained by combining (18) with 


the relation cccVT which leads to the numerical resultwhere T is 
the absolute temperature. 


The foregoing theory does not reveal completely how the acoustical 
energy of a sound wave is actually distributed after its impact upon 
a solid medium. It is found that besides the reflected and refracted 
compressional waves, two other types may be produced, known 
respectively as flexural waves and surface, or Rayleigh (p 114) waxes 
Furthermore, a portion of the energy of the transmitted, otherwise 
retracted, wave may become dissipated as heat within the medium 


W.M.S.—8 
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In the case of a porous body this dissipation will result from the 
viscous resistance opposing the vibratory motion of the air within 
the narrow cavities. The energy lost in this manner represents what 
is usually understood as the true acoustic absorption of the medium. 
The energy which emerges in the form of sound waves from the 
surface of the solid remote from the source will consist of the 
transmitted compressional wave, the motion in this case being handed 
on from particle to particle of the medium in the manner of the 
transfer of heat by conduction, and in addition the disturbance due 
to the flexural vibrations of the solid. The latter result from 
the vibration of the solid as a whole, under the forcing action of the 
incident waves. In the case of the partition walls commonly used in 
houses, the larger percentage of the sound energy passing from one 
room to another is conveyed through the air-vents and by the flexural 
vibrations of the walls. 

Wave motion and geophysics 

If the waves in a solid elastic medium of unlimited extent are the 
result of a local disturbance within its interior, then these waves 
diverge from the source or focus, as it is often termed, with two distinct 


(b) 


Fig. 6.21. 

velocities C, and C, (p. 61), corresponding respectively to the longi¬ 
tudinal and transverse modes of propagation. An example of this 
type of wave propagation is provided by the so-called seismic waves 
generated by an earthquake. The instruments used to record these 
waves, known as seismographs, give indications of four types of 
waves, the two mentioned above which are propagated directly to 
the observer through the material of the earth, and two types of surface 
waves named after their discoverers, Rayleigh and Love respectively- 
These surface waves are confined to a surface layer and their common 
line of propagation to the listening points (Fig. 6.21^) follows that ofa 
great circle, starting from a point S on the earth’s surface immediately 
above the focus F, and hence their times of arrival at O are delayed 
behind those of the compressional and distortional waves by amounts 
greater than those due to the difference in the velocities of propagation. 
In actual practice the seismic records show a very wavy trace, which 
is to be expected when it is considered that the earth does not constitute 
a homogeneous medium and so the original waves leaving the source 
become split up by refraction and reflection at the various strata 
or discontinuities in the earth’s crust. 

Although the scope of this book does not permit the developrnent 
of the mathematical analysis of the Rayleigh and Love waves, it is 
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possible in a general way to see how the waves arise by considering 
again the propagation of longitudinal waves along a solid cylinder 
or prism. If the linear dimensions of the cross-section of the solid 
body are small compared with the length of the waves, then the 

velocity of propagation in the solid is given (p. 38) by C,= \/^, where 

£ is Young’s modulus and p the density of the medium. The sides 
of such a body being without restraint are free to move, which accounts 
for the difference in the velocities C, and C,. It is therefore a natural 
deduction to presume that when the longitudinal (or compressional) 
and transverse (or distortional) waves travelling in the so-called 
infinite medium approach a free boundary then the conditions of their 
propagation undergo modification. In point of fact, the velocity of 
the Rayleigh waves C/? for an incompressible solid can be shown 
theoretically to be equal to 0-955C,. In the case of the Rayleigh 
waves the surface particles at any point P (Fig. 6.21) in their path will 
possess component vibrations vertically and along £/, both being in 
the vertical plane containing the direction of propagation. On the 
other hand, for Love waves the particle displacements are restricted 



Fig. 6.22. 


to the horizontal direction Ph (Fig. 6.2\b),perpendicular to the direction 
of propagation. Both types of waves appear intermingled in the 
seismic record. 

Since the surface waves diverge only in two directions they are less 
attenuated than the C, and C, waves, and hence become of increasing 
importance at large distances from the source. ^ 

Seismographic methods are often employed in the location of oil 

deposits, and the method to be described depends for its operation 

on the marked difference in the velocity of propagation of earthquake 

or sound waves in oil- and non-oil-bearing strata, e.g. in Persia the 

velocity of propagation in the limestone strata which bear the oil is 

4-/X1U* cm. per sec., as compared with a velocity of 3-7x10* rm 
per sec. in the overlying soil. 

If an explosion of suitable magnitude is created at or iust bel 
the earth s surface at S, say (Fig. 6.22), then the earthquake \v„v 

whie^h three possible ways in 

which the effect of the disturbance can reach O are shown in tlie 

.attt* the wave SBO reHected from tlie 
interface RABC both travel entirely in the upper strata, while waves 


ow 

ave 
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such as SR pass completely into the lower strata. The wave in the 

direction SA, striking the interface at the critical angle 0=sin“^ S, 

travels in the boundary layer and the disturbed particles give rise to 
Huyghens wavelets in the upper media, and one such diffracted wave 
CO is shown. If its time of arrival at O coincides with that of the 
direct wave then obviously 


I SA + CO AC 

Ci~ Cl Ca 


2d . /-2^/tan 0 


,+ 


(19) 


Cl COsO ' Ca 

Fig. 6.23a shows the positions of a number of seismographic 
recorders O", O', O, Oi and situated at different distances from the 



Ca) 
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shot point 5, and C"0", C'O', etc., are parallel diffracted waves 
directed towards the various observation points. In the 
the direct wave is assumed to arrive at O" and O' before the diffracteo 
wave, while the reverse is the case for Oj and O^; at O, however, bom 
waves arrive simultaneously. The graph drawn in Fig. is 

self-explanatory, and it is to be noted that the slope of the line or 

as measured by ^ gives the velocity Ci of the waves in the upper 
medium, while is a measure of the velocity Co in the lower strata. 
Since sin and the distance / is given by 50, then sufficient data 
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are available for the calculation from equation (19) of the required 
depth d of the interface. The simple conditions chosen above would 
in practice be complicated by sloping interfaces, etc. 

Meteorological acoustics 

Since the velocity of sound in a gas varies as the square root of the 
absolute temperature, and since the earth’s atmosphere is never com¬ 
pletely quiescent and at a uniform temperature, then it is to be expected 
that the propagation of sound in the atmosphere will lack uniformity. 
An interesting case is when the condition known as temperature inversion 
exists in the atmosphere, which is otherwise quiescent and of uniform 
composition. Such a state of affairs, in which the temperature 
increases in moving upwards from the earth’s surface, occurs chiefly 
over stretches of water on summer nights or on frosty nights over the 
land. Under these conditions sound waves radiated from a source 
near the ground are refracted in the inversion layer so that they 
are bent downwards (see Fig. 6.24) towards the earth’s surface where 



ordinary reflection occurs. In this manner the propagation of the 
acoustical energy is largely confined to a “channel" formed by the 
earth’s surface and a horizontal stratum, usually some 15 or 20 metres 
above ground level, known as the inversion level, which will obviously 
be the plane showing the highest temperature. The range of sound 
is thus greatly increased, for the intensity falls off only as the inverse 
of the distance, and the above phenomenon explains why sounds are 
often heard at great distances on clear, still nights. The radio enthusiast 
will discern here a close parallel in the action of the inversion layer 
and the earth’s surface towards sound waves to the similar way that 

the ionosphere and the earth form a wave-guide for electromagnetic 
waves. 

A simple calculation will lead to the determination of the angle </; 
of the horizontal toroidal wedge, within which the sound is confined, 
when the temperature of the inversion level is known. Suppose thai 
this temperature is 5^ C.; then the smallest angle / for which there is 

no transmitted wave in the upper atmosphere is given by /--sin ' 
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where and Cj are the velocity of sound at 5° C. and at 0® C. (the 
ground temperature) respectively. 

Now, C2=Ci(l+if5)*=Ci(l + 5fs) approx.; 

/=sin“^ approx. 

Hence ^=180®—2x82®= 16® approx. 

One of the unexpected observations of meteorological acoustics 
is that thunder cannot usually be heard at distances greater than about 
10 km. from its origin, which is small compared with the corresponding 
distances for big guns. It is suggested that one reason for this is that 
the sound from a gun emanates from a small volume, whereas thunder 
is generated over the whole length of the lightning path, but a more 
important factor is probably the general atmospheric conditions under 
which the sounds are generated. In a thunderstorm the winds are 



Fig. 6.25. 


usually turbulent, and furthermore, the heat generated by the electric 
discharge will bring about a heterogeneous distribution of temperature 
in its neighbourhood, thereby setting up irregular convection currents. 
Consequently the sound waves generated will suffer more or less 
continuous but haphazard reflection and refraction, and in this way 
the acoustic energy becomes diffused through a large volume with a 
reduction in the sound range. It is interesting to note that an analysis 
of the frequency spectrum of thunder has shown the predominance 
of long inaudible waves, i.e. of the order of 5 c.p.s., whose presence is 
sometimes indicated by the rattling of windows. 

It has been observed that the zone of sound around an explosion 
centre is followed by one of silence and then a further zone of sound 

(shaded areas, Fig. 6.25), which illustrates the general form of the sound 

field observed in the neighbourhood of a pre-arranged explosion at 
La Courtine {X in diagram) in June, 1924. Now the temperature con¬ 
dition that normally persists to a considerable depth in the lower 
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atmosphere is that in which the temperature decreases uniformly with 
height, and this atmospheric region is known as the troposphere (Fig. 
6.26). Hence if a sound wave is projected upwards from the ground the 
lower part of the wave-front gains on the upper because the velocity of 
sound will be greater the nearer the ground, and consequently the wave- 
front is bent upwards and the sound range at ground level is reduced. 
In order to account for the existence of a second sound zone the wave- 
front must at length become bent downwards or, in other words, 
at very high altitudes the velocity of sound must commence to increase, 
presumably due to a reversal of the temperature gradient (see strato¬ 
sphere region in Fig. 6.26). These deductions have been confirmed 
by actual temperature measurements in the upper atmosphere made 
by sending up small balloons carrying suitable recording instruments, 
which are attached to parachutes so that they fall gently to earth when 
the balloons burst. The latter are often referred to as ballons-sondes, 
for it was a Frenchman named Teisseronc de Bort who originally 
used this method of investigation. The distance AB (Fig. 6.26) 



Distance from Sound Source (in Km) 

Fig. 6.26. 

indicates the zone of silence and is analogous to the “skip” distance 
experienced in radio-communication. 

Another factor, so far unmcntioncd, which may effect the propaga¬ 
tion of sound through the atmosphere is the non-homogeneity of the 
air due to the presence of rain, dust, fog, etc. Observation has shown 
that only the higher frequency sounds experience any appreciable 
absorption, and at ordinary wave-lengths Tyndall has recorded that 
the sound range is sometimes actually greater than for particle-free 
air. This anomaly he explains as possibly due to a greater uniformity 
of temperature of the air brought about by the stabilising influence 
of the particles. 


Effect of wind upon sound propagation 

The presence of a wind of appreciable velocity makes a marked 
dificrence^ in the distance of trcinsmission of sounds produced ncur 
the earth s surface, according as to whether the sound waves travel 
with or against the wind. If the medium moved as a whole with 
uniform velocity no such effect would be observed, but it is usual 
lor the wind velocity near the ground to be less than that above, 
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due to the greater viscous and frictional resistance experienced there. 
Consequently the relative motion of the sound waves with respect 
to the ground will vary with altitude, and under these conditions, as 
a result of refraction, the fronts of the sound waves will be turned down 


Windward Leeward 



or upwards away from the ground, according as to whether the 
direction of the wind is respectively with or against the direction of 
propagation of sound (Fig. 6.27). It follows therefore that sound 
will be heard more clearly and at greater distances from the source 5* 
when this is situated to windward rather than to leeward of the listener. 
The completeness of these effects is dependent upon well-defined 
beams of sound being employed which, of course, is seldom the case 
in practice. A distinct improvement in the clarity of sound to a 
listener situated to windward of a source is effected by elevating the 
latter, e.g. church bells in a steeple. Incidentally an elevated source 
has a further advantage in minimising the “shadow” effects of any 
obstacles situated at ground level. 

The accepted explanation of the above phenomenon was first 
suggested by Stokes, and will be given by reference to Fig. 6.28. 



Fig. 6.28. 

Consider the case shown in Fig. 6.28i>, where 5 is the source of sound 
and the waves considered are those diverging from S in the same 
direction as the wind, which is assumed to be horizontal. Let 
P\P 2 ^!i represent the wave-front at time t sec. so that, due to the 
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motion of the medium itself, the various points Pj, P,, P^ on the front 
have ppectively reached positions P,\P^' at time (/+t) sec. The 
magnitudes of these displacements have been calculated on the 
assumption that the wind velocity v varies linearly with height (see 
Fig. 6.28c). ^ If V is small compared with the velocity of sound c, 
then P^\ P,^\ P^' can be regarded as the centres of a system of 
wavelets of radius cr, and as the new position at time 

(/+t) sec. of the wave-front derived from the envelope of these wavelets. 
It should be noted that the “sound-ray" velocity at P^, say, will be 

given by and is the resultant of the sound wave velocity and the 


velocity of the medium. Fig. 6.28« shows the modification of wave- 

front brought about when the sound wave travels in the reverse 
direction to the wind. 


For further reading 

Bullen, K. E.: Seismology, Introduction to Theory of. Cambridge Univ 
Press, 1947. 

Leet, L. D.: Practical Seismology and Seismic Prospecting. New York, 
1938. 

Humphreys, W. J.: Physics of the Air. McGraw-Hill, 1940. 



CHAPTER 7 


DIFFRACTION AND INTERFERENCE 

Two fundamental aspects of wave propagation are interference and 
diffraction, and the usual approach to the understanding of these 
phenomena is through the study of optics. Actually, however, the 
conditions governing their existence are more easily appreciated by 
studying the corresponding phenomena in acoustics. The advantage 
of this approach is due to the fact that the longer wave-lengths of 
ordinary sound permit the use of larger apertures and slits with which 
to demonstrate interference and diffraction effects. Furthermore, 
the existence of a longitudinal wave motion in the air can actually 
be photographed by means of spark photography, and its charac¬ 
teristics, viz. frequency, wave-length, and velocity, may each be 
measured without requiring the high degree of experimental skill 
necessary in optical measurements. 

A whole series of these experiments in “ phonoptics,” as he terms 
them, are described in some fascinating papers by H. K. Schilling,* 
and to these the reader is referred for full details, but a brief mention 
will be made here of some salient features. The necessity for a 
sound source whose frequency may be varied and which approximates 
to a point source was satisfied by the use of a Gallon whistle operated 
at a wave-length of 3 to 4 cm. The whistle was mounted inside a 
“padded” box provided with a small aperture in one side, so that 
the emerging sound-beam was well defined. In qualitative experi¬ 
ments a sensitive flame was employed as the detector,but for quantitative 
measurements a receiver system was used which comprised a small 
crystal-type microphone possessing a useful sensitivity up to 15,000 
c.p.s., in conjunction with an audio-frequency amplifier and a suitable 
electrical filter to cut out frequencies below 6000 c.p.s. 

Diffraction 

A common occurrence in everyday life is the hearing of near*by 
sounds when intervening obstacles prevent the listener seeing the 
actual source. This perception of sound within the “shadow” of an 
obstacle is a direct consequence of the phenomenon of diffraction. 
The effect is associated with any progressive wave motion, and to be 
observable the dimensions of the obstacle (or hole in a screen) must 
be comparable with the wave-length of the radiation. In the case of 
lieht waves (see. for example, Bray’s Light) the penetration of light 
within the geometrical shadow is only seen with very small objects 
or holes, and the effect is purposely enhanced in the diffraction grating 
on which a thousand or more parallel and equidistant lines (the 
obstacles) are drawn per inch of the surface of the reflecting or trans¬ 
mitting medium. The wave-lengths of audible sound are so much 

* See “ American Physics Teacher," see also Humby, Proc. Phy. Soc„ Aug. 1927. 
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greater than those of light that they are comparable with the linear 
dimensions of everyday objects, and hence the propagation of sound 
waves of speech frequencies cannot be regarded as one^ of linear trans¬ 
mission as is justifiable for light waves under the same conditions. 



(<J) {h) 

Fig. 7.1. 

When suitable conditions exist which permit rectilinear propagation, 
then “optical-like” images and sharp shadows are formed; the reader 
may here be reminded of the fact that the "spread” of the 
image of a point-object is of the order of the wave-length of the 
radiation itself. It follows, therefore, that for sound waves to be much 




smaller than ordinary objects and so lead to sharp shadows the wave¬ 
length must be in the ultrasonic region. In the case of’ultrasonic 
generators, e.g. quartz crystals, where the linear dimensions of the 
radiating surjace are many times the wave-length, this will result in 
the beaming'' of the radiation. If the radiating surface 5 (Fm 7 \a) 
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is a disc of diameter d=mX, where m is greater than unity, the confines 
of the radiated beam will remain approximately parallel for a distance 
md^ after which appreciable divergence will take place. Between S 
and the plane AB^ however, a fluctuation of intensity occurs as in the 
diffraction of light through an aperture. Fig. lAb shows the distribu¬ 
tion of intensity at the plane AB for the case /«=2, and it will hold 
either for the case where S represents a radiator, or where it is an 
opening in a screen through which pass plane waves having the same 
wave-length as those given by the radiator. 

The effects of the passage of plane radiation through an aperture for 
the cases where it is very small and fairly large compared with the wave¬ 
length are shown in Fig. 7.2 a and b respectively, but the corresponding 
energy distributions actually observed in planes parallel to those of the 
slits are shown as dotted lines in Fig. 7.2 c and d, and are similar to 
the optical diffraction patterns. It follows from the considerations 

of the previous paragraph 
that the amount of spreading 
outside the geometrical 
shadow for a given aperture 
will diminish, i.e. the propa¬ 
gation becomes more linear, 

as the ratio ^ increases, 

which, of course, is equi¬ 
valent to increasing the 
distance mt/(Fig. 7.1). Now 
since d is considered to be 
constant the above con¬ 
dition implies that the wave¬ 
length requires to be small 



Fig. 7.3. 


i.e. the frequency large. This effect is readily observed in a public- 
address system in which a horn loud-speaker is used, for since music or 
speech comprises a wide range of frequencies, diffraction allows the 
lower frequencies to spread and to be observed over a wide area, but 
the higher frequencies do not spread far from the axis. Hence a listener 
anywhere near the principal axis of the horn will hear all sounds more 
or less correctly reproduced, but if situated far enough away from the 
axis may hear only the low frequency components of the source so 
that the quality of the reproduction will appear to be poor. 

The diffraction pattern due to a very wide opening resolves itself 
into the two separate patterns resulting from diffraction at the straight 
edges of the slit (see a treatise on Light for fuller discussion of problem)* 
and so sound diffraction effects may be expected within the geometrical 
shadows of the edges of a screen. It is mainly by virtue of this 
phenomenon that short individuals located behind bigger members of 
an audience, are able to hear in concert halls, etc. 


Applications of diffraction 

The speaking trumpet or megaphone was a familiar device at sports 
meetings, etc., until the advent of the loud-speaker, and it is represented 

by the horn OMN shown in Fig. 7 . 3 , having a rectangular cross-section 
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as originally suggested by Rayleigh. The horizontal dimension 
at the open end, i.e. at MN^ is smaller, and the vertical dimension 
larger, than the mean wave-length of the speech sounds, so that 
the sound waves issuing from the trumpet spread out horizontally 
but are limited in a vertical direction. In this way the acoustic 
energy is more or less confined to the desired directions, but it 
should be pointed out that a slight divergence in a vertical direction 
will take place because the dimension MN, in practice, cannot be made 
large enough compared with the usual wave-lengths of speech sounds. 

The plane acoustical transmission diffraction grating consists 
essentially of a number of parallel and similar bars or strips of width b 
(see Ri, etc., in Fig. 7.4), each separated from its neighbour by a constant 




gap-distance a. According to the Huyghens concept of wave propaga¬ 
tion all the particles in the plane of the openings etc., 

become centres of spherical disturbances. Assuming the” incident 
sound wave to be plane, and arguing in the same way as for the 
corresponding optical problem, the wavelets generated by these 
particles will be in phase with one another in certain definite directions. 
One particular direction will obviously be that of the normal (i.e. O, A, 
in Fig. 7.4) to the plane of the grating. This follows from the fact 
that the particles in the plane of the openings will be vibrating together 
in phase, as they constitute a wave-front of the incident plane wave, 
whose direction of travel is unaltered when considering the normal 
direction. This direction will be independent of the wave-length of the 
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radiation, and so will be the same for all frequencies of the source. 
Now suppose there is another direction in which the wavelets are in 
phase with one another, and let it be defined by the sense of O^Ri, O^R^y 
etc., which represent sound “ rays " drawn perpendicular to the parallel 
wave-fronts O 3 F 2 , etc., of a diffracted wave system. The particles 
in these wave-fronts, by definition, must be vibrating in phase, and con¬ 
sidering for the moment only the wave disturbances from the particles 
situated at the centres Oj, O^y etc., of the openings, it is easily seen 
(from Fig. 7.4) that the condition which must be satisfied is that OiP=n\ 
where n is any integer and A is a particular wave-length of the incident 
radiation. But O^P will represent the path difference between all corre¬ 
sponding points in the grating spaces Oi, O 2 , etc. (e.g. between particles 
at Cl and C 2 , at and £> 2 , etc.), hence the condition for the 
reinforcement of the diffracted sound is given by 

rtA—OiF—( 47 +/?) sin 0.( 1 ) 

If the acoustical equivalent of an optical lens is placed on the side of 
the grating remote from the sound source, then a series of “images 
of the latter would be produced in the focal plane of the lens on each 
side of the central undisturbed beam. The location of these images 
is defined by the order number, as it is termed, which is given to w, 
viz. 1, 2, 3, etc. Between these “bright” images will be places where 
interference takes place, the governing condition being that 

(a+^) sin 0 =(«+^)A.( 2 ) 

where, as before, n is any integer. If the sound source is complex m 
nature, then each component frequency will give rise to its own 
diffracted image system, and so the grating supplies a convenient 
means of analysing the frequency spectrum of a given sound source. 
By making the grating in the form of a concave surface there is no 
necessity for an additional focusing device; a further reference to 
a form of acoustic grating is made on p. 342. 

Interference 

This phenomenon is a direct consequence of the principle of super¬ 
position previously considered on pages 5 and 24, and which relates to 
the fact that each of two (or more) wave trains passing through a given 
point exerts its effect independently of the other. Hence, when two 
sound waves act on an air particle the resultant displacement, velocity 
and pressure produced, will be the sum of the effects due to the separate 
waves. If the combined effect produces a distribution of energy 
which is quite different from that due to the separate wave trains, 
then interference is said to have taken place. For example, at a point 
where the separate displacements are equal but opposite in direction, 
the resultant displacement (and intensity) is zero, and where these 
displacements are equal and in the same direction, the resulunt vnli 
be double that of each component displacement (and hence the intensity 
will be four times that due to either wave). 

The reader should perhaps be reminded here that if the two wave 
trains possess the same frequency and are moving in the same direction, 
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they are said to be in the same phase at any point if the individual 
displacements have simultaneous positive (and hence also negative) maxi¬ 
mum values at that point, and in opposite phase if their simultaneous 
maximum displacements are of opposite sign. Moreover, since air 
pressure is a scalar quantity, i.e. is non-directive, then even if the two 
wave trains are moving in directly opposite directions, any air particle 
acted upon simultaneously by a compression in each wave will be 
subjected to a resultant excess pressure equal to the sum of the separate 
excess pressures due to each wave. If two such wave-trains have the 
sanie wave-length and amplitude then they give rise to a standing wave 
train as explained on pages 48 and 106. 

Fig. 6.8 shows two sets of circular waves generated by sources 
Si and $2 of the same frequency, and situated a few wave-lengths 
apart. The resulting wave system would also, of course, be typical 
of the cpss-section of that produced if the sources were generators 
of spherical waves. In order to simplify the problem 5^ and $2 are 
assumed to be in phase with one another, and around each source 
is drawn a series of circles in full lines with radii equal to A, 2A, 3A, 
etc.; these circles indicate the positions of maximum compression at 
any particular instant. A second set of dotted circles is drawn, with 
A 3A 5A 

radii -j, -j, etc., to show the positions of maximum rarefaction, 

and they fall half-way between the regions of maximum condensation. 

It will be evident from Fig. 6.8 that points of maximum com¬ 
pression and rarefaction will be given by the circles shown, for they 
indicate respectively where two full-line circles or two doited circles 
intersect one another. In other words, they are places where the 
waves from each source arrive in phase with one another, for taking 

any point such as P it is easily seen that PS., —^ A. The 


points marked by crosses are places where the waves lend to neutralise 
as they arrive there out of phase with each other. Since the amplitude 
of a circular wave falls off inversely as the distance [for spherical 
waves it is inversely as the (distance)-], then, in general, the neutralisa¬ 
tion will not be complete as the distances of the point from iSi and S., 
will not usually be the same. In the line joining the sources the wave 
trains are travelling in directly opposite directions and so will give rise 
to a stationary wave system along .V,5'2. 

One further aspect of Fig. 6.8 should be noted, namely that the 
uniform distribution of sound intensity, or energy, around a single 
source undergoes a considerable change when the source is placed 
near to another similar vibrating source. Curves such as BA and 
B>C indicate respectively the directions of maximum and minimum 
energy flow, but the total energy output from the two sources remains 
unaltered despite the existence of interference. 

An interesting example of interference phenomena is provided bv 
the ordinary tuning-fork. As the prongs Pi and P., (Fig. 7.5) 
towards one another they create a compression in the gap befv een 
t^m, while a rarefaction is created in their wake, and the re. -- se 
eifects will take place as the prongs move away from one aiiudier. 
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Consequently two sets of waves will be generated by the motion of 
the fork, but each will be out of phase with the other, so that in the 
overlapping regions given by cod and aob they will neutralise each 
other. The existence of these silent regions may be demonstrated 
by twirling a vibrating tuning-fork around in front of the ear; further¬ 
more, they can be shown to be solely the result of mutual interference 
by carefully placing a small cylinder over one of the prongs. 


The zone plate 

Consider a vibrating plane surface which is circular in shape 
(Fig. 7.6) and has its centre located at the point O. Suppose, further- 


C 



more, that this surface is divided into a number of rings concentric 
with O such that the slant distance from the point P of any ring is 

greater by ^ than that of its neighbour of smaller diameter. This 

difference of A 2, i.e. of one half-period, between the vibrations f*'®*'? 
successive rings or zones is the origin of the term Fresnel half-period 
zones. It follows that the area of the /tth ring will be given by 
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if A is small compared with x. It is easily deduced that nXx is also 
the area of the shaded circle and hence each ring or elemental area 
will possess the same total energy of vibration. The contribution 
to the resultant amplitude of vibration at P due to any particular 

ring will be proportional to the ratio - area of ring - 

® ^ ^ mean distance of ring from P 

neglecting the effect of the obliquity, with respect to OPy of the slant 

distance. 

Now the value of this ratio for the ?ith ring 


area of ring _ 


mean distance of ring from P 
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= 7rX. 



Fig. 7.6. 

Hence the magnitude of the contribution of each ring to the resultant 
amplitude at P will be identical, one with another, except for a slight 
falling off with increasing diameter of ring due to the increasing 
obliquity of the slant distance. However, although the magnitude 
of the effective disturbance from each ring is nearly constant, that 
due to any particular ring is out of phase with the disturbances due 
to its immediate neighbours, and so it follows that the resultant effect 
at P will depend upon the number of zones or rings in the plane 
surface. To obtain an exact solution of the problem requires a fairly 
extensive mathematical analysis which cannot be attempted here and 
instead a graphical interpretation will be given. 

Now in considering the effect at P of the disturbance due to each 
particle in any elemental area it is evident that only those particles 
situated in a particular circle in a ring will be exactly in phase together 

W.M.S.—9 
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at P, and therefore it is necessary to take into account the gradual 
change of phase in passing from the inner to the outer circles of 
particles in a particular ring. The first half-period, i.e. the shaded 
area in Fig. 7.6, is itself, therefore, imagined to be sub-divided into a 
large number of very narrow rings of equal area and hence, as follows 
from the previous analysis, are at distances from P (Fig. 7.7) which 
progressively increase by the same amount in passing from the centre O 
outwards to D^. If OP is large compared with OD^ the effect of 
obliquity may be ignored and the problem therefore resolves itself 
into a determination of the resultant of a large number, of vibrations 
of equal amplitude a which progressively differ in phase by a constant 
amount. The phase difference 26 between the innermost circular area 



Fig. 7.7. 


and the outermost ring will, of course, by definition of the half-period 
zone, be equal to / c. equivalent to it radians. The value of the 

• 0 

resultant amplitude R (see p. 26) will then be given by 
na sin ^ 

= —-—when n is made very large. Hence it follows that 

R is the diameter AB (Fig. 7.8) of a circle of circumference =2na. 
The resultant amplitude of the second half-period zone in a similar 
manner will be given by BC^ that of the third half-period zone 
by CZ), and so on, since the effect due to each successive zone is 
77 out of phase with its neighbours and the magnitude of the disturbances 
falls off slightly with the increasing order number of the half-period 
zone. If the surface area comprises a large number of zones, then it is 
quite evident from Fig. 7.8 that the resultant amplitude at P will be 

given by OA, i.e. where R is the magnitude of the total effect due 
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to the first half-period zone. The student of optics will recognise 
the spiral of Fig. 7.8 as a part of the Cornu’s spiral (see Appendix) 
which is a most useful aid in the interpretation of optical diffraction 
problems. 

From the above analysis it is seen that the vibrating diaphragm will 
exert its maximum effect at P (Fig, 7.6) when its diameter has a 

critical value defined by PD^—PO=^^^ where A is the wave-length 

of the sound. This argument will apply also to a plane sound wave 
reflected by a plane surface, since the latter may be regarded as 
generating the reflected wave. Suppose, further, that a plane reflecting 
surface is sufficiently large to contain a large number of zones as for 
the surface of Fig. 7.7, but that the alternate half-period zones, one, 
three, five, etc., have been removed, except for a few narrow radial 
strips to hold the framework together. If, now, plane waves travelling 
from right to left are incident upon 
this surface, then it is evident that 
the disturbances reaching the point 
P from these odd-numbered zones 
will arrive there in phase, for the 
phasedifference from the successive 
“cut-out” zones will be equal to 
2tt. Such a device is known 
as a zone plate, and the distance 
PO is sometimes referred to as its 
focal length, the value of which 
will obviously be a function of the 
wave-length of the incident waves. 

It follows from Fig. 7.6 that if 
r^is the radius OD„ of the /?th ring 
then, 7 j-/„2 =7 t(x+//A/2 )2—TT.v^ 
or r^^=fix\-\-n^X^!A. 

Neglecting the term in A^ to a 

first approximation thenr„“V^«xA, 
hence successive radii of the zone 
plate should be proportional to the square root of the natural numbers 
1, 2, 3, etc. It should be evident that the optical zone plate is of 
much smaller dimensions than that used for acoustical work, even for 
ultrasonic sounds. 

As the incident plane waves considered above correspond to an 
object at infinity, it follows by definition that the focal length (/^ of 
the zone plate is given by the corresponding image distance .y, i.e. 
/^/'///iA=/'i2/A. Many such foci will exist on the axis of the zone 
plate. The ordinary optical lens formula connecting any object and 
image distances is applicable to the zone plate. The combination of a 
zone plate with a small detector, e.g. microphone, situated on the axis 
at the focus forms a very sensitive means of detecting and finding the 
direction of a source of sound, the maximum effect obviously occurring 
when the axis of the zone plate points in the direction of the source. 
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DIFFRACTION AND INTERFERENCE 


Scattering of sound waves * 

This phenomenon is brought about when a small object is situated 
in the path of the waves, and may be illustrated by the effect produced 
when a pole is set up vertically in the path of water waves. The 
effect with sound waves in air arises from the increased pressure 
variation at the point of incidence of the waves due to the smaller 
compressibility of the solid medium as compared with that of the air. 
Hence the presence of even a small obstacle O does mean an abstraction 
of some energy from the onward travelling waves WzlVi, etc., 

as indicated in Fig. 7.9, and the magnitude of the scattering ABC 
will depend upon the wave-length of the waves. It should be 
emphasised that in the phenomenon of scattering the ordinary laws 
of reflection are no longer obeyed, the object concerned being small 

by comparison with the length of the in¬ 
cident waves gives rise only to a single 
wavelet. For a given mass of particle 
and given amplitude of primary radiation, 
the intensity of the scattered waves is pro¬ 
portional to 1/A*, where A is the wave¬ 
length. This result was originally deduced 
by Rayleigh and confirms the observation, 
due to Tyndall, that blue light waves are 
scattered more than the longer red waves, 
which led to the explanation of the blue 
colour of the sky. Rayleigh gives an 
acoustic illustration by considering the 
scattered sound from a grove of trees, 
when a composite musical note is sounded 
near it. From the above formula it is to be expected that the relative 
intensity of the octave to the fundamental, should be 2* times as great 
in the scattered as what it was in the original sound. Hence it follows 
that the scattered sound may appear to show a rise of pitch of an octave. 

This phenomenon of scattering of the incident sound waves is of 
considerable importance in the study of the reflection of sound from 
the projecting ribs of ornamental ceilings, etc., for it is evident that 
these must be regarded as a number of small objects in the path of 
the waves. The simple laws of reflection of waves at smooth and 
plane surfaces will therefore not be applicable, and the distribution 
of reflected sound within the enclosure thus becomes considerably 
modified. 
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Fig. 7.9. 
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* See “ The Dynamical Theory of Sound,” H. Lamb. Arnold. § 81, p. 244. 



CHAPTER 8 


THE VELOCITY OF SOUND 

It has been shown that the velocity of sound depends upon the 
elasticity and density of the medium in which it is being propagated. 
Hence it follows that a direct measurement of this velocity, combined 
with the theoretical formula, will provide useful information about 
the dynamical elastic properties of the medium, the particular elastic 
modulus involved being dependent on the type of wave transmitted. 
For example, in the case of true fluids the propagation of sound waves 
is governed solely by the bulk modulus of elasticity (see p. 54), and 
for gases this is expressible in terms of the ratio (y) of the specific 
heat at constant pressure (Sp) to that of constant volume This 

ratio is a function of the molecular complexity of the gas (p. 349), 
and it was from measurements of the velocity of sound in argon by 
the Kundt’s tube method that Lord Rayleigh first established the gas 
to be monatomic. Again, it is often easier to carry out the velocity 
measurement than to perform a direct experiment on the determination 
of the elastic modulus concerned, and such is the case with the 
determination of the bulk modulus of a liquid. Often, also, the form 
of a given solid specimen renders it unsuitable for the ordinary 
laboratory procedure of elasticity measurements, and the indirect 
method of deduction from sound velocity measurements is therefore a 
valuable alternative. 

A knowledge of the velocity of sound in atmospheric air is necessary 
for sound location and in the design of auditoria for the purpose of 
eliminating echoes, while a knowledge of its variation with composition 
has afforded a convenient method for the detection of fire-damp in 
coal-mines. Geophysical and meteorological problems, in which the 
velocity of propagation of mechanical disturbances plays a notable 
part, are mentioned elsewhere, and serve to indicate the importance of 
velocity measurements from both the practical and theoretical aspect. 

The methods adopted are either direct, in which the passage of sound 
from a source of short duration, e.g. an explosion, is timed over a known 
distance, or indirect, in which a continuous source of known frequency, 
«, is used, and its wave-length A being directly measured, the velocity K 
is calculated from the formula V=n\. The wave-length is determined 
in either of two ways, (a) by locating two points in a progressive 
wave train at which the particles of the medium are vibrating in phase, 
their distance apart being therefore an integral number of wave-lengths; 
or (b) by locating the nodes and anti-nodes in a standing wave system, 
when the wave-length will be twice the distance between successive 
nodes or anti-nodes. 

It is interesting to compare these methods with those used in finding 
the velocity of light. The extremely high frequencies associated with 
light waves do not permit their direct measurement, hence the 
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determination of the velocity of light is possible only by the first 
method, and to obtain measurable time intervals the distances employed 
have usually been of astronomical dimensions. The light signal itself 
sends out a train of waves, and it is the group-\Q\oc\iy and not the wave- 
velocity which is actually measured (see p. 76). The dispersion of 
sound waves is negligible in gases at audible frequencies, and so the 
wave- and group-velocities are equal. 

Measurement of the velocity of sound in fluids 

Direct methods. The earliest investigations were of this type, and 
were carried out on a large scale owing to the difficulty of measuring 
small time intervals with the apparatus available at the time. Experi¬ 
ments were thus necessarily restricted to the media available in bulk— 
air and water. In the air measurements the interval between seeing 
the flash of a gun and hearing the sound of the explosion was recorded 
by an observer situated at a large known distance from the gun. In 
the water measurement, Colladon and Sturm (1827) suspended a 
bell beneath a boat on Lake Geneva and arranged for an explosive 
charge in the boat to be fired at the instant at which the bell was struck. 
The flash was seen and the sound heard by an observer in a boat 
some 14 km. away, the listening being performed with the aid of a 
horn, the wide end of which was under water and directed towards 
the bell. The velocity as found was 1440 m. per sec. Modern 
methods are similar in principle to the earlier ones, but two or more 
microphones, A and 5, replace the observer. These are placed in 
line with the explosive source S; A and B are sufficiently remote 
from the source S to eliminate the effect of the enhanced velocity 
of propagation in the vicinity of an explosion (see p. 145). The 
essential measurements are the distance AB and the time taken for 
the sound to travel over that distance. To measure this time interval 
an electrical method of recording is preferably employed; for example, 
both microphones may be incorporated in an electrical circuit, so that 
on the arrival of the sound wave an armature of an electromagnet 
is temporarily opened or closed. In this way a pen making a linear 
trace on a rotating drum is momentarily deviated, and if the constant 
speed of the drum is known, the time intervals between the two devia¬ 
tions may be accurately computed. Alternative to a knowledge of 
the speed of rotation a time base line may be traced, using an electric 
clock (or tuning-fork) in conjunction with a recording pen. A 
variation in the above procedure is to employ a galvanometer in 
circuit with the microphones, so that the variation of the current 
passing in the electrical circuit, due to the arrival of the sound, is made 
evident by the movement of a light beam reflected by the galvanometer 
mirror. The reflected beam moves over sensitised paper on a rotating 
drum, which has perforce to be enclosed in a light-tight box. 

Indirect methods. The method just described was later modified by 
replacing the gun by a source of definite frequency, so that A and B 
(Fig. 8.1) receive a train of waves. The microphones are connected 
to XX and YX plates respectively of a cathode-ray oscillograph, and 
a 1 : 1 Lissajou figure is the result. The distance AB is adjusted 
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until the figure is a straight line, thereby indicating that the signals 
received at A and B have a phase difference of 0'^ or ISO*^ (see Fig, 8.1). 
A is then moved to A\ say, in the line SAB such that a linear Lissajou 
figure again appears. This displacement changes the relative phases 



DiJ) 

A 

Fig. 8.1. 



of A and B by 180^, i.e. AA’ is one half-wave-length. Several half¬ 
waves can be identified in this way, and thus A is obtained. In practice 
it is difficult to judge the point at which the elliptical figures become 
linear, so the arrangement may be modified as in Fig. 8.2; the loud¬ 
speaker L.S., fed by an audio-frequency oscillator O, forming the source 
of sound, and the cathode-ray oscillograph {C.R.O.) equipped with 
two linear-time base traces is the indicating instrument. The two 
traces are traversed simultaneously, and the figures in the diagram 



Fig. 8.2. 


may be regarded as “pictures” of the waves generated and received 
at the speaker and microphone (A/) respectively. When M is moved 
towards or away from L.S., the displacement is shown on the lower 
trace of the C.R.O. by a shift of the wave system. The diagram 
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should render further explanation unnecessary. Fig. 8.3 shows a 
typical C.R.O. “display” using the method just described, in which, 
however, “pulses” are employed instead of continuous waves. The 
upper traces in the figure show the transmitted pulses and the lower 
ones are the pulses received at the microphone. The setting of the 
upper and lower traces “into step” as indicated in the right-hand side 
of the diagram is quite a sensitive adjustment if the initial pulse is 
made sharp. The use of “pulses,” which is in the manner of radar 
technique, has a disadvantage in that the velocity measured does not 
refer to a single frequency. 

Another indirect method is that due to Kundt, whose apparatus 
is shown diagrammatically in Fig. 8.4. The sound source is a rod 
AA\ clamped usually at its centre N and excited into longitudinal 
vibration by stroking along its length at the free end A' with a resined 
cloth (for glass and metal rods a damp cloth is preferable). From a 



Fig. 8.3. 


practical point of view, greater stability of the apparatus during 
stroking is obtained by clamping the rod at two points, and N-z, 
as shown at (^), the rubbing being performed lengthwise between 
these nodes. A light diaphragm is rigidly attached to one end of the 
rod, and it fits loosely into a glass tube G of 4 to 8 cm. diameter, the 
other end of this tube being closed by means of a tightly fitting plunger 
P, whose position can be varied. The fundamental mode for the 
longitudinal vibrations of a rod clamped at its centre is such that each 
end is an anti-node, and so the wave-length (A/?) of the longitudinal 
vibrations in the rod of Fig. 8.4^/ is equal to twice the length of the rod. 
The corresponding frequency n of the note emitted by the rod will be 


given by » where Vft is the velocity of propagation of longi¬ 

tudinal vibrations in the material of the rod. If n is measured by 
means of a calibrated sonometer, the velocity is readily calculated, 
and, furthermore, a value of Young’s modulus E of elasticity for the 
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material of the rod may be found from the formula where 

p is the density of the medium. ^ 

The chief objective of Kundt’s experiment is, however, to find the 
velocity of sound in the air of the glass tube, and for this purpose the 
air column PA is adjusted in length by means of the plunger until 
It resonates to the frequency of the note emitted by the rod, i.e, until 
a standing-wave system is established and the length PA is approxi¬ 
mately equal to an integral number of wave-lengths (A^). This 
adjustment is possible, for the velocity of sound in solids is greater 
than in gases, and so from the relations V^=nXA and Vft=nXR, 
the velocity of propagation of sound within the air of the tube is given 



Fig. 8.4. 

by = IfVn is known {i.e. from direct velocity determina¬ 

tions or indirectly from measurements of Young’s modulus and 
density), it is obviously unnecessary to know the frequency of the 
sound giving rise to the aerial vibrations. 

The resonance of the air column is indicated, and A is measured by 
making use of fine dry cork dust or lycopodium powder which is 
sprinkled sparingly along the bottom of the glass tube. At the com¬ 
mencement of the experiment the tube is turned about its horizontal 
axis until the powder is on the point of slipping down, and then the 
plunger is moved until the dust is thrown into violent motion at certain 
points along the tube. When the vibration has ceased the powder 
will settle along the bottom of the tube, after the pattern shown in 
the lower part of Fig. 8.4a. It will be noted that both P and A 
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correspond approximately to nodal planes of the aerial standing-wave 
system, although since A is a place of maximum vibration for the rod, 
the air particles situated there will exhibit a small amplitude of motion 
when the rod is excited. 

Tf the apparatus is rendered gas-tight by fastening rubber tubing to 
the rod at the node and passing it over the end of the glass tube, 
different gases can be introduced through a small side tube, and the 
value of Ac, the wave-length in the gas, determined as for air. The 
frequency is the same in each experiment, so the velocity Vc of 
the sound in the gas can be compared with that in air, since 

f 7 ^=T^. It is necessary to secure the rubber tubing to the rod at a 

node to avoid loading the rod at or near an anti-node, as this would 
lower its frequency of vibration. 

Behn and Geiger modified the method so as to obtain a system in 
which it was easier to maintain the purity of the gas under test by 
replacing the exciting rod with a glass tube as in Fig. 8.4r. This 



Fig. 8.5. 


tube contains the fine powder and the gas, both thoroughly dried, 
and is loaded symmetrically at its ends by metal discs which can be 
screwed on to the projecting rods, if any, or otherwise stuck on by 
wax as required. In this way t he effective length and thus the frequency 
of the longitudinal vibrations of the actual material of the tube is 
altered, until the movement of the powder indicates the resonance of 
the gas column with the vibrations of the tube when stroked. This 
tube is now used as the source of sound in the larger lube, which 
contains air and dust as before, and is tuned as previously by adjusting 


the position of the plunger. ^ is obtained from the measured 

^ G 

values of A^ and Af,-. The discrepancy between the diameters of the 
two gaseous columns introduces an error which is discussed later m 
this chapter. It will be noted that in this method the length of the 
gas column is fixed and the frequency of excitation is varied. 

Experiments on gases may be more easily carried out by adopting 
modern instruments and apparatus, i.e. by using a loud-speaker 
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fixed at, and closing, one end of the gas tube, the speaker being 

a variable frequency valve oscillator. With 
this type of generator operating at fairly large amplitudes, a beautifully 
defined series of rings of dust are obtained when the oscillator and 
gas column are in resonance (Fig. 8.5). 

Another method dependent upon resonance, due to Bate, and capable 
of considerable accuracy is indicated in Fig. 8.6. The open end of 
the tube, which should be about 2 m. in length and 4 cm. in diameter 
IS partly closed by a movable wedge T, which acts like the lip of an 
organ pipe, which is virtually what the system now becomes. By 
adjusting the distance of the wedge from the slit 6’, which is directly 
opposite, and also by suitable adjustment of the air pressure, it is 
possible to obtain a series of stable notes whose frequency // may be 

deduced from the approximate formula , F being the air jet 

velocity and K a constant. 

A convenient frequency for the resonator having been decided upon, 
li and Fare suitably chosen, and the position of the plunger P within 
the resonant cavity is varied until resonance is attained. A microphone 



Air Jet 

Eig. 8.6. 


A/ is placed near the pipe mouth and its amplified output applied to a 

C.R.O. to determine the resonant frequency, using either of the two 

methods described in Chapter 13 to obtain a stationary pattern on the 

screen. The resonator will, in general, respond at a number of 

different settings of the plunger, each separated by a half-wave length, 

and for each position an identical stationary figure will be obtained 

on the cathode-ray tube screen, thus showing the resonant frequency 

to be constant. The advantage of this method lies in the delicate 

sensitivity of the setting of the plunger, which is possible because of 

the flexibility of the coupling between the air jet and the air column 

A very small movement of the plunger from a resonant position will 

be made evident by a rotation of the figures on the calhode-rav tube 
screen. •' 


Velocity of sound in solids 

If a metal pipe is struck at one end, two mechanical wave systems 
will be propagated m the direction of the pipe. The faster .set will 
travel through the material of the pipe, while the other will constitute 
an aerial vibration within the pipe. If F, and V, are the velocities of 
propagation of the disturbances within the air and in the metal, c.g. iron, 
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respectively, and t sec. is the time between the arrivals of the separate 
disturbances at the listening end of the pipe, then t=J ^—where I 


is the length of the pipe. It follows that Vj can be found if is 


known, and the time interval can be precisely measured. Biot carried 
out such an experiment, and as its precision depended upon obtaining 
a sufficient length of pipe, he used a total length of 950 metres, so that 


t could be measured accurately. For an iron pipe 1000 yards long 
the time interval is approximately sec. It is interesting to note that 
this method is an example of the use of pulses of sound, i.e. a limited 
number of waves only are propagated at a time, and a modern adapta¬ 
tion of this technique may be conveniently employed, utilising the 
advantages of a C.R.O. for measuring small time intervals. The 
specimen rod need only be 30 or 40 cm. long, and it is conveniently 
set in a horizontal position and clamped at its centre N (Fig. 8.7fl). 
A small hammer-head is located at the upper end of a vibrating 
spring S which is actuated by an electromagnet M, energised by a 
suitable source of A.C. In this way a series of taps are given to the 
specimen so that a damped system of longitudinal waves are set up in 



the rod, and are recorded by means of a vibration pick-up (p. 241) in 
light contact with the end remote from the hammer. If the output 
voltage of the pick-up is suitably amplified and applied to the vertical 
deflection plates of C.R.O.y then a stationary set of damped waves 
will be seen on the screen (Fig. SJb) if the time-base is suitably syn¬ 
chronised with the vibrations of the spring. The frequency of the 
time-base being known, the time (/) for the longitudinal disturbance 
to travel up and down the rod can be found since it will be the 
equivalent, on the correct time-scale, to the horizontal distance on 
the screen between successive maximum amplitudes. It is evident 
that the amplitude ratio of successive maxima will give a measure of 
the damping factor of the medium. It is noteworthy that this method 
is not restricted to solids of regular form. 

If the solid specimen is in the form of a cylindrical rod or tube, it 
may be used in the Kundt’s experiment described on p. 136, and the 
velocity of sound in the specimen deduced by assuming the value of 
the velocity of sound in air applicable under the existing conditions. 

An alternative method of exciting solid rods into longitudinal 
vibration has recently been employed for the measurement of the 
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velocity of propagation of longitudinal waves. An electrotractive 
method of excitation is employed, which depends for its action upon 
the change of dimensions of a dielectric in an alternating electric 
field applied across the specimen; it is the phenomenon in electro¬ 
statics corresponding to that of magnetostriction in magnetism. 
The specimen rod may be conveniently clamped at its centre so that 
its lower end (Fig. 8.8) rests upon a thin metallic foil placed on the 
upper surface of, say, a thin sheet of mica. The latter rests on a 
metal block which forms the lower electrode, the metal foil constituting 
the upper electrode. The rod is vibrated by means of a variable 
frequency oscillator, the output voltage from which is applied through 
two capacitances Q and C, to the two electrodes, the dielectric being 
in addition suitably polarised from 
a D.C. source. Consequently, 
when the frequency of the oscilla¬ 
tor («) has been adjusted so that 
the rod is in resonance, the longi¬ 
tudinal vibrations set up will corre¬ 
spond to this frequency n and the 
wave-length A will be equal to 2/, 
where /=length of rod. Reson¬ 
ance is detected by means of a 
vibration pick-up (see p, 241) 
which is lightly placed on the upper 
end of the rod, and is connected 
through an amplifier to the Y 
plates of a C.R.O., a linear time- 
base operating in the X direction. 

Sources of error in the various 

methods 

(1) Personal equation. The lapse 
of time between the instant at 
which an event actually occurs and 
the instant at which it is recorded 
is termed the “personal equation” 
of the recorder, a term which is Fig. 8.8. 

applicable both to human beings 

and automatic recorders. The effect varies with circumstances and is 
almost impossible to eliminate in the individual. For example, in the 
gun method the observer sees the flash and starts the watch about 0-1 sec. 
later; he then hears the explosion and stops the watch about OT sec. 
later. If these time delays were identical they would cancel each other 
in the final result, but it is known that the personal equation for visual 
observation is less than that for aural observation, and cancellation is 
therefore only approximate. If the two were theoretically equal, other 
factors, such as fatigue, would tend to make them unequal. The only 
way to diminish the error is to make the actual time large, which 

means a long path distance for the sound to travel, but this introduces 
errors which are discussed below. 
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Microphones and other mechanical devices have personal equations 
which are constant when used under defined conditions, but even then 
the values differ for apparently identical pieces of apparatus, so that 
the timing error does not necessarily cancel in the experiment depicted 
in Fig. 8.1. In other words, AB is not necessarily an integral number of 
wave-lengths, for A and B only appear to be in phase. Cancellation is 
effected by interchanging the microphones A and-6, and taking the mean 
value of the recorded intervals, or by taking two positions of A an 
integral number of half-wave lengths apart as described (p. 135). 

(2) Tuning. Ordinary methods of timing, e.g. by stop-watch, 
are suitable only for large-scale experiments, as percentage errors of 
measurement of time are diminished. The cathode-ray oscillograph, 
combined with a standard source of frequency has, however, made it 
possible to measure small intervals of time with considerable accuracy, 
thus making small scale experiments both possible and reliable. 


(3) Temperature. In large-scale measurements the effect of varia¬ 
tions of temperature between source and receiver cannot be assessed 
accurately. The mean value of the temperature at various points 
in the path is usually taken as the true value. Laboratory-scale 
experiments do no suffer from this disadvantage, since the apparatus can 
be designed to attain constant temperature conditions. 


(4) Humidity. Since the density of water vapour is approximately 
only 0-6 of that of air at the same temperature and pressure, it follows 
that the effect of humidity will be to decrease the effective density 
of the atmosphere and so increase the velocity of propagation of sound 
in the medium. It should be noted, however, that the effect of humidity 
on the velocity of sound in hydrogen is to diminish it. This correction 
for the humidity of the gaseous atmosphere is a difficult assessment in 
large-scale experiments, owing to its possible variation from point to 
point. A mean value of the humidity at a number of points is therefore 
taken, and allowance made for the reduced density, by application ^ 
the law of partial pressures, so enabling the velocity in dry air to be 


calculated. , 

It is therefore important when measuring the velocity of sound m 
a gas, by a laboratory method, to ensure that it is thoroughly dry. 
If this is impossible the humidity must be determined to enable a 
correction to be applied. Sound waves travelling over water tend to 
advance more quickly near the water, where the air is saturated, than 
at higher points, so that a sound wave-front, initially vertical, tends to 
turn upwards. This elevates the direction of the sound and explains 
why sounds originating near the surface of the sea a little way from the 
shore are frequently heard clearly at elevated points inshore (see p. 119). 


(5) The tube effect. Improvements in methods of timing have led to a 

reduction in the length of the sound path required, and by enclosing 
the gas in a tube, temperature and humidity are more easily con¬ 
trollable. The presence of a tube, however, causes a reduction m 
the velocity of propagation, due to viscous resistance of the fluid to 
its own vibratory motion. This reduction varies with the diameter 
of the tube and the frequency of the sound, and in tubes of capillary 
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dimensions such vibrations are damped out in a short distance. This 
property is used in the manufacture of sound absorbents mentioned 
in Chapters 9, Hand 15. 

The tube effect has been investigated by Helmholtz, Kirchhoff and 
others, and their results are summarised in the empirical equation, 





where k is a constant (about 0-2, when r is in metres), V is the measured 
velocity in a tube of radius r, V is the “free” air velocity required, and 
// the frequency. Alternatively, this equation may be written 

^^'=>"(1-7).(2) 

k 

in which a form which is convenient when a constant frequency 

is used, for k’ then depends only on the roughness and material of the 
tube. By utilising two tubes of different radii, and /•., but of the 
same material and smoothness, and by employing a constant frequency 
throughout, k’ is made constant for both tubes, and may be eliminated. 
If K/ and are the measured velocities in the respective tubes, then 
the simplified expressions for the two tubes are 


and 

Subtracting, 


r^y^^^Vr^~k'V . . 
,-,K/=K/-2-A:'K , . 

y_ f\ K ' - ''2^2 ^ fJjfi — r., A.) 
A “''2 'i —'*2 


( 3 ) 

( 4 ) 

( 5 ) 


Alternatively, by writing the equation (2) in the form K'= —— |-K 

r 

or A'=-1-A, a linear relation is seen to exist between A' and - as 

r 

variables. Hence, a graph plotted between these quantities would 
enable k' and A to be found from the slope {^ —Ayt') and the intercept 
on the A'-axis ( — A). 

The tube effect is present in Behn and Geiger's method (p. 138), and 
is eliminated by filling the narrower tube with air and determining the 
apparent velocity of sound. 

(6) Yielding of walls of tube. This is practically imperceptible 
with tubes containing only gas, but when filled with liquids the yielding 
of the tube near the nodes, in resonance tube methods, is sufficient 
to be detected by a stethoscope applied to the outside of the tube- 
its effect is to lower the wave-velocity in the liquid. ’ 


Measurements in tubes at wide ranges of temperature. These are 

conveniently carried out at fixed points, such as 0'C., 100^ C B P of 

sulphur (444-6° C.), F.P. CO^ (-79-4° C.), B.P. oxygen (-183° C) 
by immersing small plunger-tubes in a jacket containing the appropriate 
substance. In a series of experiments with a jacket containing a 
mixture of a suitable liquid, e.g. acetone and solid CO 2 , a pair of 
identical tubes with an organ pipe mouth was used, the plunger face 
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in one being adjusted to give the same frequency as the other, so that 

one was ^ longer than the other. In this way the tubes are used 

differentially, for the space which is measured is well immersed in the 
low temperature zone, and any variations in temperature in the more 
exposed portions of the tube are common to both. Owing, however, 
to the formation of ice it was difficult to inove the plungers, and it is 
more expedient to set them at suitable points and, after reducing the 
temperature, to make the frequency from each equal by lengthening 
each pipe at the exposed ends by the same amount of “sleeve.” 

To ensure uniformity in the low temperature region, an apparatus 
has been designed by Bate. It consists of a pair of bottle-pipe 
resonators in which the bottles differ in length, but the pipes are equal. 
The lengths of the latter are varied by the sleeves secured to a flange, 
which ensures that such adjustment is equal in both pipes. Resonance 
is excited in each resonator, and is adjusted until the frequency is 
the same from both. The difference in length is an integral number ot 

half wave-lengths as before. v ■ r *i 

For high temperature measurements the plunger-tube is frequently 

used in a high temperature enclosure such as a furnace. The sound 
is of uniform frequency, and is generated by a telephone diaphragm 
energised by a constant frequency oscillator. The input energy is 
measured on suitable meters for different positions of the plunger, 
and resonance is indicated by the input becoming a minimuni. Severa 
resonant points may thus be identified, and the mean value of the wave¬ 
length obtained. 


Velocity of propagation of waves of finite amplitude 

In the previous derivation of the formula c=\/representing the 

velocity of propagation of plane compressional waves in an infinite fluid 
medium, it was assumed that the amplitude of the particle displacement, 
and hence also the change of condensation and density, was always sma . 
This assumption is no longer justifiable however, if, for example, expws 
waves are being considered, and the theory requires modification as loiiows 

_L ^ 

It can be shown (Appendix) that for a plane progressive wave ^2"" po'dx 

where v is the particle displacement in the direction of pri^agation (x) 
and oa is the value of the undisturbed density of the medium. Furthermo » 

( ^M A 

. * 

and for an adiabatic process the relation between pressure and density is 
expressed by 


= where y is the ratio of the specific heat at constant 

^ \Po/ 

pressure to the specific heat at constant volume. Hence 





dp_ 

dx 



-ty+i) 


and therefore 
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The equation of propagation now becomes 


dt^ pX'^dx) 


dx 


(6) 


drf 


in which ^ can no longer be neglected. It follows that the velocity of 
propagation (Ca) is now given by 


‘<1= \/ 


ypo 

Po 


ax 






or 


Ca=c(14-j) 


m 


(7) 


The above analysis is only approximate even for the plane waves considered, 
and the extension to spherical divergent waves will involve, for example, the 
rwognition of the decrease in the value of the condensation s with increasing 
distance from the source. It should be pointed out here that the criterion 
of the “largeness of condensation” is dependent upon frequency as well as 
the amplitude (a) since from formulae (7) p. 15 and (3) p. 65, the maximum 

particle-velocity v=2?r/ia and the maximum condensation j=-, where n 

c 

is the frequency of the source and c is the velocity of sound. Hence an 
amplitude of, say, 0-5x10"* cm. at 200 c.p.s. would be considered small, 
whereas at 2x10® c.p.s. it would definitely be regarded as large. The 

maximum value of the condensation s may also be written as 
. c nX 

~j~ where A is the wave-length of the sound, so that the ratio ^ is the 

factor which is a measure of the departure from ordinary sound wave 
propagation. The magnitude of the increase in velocity due to a large 
value of condensation, as deduced for the higher frequency case cited 
above, is easily calculated as follows:— 

a=0-5xl0"* cm., rt=2xl0® c.p.s., c= 33x10^ cm. per sec., 


s= 


27rx2xl0®x*5xl0-* 
33x 10" 


==^2x10-". 


Hence Ca=e(I 02)* *= 1-024 c., i.e. the velocity shows a 2i% increase. 
If the frequency had been that of the upper audible limit, viz. 2x I0‘ c.p.s., 
the corresponding velocity change would have been 0 027 o, 

Now the expression (7) indicates that the velocity of propagation of a 
large amplitude wave train will be greater in the regions of condensation 
^those of rarefaction. Hence it follows that the crests of the waves 
will gain on the troughs, and the effect is very well illustrated by sea waves 
approaching a slightly shelving beach. Here the crests are seen to become 
th and to increase in amplitude as they get nearer in-shore, until finally 
the face of the crest becomes vertical and gradually breaks up by falling 
over into the preceeding trough. The corresponding phenomenon in air 
IS shown by explosive waves as indicated in Fig. 8.9. The wave at its 
inception is indicated by /j, but as it moves out from the explosion centre, 
in a short distance it will have assumed the form shown at r-. by which time 
the crest has grown incize at the expense of the rear of the wave. This 
growth continues until the pressure gradient at the front of the wave is 
extremely high, and is shown by the almost vertical rise at the head of the 
wave at /, in Fig. 8.9. This form of the wave may persist for appreciable 
distances away from the source, despite the violent motion and consequent 
W.M.S.—IO 
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energy dissipation associated with this shock-wawCy as it is termed. At 
increasing distances as the wave-front expands the amplitude falls off 
naturally, and so the wave-crest gradually assumes a rounded form again 
Ui in Fig. 8.9) and thus the wave is ultimately propagated as an ordinary 
sound wave. The existence of a shock-wave is revealed in a convincing 
manner by the Schlieren method of photography, for the large change of 
density which takes place within a very short distance at the head of the 
wave will produce a marked deviation of the path of an incident light beam. 



fxcLs 
Pressure 



Explosions 

The detonation of a high explosive is essentially the process of 
generating a large quantity of hot gases within a very small volume, and 
this produces in consequence a high pressure and temperature. A two¬ 
fold effect is to be observed, namely the shock-wave previously con¬ 
sidered, and in addition, an air-blast which moves with speeds of the 
order of 10,000 m.p.h. or greater. The effective distance travelled by 

this hurricane is limited to 
a much greater extent by 
the frictional air resistance 
than is the shock-wave, 
whose presence is detected 
many miles away from the 
explosion. By reason of 
their larger inertia, the solid 
objects set into motion by 
the explosion will initially 
lag behind the shock-wave 
and air-blast, but on attain¬ 
ing the velocity of these 
waves, will gradually over¬ 
take them owing to their 
greater momenta. Fig. 8.10 
shows how the air pressure 
varies with time at any point 
in the path of the shock- 
wave, and indicates that an object subjected to such a wave will experi¬ 
ence initially a sudden pressure^ followed by a smaller but longer-acting 
suction, i.e. a negative pressure. 




Distance 

Fig. 8.9. 


The Doppler effect 

If a source of sound is moving relative to an observer a rise or 
fall of pitch is heard by the observer according to whether the distance 
between them is respectively diminishing or increasing. The discovery 
of this phenomenon is usually attributed to Doppler, who became 
Professor of experimental physics at Vienna University, but Scott 
Russell and Babinet also published independent papers on the subject, 
although a few years later than Doppler (1842). In a qualitative way 
it is easy to see that the sound waves in front of a moving source will 
become crowded together and shorter, while those behind will spread 
out and become longer. Consequently, an observer receives a lai^er 
number of waves per second when the source is approaching than 
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when it is receding, and the reader, when standing on a railway platform, 
cannot have failed to hear the drop in pitch of the whistle of an express 
train as it passed him. There is a fall of nearly a tone when the train 
exceeds a speed of 40 m.p.h. 

Consider now a source of sound S, which is moving from right to 
left along the straight line R.Ri in Fig. 8.11 with a uniform velocity 
and let ^ 2 , etc., be the successive positions it occupies after 
equal time intervals of t sec., i.e. S^S.=S. 2 S.^=^yj. In the position 
S^ reached by the moving source, a disturbance is just about to be 
propagated outwards at a time 6/ sec. after that initiated at 5j, which 
will have arrived at points on the line R-^R. where 

= 6cf. c being the velocity of sound in the medium. The crest of the 
disturbance from the source when it was located at S., will have reached 
points D.y, Do on the line 
RiRo where D 2 S. 2 =S 2 Do= 8~i 

5ct. Similar reasoning will 
hold for the other positions 
Z);t, Oj, etc., so that the 
wave system assumes the 
appearance of an eccentri¬ 
cally disposed set of circles. 

In front of the moving 
source the distance between 
disturbances from chosen 
points is given by 
DoD^s etc., and in the rear 
by Do'/)/, etc. Now 

Z), D. = (/)ii, - S.S.) - D0S2 
= — 5c/ = /(c —vj, 

which is obviously equal to 
^ 2 ^, 1 — Ai, etc., and simi¬ 
larly it is easy to show that 
D^'Do’= iU + v,)^Do'D2\ 
etc. 

Let A^=frequency of the 

waves emitted by the source, then in a time / sec. the number of waves 
sent out is Nt, and hence the distance between successive crests in 

front of the moving source is given by follows, 

therefore, that an observer at will receive sound waves at a rate 
given by the ratio 

_velocity of sound _ c / c \ 

distance between successive crests~c—vj ' 

~7T~ 

In the case of the observer at Ro it is easy to show that the frequency 
of the source will appear to decrease and will be given by 



-2-i 


Time (in 10 '^sec.) 


Fig. 8.10. 


e-f- V., 


N 


(9) 


Consider now the case of an observer moving with a velocity 
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towards a source S (Fig. 8.12) of frequency N. In a time t the observer 
will move through a distance the additional number of 

waves received by the observer will therefore be given by where 

the wave-length ^ being the velocity of sound. Hence the total 

number of sound waves received by the observer is 

m+Y=r(A^+^)=Nr(£^) 
and hence the frequency of the note heard by the listener is 

AfT(^‘')-i-T=iv(^°).(10) 



It is easy to show in the above manner that the frequency of the 
sound heard by the listener when moving away from the source is 
given by 

Nf^) .(ID 


The difference between the corresponding expressions (8) and (10) 
is not surprising when it is considered that in the former case there is 
actually a change in the wave-length of the sound emitted by the source. 

The expression for the frequency of the note heard by the listener 
when both he and the source are in motion, may be derived by combin¬ 
ing the previous expressions. From (8) with source moving with 

velocity v^, but the observer at rest, 

with the observer moving with velocity and the source with velocity 
= since is the frequency of source when moving. 


Vj> ^tn 
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Hence .(12) 

It should be noted that is the speed with which the source moves 
towards the observer, and is speed with which the observer moves 
towards the source. If either the observer or the source is moving 
away from the other, then the sign of its velocity must be changed 
in the above expression. 

If a wind is blowing with velocity v^, in the direction of travel of 
the sound, then the expression (12) becomes 



(C+VV)-f-Vo 1xr 

(c+v,,)-vj 



When the source and listener remain the same distance apart, 
i.e. v„= —then the wind has no effect on the pitch of the note heard, 
for the change in the wave-length of the emitted sound is compensated 
by the change brought about by the wind in the velocity of sound 
relative to the ground and the observer. 



By means of this principle Doppler endeavoured to explain the 
colours shown by certain double stars, and although his explanation 
is not now accepted, Fizeau and others later applied it successfully 
to the elucidation of many astrophysical phenomena. If a source 
of light is moving away from the observer, the frequency of the dis¬ 
turbance reaching the observer is decreased, and therefore the wave¬ 
length is increased. Consequently the lines in the spectrum of the 
source, as compared with those obtained with the same substance in 
the laboratory, will be shifted towards the red end of the spectrum, 
and similar reasoning will lead to the deduction that for a source 
moving towards the observer the spectrum lines will be shifted towards 
the violet. By measuring the extent of this shift the velocity with 
which a star is receding or approaching the earth may be estimated. 
Certain stars, spectroscopic binaries, consist of two bodies revolving 
round a common centre of gravity, but they always appear as a single 
star in a telescope of the highest resolving power. A series of photo¬ 
graphs of the spectra of the star taken at different times shows that the 
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Spectral lines are sometimes “doubled,*’ and from the “period” of 
this occurrence it is possible to determine the time of revolution of 
the component stars about their common centre of gravity. 

The Germans made use of the Doppler principle during the recent 
World War as a means of controlling the flight of some of their early 
V2 rockets. A receiving and a transmitting set were located, both 
on the rocket and at the ground station, and a signal of frequency 
30 Me. per sec. was transmitted from the ground. Then it follows from 
equation (II) that the frequency n of the signal received by the rocket 


Fig. 8.13. 

was given by where ;V=30Mc.persec.,cisapproximateIy 

2x10^ miles per second, and is the instantaneous speed of the 
rocket. If N—n^250 c.p.s., say, then by substitution it follows that 

§ miles per second or 6000 m.p.h. The frequency 

of the signal received by the rocket receiver was automatically 
doubled and re-transmitted to the ground. The control situated 
there included a suitable frequency meter, from which the speed 
could be measured directly, and when the correct speed was attained 
a signal was sent out to cut off the power supply in the projectile. 
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SUPERSONIC SPEEDS 

Sound source moving at supersonic speeds 

At low speeds of travel the moving body will give rise to spherical 
sound waves of normal velocity, but when it is moving with speed 
greater than that of sound the air compression created by its motion 
can only be transmitted in a lateral direction (Fig. 8.13). 

Suppose the source be moving from right to left with a velocity v 
greater than the velocity (c) of sound, and let 5.,, etc., represent 
the successive positions reached by the source after equal time intervals 
of r sec. In the figure the body is shown to have reached the position 
^5 which will be distance 4vrcm. from S^. By this time the disturbance 
generated at will have reached points etc., distant 4cT from 
S ^; that generated at S.. will have arrived at etc., distant 3cT from 
S.,. and so on. 

According to Huyghens’ principle the resultant wave is the tangent 
cone drawn to all the wavelets, i.e. and in the diagram. 

It is easily seen that the semi-angle 6 of the conical wave produced 
is given by 

a 4cr C . i' 

sin fy=—-=.= , or cosec d~^-. 

4vT V c 

Y 

The ratio - is known as the Mach number and the angle 6 as the 

Mach angle. In normal aerodynamic flow the fluid is considered as 
incompressible, and Reynolds number is the factor which controls 
the force experienced by a body moving through the fluid. At speeds 
approaching that of sound, however, compressibility effects become 
appreciable, and it is the Mach number which is the important factor 
under these conditions. A measurement of the Mach angle from a 
photograph of a bullet or projectile in flight (e.g. Fig. 8.14) provides 
a means of estimating its velocity, if the speed of sound is assumed. 
The measurement should not be made in the immediate neighbourhood 
of the bullet, as here the differences of pressure are so great that the 
"nose-wave” is propagated with a velocity exceeding that of sound, 
which will cause the angle 0 to be increased. 

Reynolds number is defined by the ratio of the inertia to the viscous 
forces in an incompressible fluid, and may relate to the passage of a fully 
immersed body through the medium or to the flow of the fluid through an 
enclosure such as a pipe. These conditions imply that any free surface 
of the liquid does not enter into the argument, and that gravity forces are 
balanced by buoyancy forces. When surface control has to be considered 
as in the case of surface waves due to a ship, then it is Froude’s number’ 

v/\ Ig, which is involved (v being the velocity and / the length dimension 
concerned). 

It follows from the above definition that a measure of is given by the 
ratio where p and ^ are respectively the density and viscosity 

ol the fluid, V IS the average fluid velocity over a fixed cross-section and / is 
a length characteristic of the problem such as a pipe diameter. Since //>• 
has the significance of a time (/), then the above expression simplifies to 

Rn A low value of/?yv for a fluid implies orderly or viscous flow but 

as V. and therefore Rn, becomes large then inertia forces become predominant 
Now the Mach number M is defined by vie, but c* Kip for small displace¬ 
ments and hence pv^jK, which has the significant form of a ratio between 
inertia and elastic forces. An alternative and instructive form of this ratio 
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is deduced as follows. On page 67 it has been shown that i.e. 

hp=K.hpjp, and therefore c^=dpldp. But in an adiabatic process for a 

perfect gas {plpo)={plPo)y snd hence ^^=yRT, where R is the gas constant 

and T the absolute temperature, Tt follows that M-=v-IyRT. Hankins 







[Hankins am! Cope. InU. Mech. Ena. 1946 . 

(c) 

Fig. 8.14. Projectile in Flight. 

(a) Velocity 970 ft. per sec. Mach number 0-86 

(t>) „ 1,145 „ „ „ „ ' „ 101 

(c) „ 2,830 „ „ 2-51 

and Cope have pointed out that absolute temperature is regarded on the 
kinetic theory of gases as a measure of the random ener^ of the molecules, 
and since v® may be considered as a measure of the directed ener^, the 
M- can be regarded as determining the relative value of the directed to 
random kinetic energy of the fluid. 
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At subsonic speeds the energy of a moving body is mainly dissipated 
in eddies formed at the rear of the body; at supersonic speeds, however, 
in contrast, the energy dissipation occurs in the waves which accompany 
the body and particularly in the wave emanating from the “head,” 
e.g. from the nose of a bullet. 

An interesting result which may accrue from the high velocity of 
the moving source is the inversion of the order of production of the 
sound as heard by an observer. If high velocity projectiles pass over¬ 
head or near at hand, it is the whine of the shell which is perceived 
first of all, then its explosion, and lastly the firing of the gun, although 
the order of the last two sounds may be reversed if the explosion takes 
place very far distant. An example of this phenomenon has been 
provided by the V2 rockets sent by the Germans against England 
during the past war, when the sound produced by the rocket in its 
passage through the atmosphere was heard after the final explosion. 


Shock-waves and sound location 

In Fig. 8.15, which is a photograph 
of the muzzle wave of a rifle, together 
with the nose wave of the bullet fired, 
the latter is shown as having just over¬ 
taken the muzzle wave, and it provides 
an example of a body which is emitting 
compressional waves while actually in 
motion. In this case the body is 
moving faster than the velocity of 
sound, and the form of the wave 
emanating from the nose of the bullet 
is like that of the bow-wave of a ship, 
and is characteristic of all bodies 
moving with velocities exceeding that 
of sound. This V-shaped compres¬ 
sion wave, as mentioned above, is the 



Fig. 8.1.5. From *' Physical Princi- 
pic.s of Mechanics and Acoustics,'* 
by R. W. Pohl. (Ely permission 
of lilackie & Son Ltd.) 


“shock” wave or “onde de choc,” while the wave created by the 
explosion of the gun, which travels at the velocity of sound, is called 
the gun wave or “onde de bouche.” The shock-wave is of little use 
for sound-ranging* purposes as its effective centre of disturbance is 
located in front of the actual gun position, and it is the low-pitched gun 
wave which is employed for sound-ranging. The sensitive form of 
receiver used to detect the “onde de bouche” by the British Armies 
in the 1914 war was developed by Tucker, and it comprised a vessel of 


large volume, so that its natural resonance frequency was low, and in 
the neck was an electrically healed grid of platinum wires. The 
latter becomes cooled by the incident compression wave, the effect 
being most marked when the resonating volume is in tune with the 
frequency of the sound waves.t Five or six of these microphones were 
spread along a base line of some 5 miles between 2 or } miles behind 


the front line, and the times of arrival of the sound waves from the 


• Sound navigation and ranging are now often referred to under the general term 

SONAR (c/. RADAR), 

t For hot-wire microphone, see also p. 263. 
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gun G (Fig. 8.16) to be located were suitably recorded by a short 
period galvanometer. In the diagram three microphones only, 

Ri and ^ 2 » are shown, and it is supposed that and R^ have received 
the sound respectively and sec. after Rq. A diagram is then 
drawn to scale, and with centres at R^ and R^^ two circles are drawn 
of radii ct^ and ct.^ units respectively, where velocity of sound in air. 
It is easily seen that the gun position is fixed by the fact that it 
will lie at the centre of a circle passing through Rq and touching the 
other two circles drawn. 

Photography of sound waves 

If suitable lighting is employed the progress of the condensation of a 
sound wave in air may actually be observed by making use of the 
change of the refractive index of a gas with the density. The effect 
is seen, for example, in the appearance of the hot air stream above a 
Bunsen burner, and this when illuminated may be thrown as a shadow 


G 



on a screen. Dr. Foley, of America, to mention one worker, has 
obtained many beautiful photographs of sound waves in air, showing 
their reflection and refraction at various boundary surfaces; the 
reader himself, during the late war, may have seen condensation pulses 
spreading upwards into the atmosphere from distant exploding bombs. 

The photography of these sound pulses demands a special technique 
for, owing to their rapid speed of propagation, instantaneous exposures 
are necessary so that a light source of high actinic value is required, 
and this is usually provided by a spark discharge between magnesium 
wire electrodes. The general principle underlying the “shadow’ 
method of photography due to Dvorak, is to cast a shadow on a screen 
of a sound pulse produced by an intense electric spark discharge. 
The momentary illumination required is obtained by means of a second 
spark, termed the “light spark,” which is created at a known short 
interval of time after the sound. The shadow is received directly on a 
photographic plate or ground-glass screen, and the sparks are initiated 
by moving the glass plates in or out of the triggering gaps (Fig. 8.17), 
so producing the discharge of the condensers connected across them. 
These condensers are charged up to a potential difference of the order 
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of 100,000 volts by means of an electrical machine. The small delay 
time between the sound and light sparks is adjusted by varying the 
condenser C, so that by altering the time interval a succession of 
exposures may be obtained which will indicate the progress of the 
sound pulse. The diagram shows schematically a plan of the arrange¬ 
ment adopted by A. H. Davis, of the National Physical Laboratory, 



To Electrical Machine 


Fig. 8.17. 

for studying the acoustical properties of an auditorium, a model 
section of the latter surrounding the sound source and being contained 
within the light-tight box. The distance between the light and sound 
spark-gaps was of the order of a few feet. 

The Schlieren method due to Topler is dependent upon the use of a 
concave mirror of high optical quality and is, in fact, an application of 
a method due to Foucault for the testing of mirrors and lenses for 
spherical and chromatic aberration. The light from the source S 
(Fig. 8.18) is focused, by means of the mirror A/, on the object glass 
of a telescope (or camera C), whereas the latter is focused on the 
surface of the mirror. Any appreciable departure from uniformity 
of this surface will therefore be rendered very evident to an observer 



Fig. 8.18. 

looking into the telescope, and might possibly mask the effect to be 
studied. is a knife-edge which may be gradually adjusted into 
position until it covers approximately half of the area of the object 
glass. This critical position is revealed by the fact that a further small 
movement into the focus of the light beam will result in the mirror 
appearing dark when viewed through the telescope. A disturbance 
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passing in front of the mirror in the direction DD' will cause the rays 
of light to be deviated to an extent depending on the gradient of density 
created perpendicular to the line of the knife-edge. The Schlieren 
method has been used by various workers for the photography of 
explosive waves, etc. 

A form of optical interferometer, the Mach, may be conveniently 
employed for quantitative measurements of gas flow phenomena in 
supersonic wind tunnels; the light beam traversing the tunnel 
“interfering,” if any density change occurs, with the light beam external 
to the gaseous medium under observation. If the optical paths are 
initially unequal so that an intial fringe system is obtained, then any 
fringe displacement will be proportional to the density change resulting 
from the gas flow. An extension of the technique, due to Timbrell, 
projects the fringe pattern on to a slit in front of an electron multiplier 
cell, and the wide frequency response of the latter permits quantitative 
observations to be made on the development of shock waves within a 
pipe of suitable dimensions. 

It is worthy of note that whereas the optical interferometer measures 
the total density change in the medium, the Schlieren and shadow 
methods measure the change in density gradient and in its first 
derivative respectively. 
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CHAPTER 9 


RESONANCE 


If several pairs of pendulums are supported from a string as in 
Fig. 9.1. and are adjusted in length so that the periods of the members of 
a pair are identical, it is found, on displacing any one pendulum, that the 
second member of its pair commences to swing, but that the others 
remain almost undisturbed. This is an example of resonance, in which a 
body, vibrating at a definite frequency, causes a second body of the 
same frequency to move in sympathy. Other examples of resonance 
occur m pure and applied science. When crossing a bridge a company 
of soldiers is ordered to “break step” to avoid the possibility of the 
natural period of vibration of the bridge synchronising with the inter¬ 
mittent force due to the combined steps, for this might cause the bridge 
to collapse Some years ago a bridge in U.S.A. was set into resonant 
vibration (Fig. 9.2) by the wind, which increased the amplitude of 
vibration until it collapsed. Wing flutter in an aeroplane is due to 
an external periodic force caused 
by turbulence in the air which 
synchronises with the natural 
period of vibration of the wing. 

This turbulence is caused by the 
passage of the wing through the 
air, and becomes resonant at a 
certain speed when fluttering com¬ 
mences. Such a speed is usually 
termed a critical speed. A radio Fig. 9.1. 

receiver responds to a distant 

broadcasting station when the electrical inductance and capacity of the 

receiver are “tuned” to the frequency of the broadcast electromagnetic 
waves. ^ 



For the resonant effect to persist, however, the external stimulus 
must be continuous, for the vibrations in the receiver will be “damped 
out unless maintained by a periodic force of suitable frequency and 
magnitude. A vibrating tuning-fork loses its energy mainly in generat¬ 
ing sound waves, and gradually ceases to vibrate unless the loss is 
made good. This can be done by maintaining it electrically. A 
simple pendulum is a good example of a decaying S.H.M.—it dies 
down unless it is maintained by an extraneous source of energy 
Simi ar y the energy of a clock pendulum is “maintained ”-it has to 
be started by hand, but the vibrations are maintained by impulses, 

f smng, the push synchronising with the swing. 

(^^^.^^‘"fenance comes from a spring through a train of 
wheels, the clockwork (or from falling weights). 

resonamvlhrir time is required to build up the 

on ? ®8®i"^t friction depends 

the distance moved by the vibrating body. If ,v be the total 
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distance per vibration and k the average force of friction, then the 
frictional work done per oscillation is kx. Now if the work put in 
during each impulse be the energy available for building up the 
amplitude will be W—kx^ and at resonance the flow of energy into, as 
well as the rate of dissipation by, the system is a maximum. 



Fig. 9.2. 

Roget's dancing spiral is instructive. It consists of a helical spring 
suspended from one end (Fig. 9.3), the other just dips into a mercury 
cup. Leads from an accumulator are attached to the upper end and 
to the mercury cup, and when the current is switched on the coils 
attract each other by the electromagnetic field set up. The resulting 

contraction of the spiral cuts off the current, 
the attraction ceases and the action is repeated. 
The natural period of vibration of the helix 
® ^ controls the time of passage of the current, and 

£ 1 fspii the current supplies the energy necessary to build 

» T up and maintain the vibration. When the wire 

3 I leaves the mercury a spark occurs which wastes 

y yKCit energy; this may be prevented by pouring a thin 

layer of oil on to the mercury. By increasing the 
depth of oil, the period is increased owing to 
Fig. 9.3. increased viscous resistance, and a larger current 

is necessary. If the coil itself be immersed in 
another medium the operating forces will be modified appreciably. 


Pipe resonance 

Pipe resonance may be explained as follows. When a source of 
sound, e.g. a tuning-fork, is vibrating over the end of a pipe, waves are 
set up in the air, and a succession of compressions with alternate rare¬ 
factions arrive at the mouth of the pipe, whose length has been adjusted 
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for resonance. Consider one compression or pulse arriving at the open 
end; it travels down the pipe to the stop, is reflected, and gives rise to an 
emergent compression at the mouth. It has been shown that such a 
wave travels by causing the air particles to oscillate in S.H.M. about a 
rnean position in the direction of the sound. A particle near the mouth 
then, moves to the right with the initial compression, and to the left with 
the reflected compression. The next compression from the source to¬ 
wards the right causes this particle to move to the right again. Thus in 
resonance the sequence of rarefactions and compressions synchronise 
with the vibrations of the particle, which is moving with the period of 
the tork. In this way the movement of the particles near the mouth are 
controlled jointly by the fork as the source of sound, and by the length 

ot the pipe. At resonance these particles attain a large amplitude of 
vibration which results in a loud sound. 

The diagrams {Fig. 9.4) indicate the movement of a particle near 

the mouth in relation to that of a pendulum of the same period Tas that 

ot the tork. Actually, of course, a huge number of such particles are 
concerned m the motion. It 

A ^ 


is important to note that the Time 

waves in the pipe are plane, as „ 1 M i- 1 

they are moving in one direc- * U"** *_| 

tion only (i.e. in the direc- \ ’ 

tion of the axis of the pipe), T4 • \J 1 

and further, that the particles I • ' -^ 

constituting each plane wave- -rp i I 1-^ i-1 

front are in phase. Outside " / Y ■ I 

the tube the waves diverge, / 

becoming spherical, and this * (J •; | 

change in shape indicates the | * 

reason for the end-correction, T I ll-^ 4 | 

lor this is the distance over Y ! - r -^ 

which the change takes place. .^ ^ 

Within the pipe therefore Pig 94 

the vibrations are constrained, 

but outside they become "free," at distances which depend on the 
diameter of the pipe and, to a certain extent, on the wave-length. An 
identical state of affairs arises in a wire carrying a current into a large 
block of the same metal; the actual resistance does not end in the 
junction If the wire be gradually increased in diameter as it approaches 
the block the resistance diminishes, and becomes negligible at the 
junction with the block. Similarly, by gradually enlarging The diameter 
01 a pipe the cnd-correction is diminished. This accountsVor the bell or 
Mare in musical instruments, and is mentioned again in Chapter 12. 
An experiment to demonstrate pipe resonance may be performed 
with a spring-balance supporting a load. If the latter is displaced in 

■ ‘‘"‘J released, it oscillates vertically with 

a definite period for a short time, finally coming to rest. If now a 

osrilh,' " ^ upwards, 

Ihe dr c ‘. mn spring-balance corresponds to 

■ rnm T 1 'hc ruler to the compression 

from the lork or other source. The time taken for a complete cycle 
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is made evident by reference to the pendulum depicted in Fig. 9.4; 
the compression travels a distance equal to the theoretical length of 

A T 

the pipe, in time Hence the speed of the compressional wave 

and as the velocity of the sound waves c=nA. 

Take a cylindrical tube about 100 cm. in length and 3 to 4 cm. in 
diameter; close one end by a closely fitting plunger with a plane face 
(Fig. 9.5). Push the plunger along the tube until the face coincides 



Fig. 9.5. 


with the open end, mark the plunger where it enters the end plate. 
Next adjust the position of the plunger until the pipe resounds to a 
C fork of frequency 512 c.p.s., and again mark the plunger as before. 
Repeat with the other forks C, £>, E, F, C, A\ B\ in the octave 256-512 
c.p.s., and obtain the resonant length of the tube for each from the 
marks on the plunger. Repeat the experiment to check the results, 
and, if satisfactory, tabulate them as in the first two rows of the table, 
n being the frequency. 


n (c.p.s.) 

/ cm. 

256 

(C) 

288 

(D) 

320 

(E) 

341-3 

(F) , 

384 

(G) 

426-7 

(AO 

480 

(B') 

r-lO 

(/ +a) cm. 

//(/-j-a) cm. per sec. 

1 

1 


1 






Plot these results graphically with the dependent variable / as 

ordinate, and the independent variable as abscissa. A straight 

line should result which does twt pass through the origin, but cuts the 
/-axis below the origin by an amount a, say. Now c=rtA=4/?(/+o)> 
but the equation of a straight line is y=mx-{-A^ where A and tn are 

constants, and it follows in this case that/=-^.^—a, so the slope of the 


line is where c, the velocity of sound in the gas, is independent of 

frequency. If a be added to each value of /, the constancy of the pro¬ 
duct (/+ a). n may be verified by completing the third and fourth rows of 
the table shown above. The frequency rt is measured in cycles per 
second, so the product is in centimetres per second, the units of velocity. 
Now c, the velocity of sound of frequency is given by c=n\ in which 
A is the wave-length. The velocity of sound in gas is known to be 
independent of frequency, hence A must be proportional to (/4-®)‘ 
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Actually /+a=^, as deduced from Fig. 9.4. It follows that 

v=/iA=«4(/-|-a)=4;w; /.e. the velocity of sound in air is four times 
the slope of the graph (expressed in the proper units), and may be 
obtained by multiplying the mean value of the results given in the 
fourth row of the table by four. 

Further, each of the values of / are short of the appropriate quarter- 
wave-length by the quantity a, which is clearly independent of the 
frequency. It varies, however, with the radius of the tube; typical 
results obtained in an actual experiment are given in the table. 


/•, Radius of tube, cm. 

20 

30 

40 

a cm. 

115 

1-7 

2-3 

a 

•58 

•57 

•58 

r 





It will be seen that a is directly proportional to the radius in each 
case. As the length of the tube should, from elementary theory, 
equal one-quarter wave-length, the 
quantity 058r is termed the end- 
correction of a tube of radius r. Bate 

has obtained the value [O-S??/-], 

for the correction on theoretical 
grounds (for proof see Phil. Mag. 10 , 

624 (1930)). 

If the pipe terminates in an “ infinite *’ 
flange or baffle, the conditions at the 
end are altered, as the emergent sound 
waves are restricted to one-half of the 
space which is available without the 
flange, as indicated in Fig. 9.6. The 
flange increases the end-correction by 0'24/- to 0-82/-; theoretical 
values obtained by Helmholtz, Rayleigh, King and Bate respectively, 

are [0*785r], 0-824/-, 0-82i/', [0-816/-]. 

By increasing the length of the air column / (Fig. 9.5), a second 
series of positions is obtained at which resonance occurs with each of 
the forks used in that experiment. On plotting the resulting lengths 
against the appropriate reciprocal frequency, a straight line graph is 
obtained which intersects the /-axis in the same point as in the former 
graph, showing that the end-correction is the same as before. 

The displacement curve indicates what is happening in the pipe. 
At the instant represented by the full line the particles at the enclosed 
anti-node are moving left, and at the open anti-node, to the right, 
leaving the particles at the central node diminished in number, but the 
node itself is not displaced. After half a period the dotted curve 

W.M.S. — II 
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represents the wave formation, when the conditions at nodes and anti¬ 
nodes are reversed. The actual displacements of normally equidistant 
particles at the first instant considered are shown in Fig. 9.7(/, and 
Fig. 9.1e depicts the displacements half a period later. The nodes are 


(a) 


A A N 

(b * 7^^^= I 



Id) ooooooooooooo O O O O O (] 

<e) O O OOOQQQOOOQ OOOOOOd 

Fig. 9.7. 


N 


N 


N 


N 


positions of maximum compression and rarefaction and of zero 
displacement, and the anti-nodes are positions of maximum particle 
displacement, but of minimum compression and rarefaction. 

In a pipe open at one or both ends it is possible to have various 
arrangements of nodes and anti-nodes, and these can be constructed 

in a diagram by indicating an 
^ anti-node at an open end, a node 
at a closed end, and drawing 
nodes and anti-nodes alternately. 
The tubes represented in Fig. 9.8 
have the same nodal spacing 
when the resonant frequencies 
are the same, but when resound¬ 
ing to the fundamental the fre- 

- quency of the open pipe is f that 

^ of the shorter. 

In the foregoing, temperature 
has been assumed constant, for 
the velocity of sound in a gas 
varies as the square root of its 
absolute temperature. 

E. G. Richardson has found that there is a “stagnant" layer of air 
about 1 mm. in thickness next the wall of the tube when the remainder 
of the air is vibrating, so that the effective diameter of the air column 
is slightly less than that of the tube. This layer, which varies in thick¬ 
ness with the physical conditions, is of little consequence in organ 


N 


N\ 


Fig. 9.8. 


CAVITY RESONANCE 


163 

pipes, but for pipes of less than about 1 cm. diameter it becomes 
considerable, and in tubes of about 1 mm. radius and less the vibrations 
are soon damped out. The effect of (a) carpets in an empty house, 
(b) the presence of an audience—or rather their clothes—in a hall in 
reducing echoes is due to the absorption of sound vibrations by the 
pores of the materials, viscosity being a contributory factor. The 
diameter of a pipe affects the velocity of sound along that pipe, and 
is discussed later. 

Cavity resonance 

Take a bottle and add water to it until the air enclosed responds 
to a tuning-fork of known frequency. Tilt the bottle, thereby altering 
the shape, but not the volume, of the enclosed air, and test for 
resonance; as before, the air responds to the fork. Next, partly 
cover the mouth with a piece of glass or other hard substance—an 
iris diaphragm is suitable—and again test for resonance. The resonant 
frequency is diminished because the vibrations at the mouth are 
impeded by the partial closure. The original value is restored by 
adding to the water in the bottle, which decreases the volume of the 
air within. 



(a) (b) (C) 


Fig. 9.9. 

The experiments show that the natural frequency of vibration of a 
cavity (a) increases with the area of the mouth, (^) decreases with 
increase of volume, (t ) does not depend on the shape. 

Resonant cavities are useful for sound analysis, and special types 
are constructed to respond to definite frequencies. They are termed 
resonators, and are usually in one of the forms shown in Fig. 9.9. 

Type a is fitted with a nipple N to place in the ear. Faint sounds 
of a particular frequency can be heard in this way to the exclusion of 
others, as the response is very critical. This form of resonator is 
usually named after Helmholtz who constructed a number of hollow 
brass spheres, of different sizes, which he used in his notable pioneer 
work on the analysis of complex sounds. A fixed volume resonator 
with a neck is shown as type h, but the volume can be made adjustable 
by fitting a plunger as in Fig. 9.11. This cylindrical form of resonator 
IS often used in conjunction with tuning-forks. Type c is similar to b 
but is without a neck. ’ 

The resonator formula. Consider a resonator of volume V fitted 
with a short neck of effective length /, and sectional area a The 
air in the neck is assumed to act as a plug P, which moves to and fro 
under the influence of the external stimulus and of the resulting pressure 
variation within the volume of the resonator. The “effective mass” 
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of the plug is assumed to be pal, where p is the average density of the 
air in the neck. 

In the displaced position of the plug shown in right-hand side of 
Fig, 9.10, the volume of air to the right of the plug is K-j-ax, and the 



Fig. 9.10. 


pressure is reduced by an amount hp to S/?, the original value being 
p. As the change is adiabatic, the relationship between pressure and 
volume is 

pvy=(p-sp)(v+ax)y, 

whence Sp.Vy=yp.Vy-^.ax+'^^^pVy-‘a^x‘+... 

— y.hp. . ax -\-.... 

The terms on the right except the first are very small, and are ignored, 
and so 

.( 1 ) 

The quantity Bp is the pressure difference acting on the “plug,** so 
the actual restoring force=a.S/>, and this equals /«(—ic), where 
m is the “effective” mass of the plug of air, and hence 

Bp^^Jpx .( 2 ) 

From (1) and (2), —/p,V=^.a:, 

which is characteristic of S.H.M. 

The term y is known as the conductivity of 

Fig. 9.11. the neck. Actually the term is not so simple 

as it appears, for it is complicated by end- 
corrections for /, and no satisfactory theory has yet appeared. The 
formula does, however, show that nW is constant for a given resonator, 
and this may be tested by means of a pipe closed at one end with a 
plunger and at the other with a cap as in Fig. 9.11. The neck should 
be short in comparison with the wave-length, as a long neck will con¬ 
stitute a pipe, and would complicate the problem. The cap with the 
neck is fitted on to the cylinder and the plunger adjusted until the 
resonator responds to a fork of frequency 512 c.p.s. Note the position 
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of the plunger, and then repeat with forks of lower frequencies down to 
256 c.p.s. Estimate the volumes of air enclosed and tabulate:— 


n 512 480 . . . 256 c.p.s. 


/»= 


Plot V' as ordinate against a straight line graph as in Fig. 9.12 

should result, which does not pass through the origin. This apparent 
discrepancy is due to the volume V being made up of the volume of 
the resonating portion of the air in the bottle, plus that of the neck, 
so that the intercept ON on the K'-axis is to be regarded as the 
effective volume of the neck C, say. Thus the volume of the resonator 



V equals V'—C. The equation of the straight line ANB, from 
y—mx-\-D^ where Z) is a constant, is 

V'=m.-,\-C, 

ni 

i.e. V=V'-C=m.\\ 

;r 

>2 

n^y=m, the slope of the graph. however, equals and 

this may thus be evaluated from the slope of the graph. Substitute values 
for V and a to find /, and hence estimate the end-correction for the neck. 
To adapt the formula for a neckless resonator, it is rewritten as 

_ c . I~a T 

in which V is the measured length of the neck, and ^ is its end-correction. 
If the resonator is neckless, I' disappears, leaving 

c . /a 1 

.(4) 

To evaluate refer to Fig. 9.13, which represents the orifice, each 
side of which may be regarded as an infinite flange, so that the sound 
waves diverge and converge on each side alternately, and this indicates 
an equivalent length of neck equal to twice the end-correction of a 
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flanged pipe of radius r when the pipe is large. Taking p=2y^,rj, 
the Helmholtz value, eqn. (4), may be written: 



Comparing this with (3), the conductivity (or acceptance) of a 

circular orifice in an infinite flange of negligible thickness equals its 

diameter. The conductivity of an orifice is, then, given by its areaits 

end-correction. If a cylindrical resonator without a neck has the same 

diameter as its orifice, there is only one correction, and if fitted with 

2 

a flange, this is giving its conductivity as — =4r. The limiting 

4 TT 

conductivities of a cylindrical resonator of diameter D with an orifice 



Fig. 9.13. Fig. 9.14. 


of diameter d are Id when D=d, and d when An empirical 

formula* embracing these limits put forward by Bate is 

d 

a=2^.d .(6) 

<j being the conductivity. 

Repeat the previous experiment, but instead of the cap with the 
neck, replace it by one with a circular orifice. Perform the experiment 
several times, using different orifices ranging from 1 to 5 cm. diameter. 
Arrange the results as in the table: 


Diameter of 
Orifice (cm.) 

1 

1 

2 

3 

4 

5 

Open 

n 

c*p.s. 

Length of the 
air column 
(cm.) 

1 





1 

256 

288 

320 

340 

384 

426 7 
450 

480 

512 


* Recently justified theoretically for intermediate values by Nielsen. 
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On the same axes plot curves showing the relationship between the 

length of the air column (which is proportional to volume) and — 

From the results estimate the diameter at which the resonator formula 
becomes inapplicable, when the arrangement is to be treated as a 
pipe. Select results which may be regarded as applying to the 

resonator, and substitute values of a obtained from (6), in - ^ -- 

Compare the results with the actual values of n. 

Damping of a resonator. The sharpness with which the pipe 
resonator of Fig. 9.5 may be tuned to a given frequency will depend 
on the nature of the surface of the plunger. With a heavy metallic 
plunger the resonance setting will be sharp, but for a surface in the 
nature of felt the response will be less and the tuning broader. These 
facts are illustrated by Fig. 13.9, in which the '' small ciampin^^" curve 
corresponds to the metal plunger and ojIItt is the resonant frequency. 

Normal modes of vibration of air in a spherical cavity having hard 
rigid walls.* The air in immediate contact with a smooth rigid wall 
can move only parallel to the surface, and consequently when the motion 
of the air within a spherical resonator is entirely radial, the boundary 
must be a nodal surface. In addition, for the fundamental radial 
mode, there will be a nodal point at the centre of the sphere, so that 
the complete motion will consist during alternate half-periods, of air 
motion respectively to and away from the centre. But the pressure 
change at the centre, as to be expected, is greater than that at the 
walls (actually it is nearly five times as large), and the radius of the 
anti-nodal surface, i.e. region of no pressure change, is approximately 
0-7 of that of the cavity. In the next radial mode a second nodal 
surface appears at a radius 0-58 of that of the cavity, the air motion 
in one half-cycle being now towards this surface, both from the wall 
and the centre, which direction is reversed in the next half-period. 

Besides the radial modes the air may vibrate to and fro with nodal 
points, at and N., say, at the ends of a diameter. The plane through 
the centre perpendicular to will be the anti-nodal surface, and 
the corresponding frequency is nearly an octave lower than the 
fundamental radial mode. In the second diametral mode this per¬ 
pendicular plane becomes a nodal surface, /V, and N., being still nodal 
points. The similarity of the problem of the electrical cavity resonator 
to that of the acoustical one should be noted here. In the diametral 
acoustic mode the surfaces of equal pressure will correspond to the 
equipotential surfaces of the electric field (at a time when the magnetic 
field IS zero) within a spherical conducting shell vibrating in a transverse 
magnetic (£ waves) wave mode. 

•See Lamb, H.: “The Dynamical Theory of Sound." Arnold. 1925. 
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The ear 


The human ear is essentially the ultimate judge of the quality and 
intensity of music and sound, and the nature of its final assessment must 
depend largely upon the personal characteristics of the ears of the 
particular individual concerned. Any physical measurements made 
with acoustical apparatus allow only quantitative comparison between 
the various units involved, and in order to obtain some measure of the 
physiological effects it is necessary to acquire some knowledge of the 
characteristics of the human ear. The mechanism of the ear, by which 
the aerial vibrations become transformed into nerve currents which 
stimulate the brain, involves the application of a number of physical 
principles. 

The ear is comprised of three main compartments, known respec¬ 
tively as the outer, the middle, and the inner ears, shown diagram- 

matically, but not to scale, in Fig. 


Concha 



Ear-drum 


Oval’windovi^ 



Inner 
(LiQuid) 

Meatus | Round-window 
Eustachian tube 

Fig. lO.l. 


10.1. As will be shown subse¬ 
quently, the sound vibrations are 
propagated in turn through the air 
of the outer ear, the solid bone of 
the middle ear, and finally the 
liquid of the inner ear. The outer 
ear consists of a tube about one 
inch long, called the meatus, which 
is closed at the lower end by a mem¬ 
brane, the ear-drum, and terminates 


at its open end in a visible concave 
surface called the concha (from the Latin word meaning a shell). Now it 
should be noted that a concave surface will act in the manner of a 
light-reflecting mirror only if its dimensions are comparable with the 
wave-length of the incident radiation. It follows, therefore, that the 
action of the concha towards sound waves of, at least, medium audio¬ 
frequency will be, not to reflect, but to scatter some of the waves, 
so that they enter the meatus. Additional acoustic energy will reach 
the ear-drum by virtue of the fact that the meatus will act as a resonator 
to certain frequencies, an effect which may be shown to exist by placing 
a “cupped ” hand around one ear, and if it is actually in contact with 
the head the sound, say of a ticking clock, will be heard as if con¬ 
siderably enhanced. 

Assuming the ear-drum to have been set into vibration by the 
incident sound waves, the question arises of the transfer of this sound 
energy to the inner ear, which contains a liquid medium, with as small 
a loss of energy as possible. Now the most efficient transfer of energy 
from one medium to another of different density involves the problem 
of matching impedances, a problem common to all types of energy 
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transfer. In this case the desired coupling between the collector, the 
outer ear, and the analyser, the inner ear, is performed by means of 
three very small bones called ossicles. These bones, known respec¬ 
tively as the hammer, the anvil and the stirrup (Fig. 10.2) are situated 
within the small volume of the middle ear which communicates to 
the rear of the nasal cavity by the 
Eustachian tube (named after its 
discoverer, an Italian anatomist, 

Eustachio). This tube is about one 
and a half inches long, and its purpose 
is to enable the pressure of the air 
within the middle ear to be rapidly 
adjusted to any appreciable changes 
of pressure in the outer ear, such as 
those which are experienced when 
rapidly descending or ascending a 
deep lift shaft. By the provision of 
this means of equalising the air pres¬ 
sure on both sides of the ear-drum the latter is protected against possible 
disruption, although free vibration is in no way restricted. The 
Eustachian tube also serves to drain into the mouth any liquid which 
may collect in the middle ear, but it is only open for this purpose 
during the act of swallowing. The buzzing noises heard in the head 
during an attack of catarrh are due to the presence of mucus in the 
middle ear and the consequent viscous drag on the movements of the 
ossicles. 

The hammer bone is attached to the ear-drum, so that the latter is 
slightly "flexed" inwards, even in quiescent periods, and so the drum 
is essentially an asymmetrical vibrator (Appendix 8). As a result of the 
lever action of the ossicles, the force exerted by the stirrup bone on 
the membrane set in the wall separating inner and middle ears, is 
about three times that exerted on the ear-drum, i.e. referring to Fig. 10.3, 
F 1 

where P represents a hypothetical pivot point. Furthermore, 

the area of the oval window A., is much smaller than of the drum, 
and hence the pressure, i.e. force per unit area, exerted on the inner 

ear is much greater than that pro- 
Ear-drum duced on the ear-drum by the 

factor The value of this 

ratio may lie between 50 and 60. 
By analogy with the electrical case, 
therefore, the middle ear acts as 
a siep‘up acoustic transformer., the 
, . small pressure variations of the 

incident sound waves being stepped up by 50 or 60 times, and at 

the same time the low acoustic impedance of the air is effectively 
matched to the high impedance of the liquid of the inner ear. It 
should be noted that the stirrup bone will execute a rocking movement 
about its lower end a as this is attached to a point near the edge of the 
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oval window, while the upper end b is located near to the centre of 
this window. 

A complicated set of small hollow tubes and chambers imbedded in 
solid bone constitutes the inner ear, and is referred to as the labyrinth. 
It serves three distinct functions, and the part primarily concerned with 
the function of hearing is a tube coiled after the fashion of the shell 
of a snail, and known as the cochlea. This spiral cavity is the most 
vital part of the organ of hearing and if uncoiled is found to be approxi¬ 
mately 30 mm. long, and increases in diameter uniformly along its 
length to a maximum of 5 or 6 mm.; it is represented uncurled and 
diagrammatically in Fig. 10.4, together with the basilar membrane 
which divides the inner ear into two separate portions, except for a 
small gap at the end known as the helicotrema. When an incident 
sound wave causes the stirrup to exert a pressure on the liquid in the 
inner ear, the existence of the helicotrema enables this pressure to be 
relieved by a flow of liquid through the gap and the consequent 
outward movement of the round window. The basilar membrane 
varies in width from nearly 0-2 mm. at the window end to 0-5 nini. 
at the helicotrema end of the cochlea, and is stiffer along its breadth 
than along its length. It is covered transversely with a multitude 

of fibres, rather suggestive 
of a multi-stringed harp. 
These fibres are connected 
to nerves leading to the 
brain, and each fibre is 
maintained in tension, and 
its length corresponds to 
the width of the membrane 
at that point. It is reason¬ 
able, therefore, to presume 
that each part of the cochlea will respond to a different frequency, 
and only those fibres having the same frequency of vibration as the 
incident sound wave will be excited and so transmit nerve impulses ol 
that frequency to the brain, which thus becomes conscious of pitch. 

Hearing 

This resonance theory of hearing., which assumes uniform tension 
in all fibres, is chiefly due to Helmholtz; it has been criticised on account 
of the fact that it does not permit of so large a range of frequency 
response as the human ear is known to possess. This objection has been 
partly met by a slight modification of the theory, in which the tcnsi^ or 
the longer fibres is now assumed to be less than that of the shorter fibres, 
it then follows from eqn. (1), p. 45. that the frequency range will in con¬ 
sequence be extended. In support of the theory it has been note , 
although disputed by some observers, that workmen who are con¬ 
tinuously subjected to loud noises of a particular type, often becoine 
deafened to these sounds as if certain fibres had become overstraine ■ 
This aural effect has been reproduced in experiments with the ears o 
guinea pigs, using sounds of known frequencies, and the observe 
positions or comparative inactivity on the membrane were in accordance 
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Fig. 10.4. 
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with theoretical predictions. The human eye also shows a temporary 
fatigue effect of this nature, for if after viewing, for example, a red screen 
for an appreciable time the eye is turned towards a white screen, the 
latter will appear as the complementary colour green. As an alternative 
to the resonance theory, it has been suggested that the basilar mem¬ 
brane vibrates as a whole, like a telephone diaphragm, giving rise to 
nerve currents of the frequency of the incident sound. In this way 
the brain was supposed to be able to distinguish between the pitches 
of different notes, but later research has shown that the nerve fibres 
conduct currents, not as in electrical circuits, but rather as separate 
impulses. Since it has been found that the rate of these impulses 
cannot possibly exceed 1000 per sec., it means that this theory fails 
to account for the perception of frequencies in the audio-range from 
1000 c.p.s. to 20,000 c.p.s. 

As yet there is no precise explanation of how the brain interprets 
the information conveyed by the auditory nerve from the inner ear. 
Although this information may be very complex, as, for instance, 
when listening to the variety of noises in a city street, yet the brain is 
able to recognise the separate components of the babel of sound. 
That the resultant motion of the air at the ear-drum in such a case must be 
very complicated, is indicated in Chapter 2, and it can also be made 
evident by a microscopic examination of the groove of a gramophone 
record or film sound-track, which in itself is a representation of the 
complex sound wave incident upon the diaphragm of the instrument 
recording the sound. A “trained" ear can easily detect which 
member of an orchestra is not playing at any instant. It should be 
noted that in the above respect the ear is a more efficient instrument 
than the eye, for if two colours, say blue and yellow, enter the eye, 
only one colour, in this case green, is perceived. 

There are two fundamental qualities of hearing which are important, 
namely the ability to detect a small change in sound intensity under 
specified conditions of loudness, pitch and background noise, and 
secondly the ability of an individual to recognise a small defect in a 
sound with which he is familiar. 

As regards the perception of sound intensity, the ear is wonderfully 
sensitive, and Rayleigh has computed that the minimum intensity of 
sound (10 microwatt per sq. cm. approx.) capable of being perceived 
by the cochlea, is slightly less than the minimum value of light 
intensity required to excite the retina of the eye in the sensitive green 
part of the light spectrum. The sensitivity of the ear is greatest in 
the frequency range 500 to 6000 vibrations per second, and this range 
comprises in human speech the higher partials which serve to distinguish 
between vowels and consonants. 


The law of intensity perception is in accordance with Weber's 
psychological law of sensation, which is applicable to the nervous 
system, and states that the change hS in any stimulus (vision, hearing 
or feeling) to produce a just perceptible increase hE of the sensation, 

bears a constant ratio to the total stimulus S, i.e. hE- K^. The 

integrated {or\r\ of Weber’s law. viz. E K log.V, is known as Fechner's 
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law, in which K has been assumed to be a constant. It should be 
carefully noted that it is the fractional change in stimulus, in this case 
intensity (/), which is the determining factor. It has been found that 

the ratio approximately, but there is an appreciable increase 

in this value at low intensities. From the above relation it is readily 
deducible that 8/ is less for smaller values of /, i.e. the ear detects 
much smaller differences in loudness in weak than in loud sounds. 

The Weber-Fechner law has led to the definition of a unit for the 
comparison of the intensities of two sounds. If f and are the 

respective intensities of the two sources then iV=logio -j gives the ratio 

'2 

of the two intensities in bels. In practice the bel is rather a large unit 
and a smaller unit, the decibely written dby is usually employed and is 
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Fig. 10.5. Working limits of the ear for any pure tone as regards frequency 

maximum change in air pressure close to the ear (Wegel). 


and 


defined by A^=I0 logm y db. The decibel is a convenient unit for it 

happens to be the smallest change in intensity detectable by the 

human ear. ^ 

The curve shown in Fig. 10.5 represents the average response ol a 
large number of auditors of normal hearing. In order to obtain sue 
a curve it is necessary to remember that the change of pressure ^ 
the passage of a sound wave is alternating in character, hence t e 
recording instrument must respond to alternating pressure chang^» 
and should be situated close to the ear-drum of the auditor. Ih® 
frequency of the generated note being known, its intensity is vane 
until the note is just audible and the corresponding value of the 
is noted. This procedure is repeated for the range of 
frequencies, approximately 20 to 20,000 c.p.s., and in this manner 
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lower curve of Fig. 10.5 is obtained. It is usually known as the curve 
of the threshold of hearing. The unit of pressure difference employed 
is the micro-bar , which is equal to 1 dyne per square centimetre, or to 
approximately one-millionth of the normal atmospheric pressure. 
It is seen from the threshold curve that the ear is most sensitive at a 
frequency of about 2000 c.p.s., where a change of pressure less than 
10-3 micro-bar can be detected. If the intensity of a sound is gradually 
increased, a stage is reached when the ear experiences a tickling or 
painful sensation, and the value of the corresponding critical pressure 
excess is also a function of frequency, as shown by the upper curve 
of Fig. 10.5. It is indeed remarkable that at medium frequencies 
the ear can adjust itself to pressure changes varying from lO'^ micro- 
bar to 103 micro-bars, i.e. a million to one change. The dotted portions 
of the curves in Fig. 10.5 are not obtained experimentally but are 
extrapolations of the threshold curves drawn to meet at the upper and 
lower lirnits of audible frequency. It follows that any pure tone is 
audible if its intensity and frequency can be represented by the 
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Fig. 10.6. Deafening effect of loud note. 


coordinates of a point lying within the area bounded by the threshold 
curves. Should the point fall above the upper curve it means that 
the listener becomes liable to temporary, or even permanent deafness, 
if he is subjected to the noise. Emphasis should be drawn to the fact 
that the diagram was obtained when the various notes were sounded 
alone without any background noise, and the existence of any such 
noise will raise and distort the threshold of hearing curve (Fig. 10.6) 
Tones whose coordinates lie within the shaded area are inaudible 
The effect of the presence of additional noises is usually referred to as 
masking, and it is the reason, for example, why the tone of a musical 
instrument heard in an orchestra differs from that heard when the 
instrument is played alone. Fig. 10.7 shows the auditory chart of an 
individual who is deaf to the higher audio-frequencies and who con¬ 
sequently would benefit by the use of a microphone suitably amplified 
in these higher frequencies. 

In the measurement of the loudness of a tone the reference level 
ot the intensity is taken as that corresponding to the threshold value 
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at that pitch. Considering Fig. 10.8, it is evident that by definition 
(p. 172) the loudness of the note corresponding to the intensity /i 

T / 

of P is given by 10 where Ii is intensity value of the threshold 

A 



Fig. 10.7. Auditory chart of an individual deaf to high frequencies. 

at that pitch. Now in order to make the reference intensity A quite 
definite it is taken as corresponding to the lower threshold value ot 
audibility (A) for a 1000 c.p.s. note. This value, after a large number 
of experiments here and in America, has been taken as the intensity 
due to a sound pressure (R.M.S.) of 0 0002 dyne per square centimetre. 
This new unit of loudness is called the phon, and one phon represents 



about the smallest change of loudness that can be detected 
human ear under average conditions. The loudness of the note 

/' 

can now be expressed as 10 logm -j- phons. 


1 
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COMBINATION TONES 

In the perception of frequency a/rmVe change of frequency is necessary 
tor the ear to detect a difference, just as in the case of intensity percep¬ 
tion a finite change of intensity was required. The ear, however, is 
more sensitive to changes of pitch than to intensity; for it is able to 
detect a percentage change as small as 0*2 in frequency compared with 
the most favourable value of 5-0 in intensity. The ratio of the 
minimum perceptible change S/ in frequency to the frequency f is 
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Fig. 10.9. 


Noisy aeroplane cabin 


Pneumatic road drill. 


In tube train (London). 


Very busy traffic (London), 


In steam train (window open). 


iOrdinary conversation (3 ft.). 


In quiet saloon car (30 m.p.h.), 


Suburban street. 


Quiet garden (suburbs). 

Quiet whisper (5 ft.). 
Threshold of hearing. 

Kaye. 


approximately constant over the frequency range, 500 to 4000 c p s 

frequency perception like intensity perception 

sensation. Fig. 10.9 gives a table of 
loudness levels of some common noises. 

Combination tones 

If two simple tones are sounded together, the ear sometimes detects 
along with them a third tone, often spoken of as a Tartini tone, after 
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its accredited discoverer, an Italian violinist of the eighteenth century. 
The frequency of this combination tone as originally discovered was 
equal to the difference between the frequencies^ and^ of the 

generating tones, but Helmholtz later revealed the existence of 
summation (/l-h/i), as well as difference tones. These first summation 
and difference tones can combine with the original tones and give rise to 
higher order combination tones, e.g. etc. The 

explanation of the production of these tones, as put forward by 
Helmholtz, is dependent upon the asymmetric vibrational characteristics 
of the ear-drum, and is a direct consequence of the theory of such 
vibrations (App. 8). Waetzmann has also verified the existence of 
combination tones by experiments with a light rubber membrane 
mounted vertically and loaded asymmetrically with a piece of wax. 

An interesting example of the production of combination tones 
occurs with the playing of stringed instruments, where the fundamental 
tones are much weaker than the other partial tones, owing to the fact 
that the linear dimensions of the “resonating bodies’* of these instru¬ 
ments are small compared with the wave-lengths of their fundamental 
frequencies. As a result of the non-linear response of the ear, however, 
the higher partial tones are balanced in the act of hearing by the forma¬ 
tion of the fundamental tones by the combination of the higher 
frequencies. 


Deafness 

To complete this brief survey of the ear, a short mention will be 
made of the help that can be given by the applications of modern 
science to sufferers from deafness, although progress in this direction 
has been tardy compared with that rendered to those with defective 
sight. It is hoped, however, that the day is not far distant when the 
counterpart of the optician in the aural world, the oticiam will be 
readily available to the mass of the public, and that he will be a man 
fully trained, both from the medical and the electro-acoustic aspect. 

The general method of determining the nature and degree of deaftess 
of an individual is to perform what is termed an audiometer test. This 
test involves the estimation of the sound intensity which is just audible to 
the patient at a representative number of frequencies, and is carried out 
for both air and bone conduction. The graph obtained by plotting the 
estimated number of decibels below normal hearing intensity against the 
frequency is known as an audiogram. Three main types of deafness 
are classified, viz. conductive, nerve and cortical. Conductive ^oeai- 
ness refers to a defect in the parts of the ear which “conduct” the 
vibrations to the cochlea, and may be caused, for example, by the 
stiffening of the joints of the ossicles or a thickening of the ear-drum- 
It is made evident by a feeling of “ stuffiness ” in the ears, such as is felt 
when suffering from a common cold. Nerve deafness accrues from 
defects in the cochlea or inner ear, and the characteristic feature is 
that the ear may be insensitive to low intensities, but at higher levels 
have a sensitivity approaching that of a normal ear. This fact is 
borne out by the phenomena of some deaf individuals appearing to 
hear better in a background of noise, for it is usual in such circumstances 
for speakers, unconsciously, to raise the intensity levels of their voices 
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to overcome the loss of intelligibility. It has been found, however, 
that some individuals actually do hear better when a noise is present, 
as if there is an initial stickiness to be overcome in the hearing 
mechanism before it is stimulated, and the effect has been likened to 
back-lash in a mechanical instrument. Cortical deafness, which 
chiefly affects old people, is characterised by an inability to interpret 
sounds correctly, even although the organs of hearing may be 
unimpaired, and in effect it means that the brain centres are suffering 
from a loss of ‘‘sound’* memory. In such cases this loss of “language 
factor,” as it is termed, may usually be overcome if the individual is 
spoken to deliberately and slowly. Fletcher and Wegel have found 
that up to frequencies of 4000 c.p.s., persons requiring a pressure 
variation of 1 dyne per cm.^ or less for audibility can usually manage 
to follow ordinary conversation, but artificial aids are definitely 
needed by persons insensitive to changes less than 10 dynes per cm.^ 
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Fig. 10.10, \Afur R. r. Beany. 

It is evident that there is a natural limit to the degree of amplification 
of the sound which can be used owing to the existence of the threshold 
of feeling. 

Hearing-aids 

A hearing-aid comprises essentially three parts, a microphone or 
sound receiver, an amplifier, and a reproducer whose function is to 
transfer the amplified signal to the inner ear. This reproducer may 
be either an earphone or, as in the case of bad conductive deafness, a 
bone conductor, which is the means of transferring the incident vibra¬ 
tions direct to the inner ear by conduction through the mastoid bone 
By suitably designing the component parts of a hearing-aid unit it 
should be possible to attain a close approximation to the desired 
characteristics for the correction of the hearing defects of the patient. 
For an example, in the case of a person suffering from nerve deafness 
It is necessary to employ an electrical amplifying circuit which gives a 

W.M.S.— 12 
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greater amplification for weak than for loud signals, otherwise the 
latter are liable to attain the threshold of pain. 

Hearing in animals 

The evolution of the hearing mechanism in various forms of animal 
life, ranging from a fish to a mammal, is shown diagrammatically in 
Fig. 10.10, and it is seen that certain features are common in the 
auditory organs of all animals, such as the stretched membrane to 
receive the incident sound waves. In the fish the vague beginning of 
an organ of true hearing is to be noted in the otolith organs, which 
consist of several fine and delicately balanced hairs, and these sway 
under the action of gravity when the fish changes its position. This 
mechanism which enables the fish to swim on an “even keel,” is not 
suitable for a sensitive analysis of sounds, but such a quality is not 

really required, as will be 
made evident after consider¬ 
ing the nature of ocean 
sounds. These noises will 
be chiefly localised at the 
surface of the ocean, for the 
fishes themselves are stream¬ 
lined and move about very 
smoothly and silently in the 
interior and, being sup¬ 
ported by the medium, they 
do not require to engage in 
a rapid “beating” of the 
fluid medium as birds do in 
the air. Furthermore, in the 
depths of the ocean theactual 
“flow” movement of water 
is small. Near the shore, 
however, the surface noises 
will be appreciable, and here 
the roar of the breakers 
comes from the exploding 
of innumerable small air 
bubbles. In the foam, etc., these bubbles become distorted but tend 
to regain their spherical shape, and in so doing are set into vibration. 
Owing to the smallness of the bubbles, however, these vibrations 
will be mainly of fairly high frequency, and in some cases the pitch is 
ultrasonic and undetectable by the human ear. 

The various stages of development of the cochlea in the animal 
world is shown in Fig. 10.11. In the case of a fish (A) the cochlea is 
non-existent, but it appears as a small swelling on the right-hand side 
in case of the frog (B). Diagram C indicates that a bird has a slightly 
curved cochlea, and finally in a mammal (D) it has become a spiral of 
several turns. It is interesting to note (Fig. 10.10) the absence of an 
ear-drum in the snake, which has the outer end of its columella 
connected to the quadrate bone of the skull, so that it is able to 
detect sounds conveyed through its body and the ground but is not 
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conscious of air-borne vibrations. Consequently, it is only because 
the cobra is able to follow the motion of the snake-charmer’s body 
that it sways in rhythm to the music, for the snake is quite unaware of 
any tunes that may be forthcoming if the performer remains hidden. 



Apart from the vertebrates, the power of hearing air-borne sounds 
has only been noted in certain insects, and in these the auditory organs 
are not situated on the head. Cicadas, for instance, have their hearing 
mechanism situated on the body, while in crickets it is located on the 
front legs. Gnats, which are sensitive to high-pitched sounds, are 
supposed to recognise these noises by means of hairs on their bodies, 
the hairs being set into vibration at select frequencies. 




To the 
Mouth 


Speech 

The sound generating system of the human voice may be conveniently 
likened to a sound producer in which the bellows, the source of 
vibrational motion, and the resonators are replaced respectively by 
the lungs, the larynx, and the cavities of the throat, mouth and nose 
(Fig. 10.12). The cavity at the back of the mouth leading to the nose 
is called the pharynx. Actually, the system bears a close Resemblance 
to the trombone type of instrument, for the length 
and tension of the vocal cords contained within 
the larynx (popularly known as "Adam's apple") 
are variable, and so are the sizes of the resonating 
cavities. Each vocal cord is a piece of flesh of 
triangular shape, and there are two pairs, 
and r,/; (Fig. 10.13), the lower pair (7'jr2) being 
known as the tone cords, and the upper (F^F^) § 
as the false cords. These cords are in contact 
at the front, but at the back their relative 
positions are adjustable; when taut, as for song 
or speech, they may be separated by a few tenths 
of a millimetre only. The separating gap between 
them is known as the glottis. 

A continuous supply of air from the lungs 
passes up the wind-pipe or trachea which is 
nearly one inch in diameter. When the voice is operative the pressure 
of air in the trachea gradually increases until it is sufficient to displace 
he vocal cords. This displacement, however, will tend to increase 
the tension in the cords and so they are restored to their initial 



From the lun^s 

Fig. 10.13. 
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positions. Again the pressure of the air in the trachea builds up 
sufficiently to force the cords apart and again they are restored, 
and so long as this sequence is repeated the cords are maintained in 
vibration. The maintenance of the motion is, therefore, rather similar 
to that of a violin string, for the air, like the violin bow, moves 
only in one direction; the efficiency of maintenance will depend upon 
the volume of breath expelled per second, and a poor efficiency, 
i.e, a large volume, will cause a singer’s voice to sound “throaty.’ 
Stanley and Sheldon, two American scientific workers, have found 
that a skilled singer uses less breath when singing loudly than when 
singing softly, and that in the latter case it could amount to 400 cc. 


per sec. 

The rapidity of the vibrations will be determined by the length and 
tension of the vocal cords, the shorter the cord the higher the frequency. 
Hence it follows that since the vocal cords of women (and children) 
are thinner and about two-thirds of the length of those of men, they 
produce notes of a higher pitch. When a boy’s voice “breaks, 
its pitch falls by almost an octave owing to the rapid growth of the 
larynx at adolescence. The range of the fundamental frequencies 
of the human voice is from about 80 to 770 vibrations per second, 


i.e. approximately 3 octaves. 

The note produced by the vocal cords is known as the laryngal tone, 
but it would be quite unmusical without the modulating effects of the 
resonator cavities, and it is this feature which distinguishes human 
speech from that of the lower animals. The parrot and the ape, 
however, are exceptions amongst the latter as they are able to perform 
a limited degree of modulation. If the vocal cords are relaxed, i.e. 
drawn aside, the stream of air will suffer little disturbance in its passage 
through the larynx, and any sound heard will correspond to the natural 
vibrations of the resonant cavities, e.g. mouth, etc. Such an 
occurs in whistling and in whispering, and is referred to as “ unvoiced 
speech. The majority of consonants, e.g, k, p, s, are generated in this 
manner without any help from the vocal cords. 

The larger fraction of the walls of the voice resonators is formed o 
soft flesh which possesses a pronounced sound absorbing quality, 
and it follows that the vibrations of the air stream will become strongly 
damped. In consequence, the resonances of the voice are very broad 
when compared, for example, with those of a brass wind instrumen 
whose walls are rigid. The mouth, throat, nose and pharynx, however, 
can be altered both in size and shape to enable the system to resoun 
now to one note, now to another; in fact, Helmholtz says that they 
permit “ of much variety of form, so that many more qualities of tone 
can thus be produced than in any instrument of artificial construction. 
In contrast, the resonance effect of the lungs in response to the larynga 
tone will be very small, since their communication to the lower end o 
the trachea is by way of passages which are both narrow and containe 
by walls which have good sound-absorbing qualities. If the mou 
is kept nearly shut when speaking, it means that the pharynx mus 
undergo large changes of volume in order to produce the various 
vowel sounds, and this is the basis of the art cultivated by ventriloquis s. 


SPEECH- AIDS 


I8I 

In direct contrast, a singer uses his pharynx muscles sparingly and 
must therefore adopt a wider mouth opening. If the lips are actually 
closed, the sound can only pass through the nose, as occurs in humming. 

The separate sounds that constitute speech and song are con¬ 
veniently divided into vowels, semi-vowels {e.g. r, 1, m and n) and 
consonants, and it is upon the existence of the latter class that the 
intelligibility of speech is primarily dependent. This fact may be 
verified by hearing a passage read aloud, firstly as written, and then 
repeated with all the vowels replaced by a single vowel tone. In 
general, the hearer will find that the gist of the passage is still under¬ 
standable during this second modified reading. If, however, he 
increases his distance from the speaker, so that the speech becomes 
unintelligible by the general lowering of the perceived sound intensity, 
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\Afitr Crondall and Mackenzie* 


Fig. 10.14. 


then he finds that the vowel sounds will usually stand out above the 
others. This effect depends upon the fact that the greater fraction of 
the speech energy is carried by the vowels, which will be made evident 
from an inspection of Fig. 10.14, if it is also remembered that in 
general the important characteristic frequencies of vowels lie below 
1000 c.p.s., while those of the consonants are at higher frequencies. 

The curves on the left-hand side of Fig. 10.14, obtained by Crandall 
and Mackenzie, show the mean energy distribution in the speech of 
men and women speakers, repeating a given sentence of connected 
speech and a given set of disconnected syllables. The right-hand curve 
is an average of all the observations made; the ordinate scale is quite 
arbitrary, being proportional to the energy flow. 


Speech-aids 

A person who has been deprived, e.g. through paralysis, of the use 
of the vocal cords, can now receive aid from an artificial larynx 
developed by the Western Electric Company of America, which 
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is shown in detail in Fig. 10.15. This larynx fulfils the double purpose 
of simulating the action of the vocal cords, by means of a vibrating 
reed, and also of supplying the connection between the lungs and the 
mouth, for as a result of the operation performed, the trachea is 
terminated at a small opening in the lower end of the throat. In 



the act of speech the user sets the reed into vibration at will by placing 
a finger over the breathing hole shown in the diagram, and the 
modulated air-stream then enters the resonating cavities of the mouth, 
throat and nose, which are adjustable as for the ordinary individual. 

In places where the general noise level is extremely high, e.g. in the 
cabin of an aeroplane, the sound of the human voice is inaudible and 
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Fig. 10.16. 

the use of the ordinary telephone transmitter becomes impracticable. 
However, this difficulty may be overcome by utilising, not the vibra¬ 
tions of the air in front of the speaker’s mouth, but the mechanical 
vibrations of his throat. The instrument developed for this purp(^e, 
known as the laryngophone, depends for its action upon the fact that 
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the vibrations of the air in the mouth are also communicated to the 
flesh and bones of the neck and face. The damping layer between 
the outer skin and the cavity is thinnest at the throat, which therefore 
affords the most suitable place for “picking-up" these vibrations. 
The throat vibrations, as is to be expected, will not represent all speech 



Fig. 10.17. 


with the same fidelity, e.g. the “ s " sounds and the explosive consonants 
p, k and t are poorly represented for they are excited in the forward 
parts of the mouth. The vowels and other consonants, however, are 
sufficiently well reproduced by the instrument for the intelligibility 
to be reasonable. In order to obtain the desired frequency charac¬ 
teristics, J. and K. de Boer have shown that it is preferable to excite 
the microphone (crystal or carbon) indirectly, so that it is the holder 
itself which becomes directly subjected to the mechanical vibrations. 
This procedure also possesses the advantage that no moving parts 
project outside of the holder, as shown by Fig. 10.16, where the circular 
membrane of the carbon microphone is stretched across the inside of 
its holder. 

Nature of speech 

So far only the general mechanism of the human voice has been 
considered, and a brief survey of the work that has been done on the 
nature of the human speech will now be given, 
interest in the middle of the seventeenth century, 
at about the time that J. Wilkins, a founder 
of the Royal Society, invented a phonetic 
alphabet. Towards the end of the next century 
the Russian Imperial Academy offered their 
annual prize to the constructor of an instrument 
which would produce the sound of the vowels 
a, e, /, o, w. The award went to a Professor 
Kratzensteiri who, from observations on the form 
and dimensions of the human mouth when 
uttering the various vowels.devised the series of 
tubesshownsectionallyin Fig. 10.17. Thepipes 
were excited by blowing air from a bellows on to a reed fitted to each, 
although / could be sounded merely by blowing into the pipe p without 
the use of a reed. This apparatus was improved by an Austrian, 

. , use it to pronounce several consonants 

in addition to the vowels. In his first design (Fig. 10.18) the position 


This subject aroused 



Fig. 10.18. 
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of the hand H was employed to vary the tone elicited on exciting the 
reed. About this time (1830) Willis, of Cambridge University, 
simulated the speech organs by using a free reed placed near the 



closed end of a tube, whose natural frequency was greater than that 
of the reed. These experiments showed that the characteristic pitch 
{or formant^ as it is now termed) of a vowel sound was given by the reed 
(i.e. the vocal cords), but that the quality was dependent upon the 
heavily damped vibrations of the air in the tube {i.e. the vocal 



resonators). More recently D. C. Miller has investigated the co 
position of sustained vowel sounds, and has found that if any . 

of a certain group of vowel sounds is produced at two diner 
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frequencies, the distribution of energy in the frequency spectrum 
(Fig. 10,19) is different, but both distributions show the greatest 
loudness in the same limited frequency range. In a second class of 
vowel sounds two characteristic frequency ranges are exhibited 
(Fig. 10.20), which is to be expected if the resonating system of the 
voice may be regarded as approximating to two Helmholtz resonators 
coupled together (Fig. 10,12). This result suggests that in the first 
class of vowels the energy in the upper frequency range is extremely 
small and therefore less easily observed. It should be emphasised 
here that since resonance in a system requires a finite time to become 
established, it follows that the experimental observations of Miller 
will not strictly apply to the vowel sounds of ordinary speech. 

Fig. 10.21 represents observations made by Sir Richard Paget which 
confirmed that all vowel sounds seem to depend on at least two reson¬ 
ances, which are not sharp and extend over several semitones. Even 



Fig. 10.21. 


if two vowels occupy approximately the same particular frequency 
range, the other resonance is always different. Paget confirmed the 
earlier observation of Lloyd that the upper resonance is pharyngeal 
and its pitch may be varied by compressing the pharynx. 

In the double-resonator theory the tongue is regarded as dividing 
the volume of the mouth into two parts, known respectively as the 
front and rear cavities (Fand R in Fig. 10.12), communication between 
the two being provided by the channel C. If the size of the mouth 
opening has been correctly chosen, it has been found that all the 
vowels can be articulated without changing the opening, which is 
illustrated in Fig. 10.22 by the humping of the tongue of the experi¬ 
menter, Sir Richard Paget, to produce the various vowels indicated. 
Using this result and assuming that the total volume of F and R is 
constant for all tongue positions, a theory has been developed to 
account for certain vowel sounds. This theory follows that of the 
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ideal Helmholtz double resonator with an essential modification to 
include the possibility of standing vibrations {i.e. pipe-resonance). 

Summarising, therefore, the simple theory of vowel production 
suggests that if different vowel sounds are spoken at the same pitch, 

it is only the form and size of the 
vocal resonators, e.g. shape of the 
mouth and tongue position, which 
require to be altered, the role played 
by the larynx being to add “ carrying 
power” to the voice. The different 
shapes of resonant chambers required 
for the various vowels have been 
moulded in plasticine by Paget, 
and by means of these models (Fig. 
10.23) he has been able to imitate the 
vowel sounds with much success. 

The electro-mechanical analysis of 
speech, and in particular of words 
Fig. 10.22. [Afier Paget, of command, promises to play a 

prominent part in future develop¬ 
ments of acoustics, as, for example, in the application of the human 
voice to the control of machinery, etc. The Western Electric Company 
of America have devised an automatic telephone exchange in which the 
mechanical dialling action is replaced by spoken words, the frequency 
composition of these being used to generate impulses for operating 
selector switches. Another idea which is being developed is the 
operation of a typewriter entirely by the spoken word. The chief 
difficulty here lies in the 
fact that it is much more 
difficult to simulate the fre¬ 
quency spectrum of a con¬ 
sonant than of a vowel. In 
actual fact, the rate of change 
of frequency with time is of 
greater importance for the 
enunciation of the consonant 
than the absolute value of 
the frequency, so that most 
complex electrical circuits 
are required for consonants 
and consonant-vowel com¬ 
binations. A system of lift 
control by the use of the 
human voice has recently 
been worked out by a British 

experimenter. Teles. Fig. 10.23. [After Paget. 

This section on voice pro¬ 
duction will be concluded with a brief note on the physical aspect of a 
bird's production of song. A. L. Turnbull has defined the song of 
a bird as its highest form of vocal expression, which is couched in the 
form of a modulated theme, with traceable movements and motifs. 
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The ability of expression in this particular manner is almost solely 
possessed by what are known as the Passerine group,or “Perching 
Birds," so that it would seem as if posture and stance have a direct 
bearing on song production. The vocal organs of the lungs, larynx and 
lips in a human being have the more or less corresponding counterparts 
in a bird of the lungs, the syrinx or “sound-box," and the beak. The 
analogy is not rigid for, as already pointed out, the human tongue is 
used in conjunction with the lips. 

The syrinx of a bird is the organ equivalent to the larynx, but unlike 
the latter, it is not situated in the throat but in the breast. There are 
membranes corresponding to the vocal cords within the syrinx, and 
they are energised by the current of air from the lungs. The main 
function of the beak seems to be for sound projection, and this property, 
it is suggested, is used by some birds, e.g. the nightingale, to obtain 
ventriloquial power. On the other hand, the wren uses its beak to 
obtain expression, while the warbler makes no apparent use of it. 



Fig. 10.24. 


The mechanism of production of sound by insects is very varied, 
but that of the grasshopper is of special interest. One of its wing- 
cases has a serrated edge and on the other is set a ridge, so that when 
one wing-case is moved over the other the serrations or teeth passing 
across the ridge cause the wing to quiver. An air-pulse is therefore 
generated after the manner of Savart's disc and wheel, and the intensity 
is increased by the provision of a broad, flat surface in the form of a 
small tambourine set in the wing. 

By the use of a “ water-proofed " microphone and a cathode-ray oscil¬ 
lograph Dr. Coates, of New York, has recently demonstrated the exist¬ 
ence of some form of inter-communication between fishes. Usually 
any sound forthcoming is attributed to the grinding of teeth, but some 
fish produce a form of croaking by blowing air from a swim-bladder. 
Coates was able to make a rough classification of his records according 
to whether a fish was feeding, excited or at ease; a typical recording 
on the C.R.O. screen is shown in Fig. 10.24. 

For further reading 
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CHAPTER 11 


WAVE ANALYSIS AND SYNTHESIS 


Wave analysis 

Wave analysis is the expression of any arbitrary wave-form in terms 
of its simple harmonic components, which themselves should be fully 
defined as regards frequency, amplitude and relative phase. Nowa¬ 
days this wave analysis usually means, ultimately, the analysis of an 
electrical wave-form, since the time and space variations of essentially 
non-electrical phenomena, e.g. acoustical or physiological, may be 
easily transformed into corresponding variations of electric current. 

The main types of wave-form occurring in practice can be con¬ 
veniently classified as (i) periodic, (ii) non-periodic but continuous, 
and (iii) transients. The analysis of these wave-forms are exhibited 
very conveniently by means of spectrum diagrams (Figs. 11.1 and 11.2), 
similar to those adopted for specifying the constitution of light sources. 



Fig. n.i. Fig. H-2. 


It must be emphasised, however, that these sound spectra do not 
provide any information regarding the relative phases of the harmonic 
constituents. This knowledge, although essential from the point oj 
view of the graphical or mathematical reconstruction of the original 
wave-form, is not required when considering certain aspects of wave 
motion and, furthermore, according to Helmholtz and other workers, 
the quality of a musical sound is almost independent of the relative 
phases of the component harmonic vibrations. The first type oi 
wave-form, the periodic, may be further sub-divided into two classes. 


{d) single, and {b) multiple period waves. . . 

Type [i (o)] showj one well-defined fundamental tone {F in Fig.l 1«U, 
with harmonic overtones etc., and is to be found in the notes o 

musical instruments, in the output of a valve oscillator, etc. in® 
characteristic feature of the multiple period wave, t)q3e [i (^]» is t 
existence of two or more periodic functions whose fundamen 
frequencies do not bear any integral relation to one another. A J 
form of this type would result from the combination of a fundamen 
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note and an interfering note, and a typical line spectrum would be that 
shown in Fig. 11.2, where F and /are the fundamental tones of the 
two notes, and //j, and //j, etc., are the corresponding 

overtones. 

The wave-forms represented by type (ii) are continuous but non¬ 
periodic, and essentially comprise a fundamental tone and its hannonic 
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Fig. 11.3. [After MtLaihliW. 


overtones together with a background spectrum. An example of 
this type is shown in Fig. 11.3, which shows the spectrum of a note 
struck on a pianoforte as comprising a line spectrum,* similar to that 
of the corresponding bowed violin string, together with a spectrum 
due to the impulsive blow of the hammer. Transients |type (iii)| 
are the result of impulses or of notes of short duration, or may be 
brought about by a sudden change in the frequency, amplitude or 
phase of a continuous note. The effect of a single excitation of a 
damped vibrating system would be to produce a single train of waves 
of continuously decreasing amplitude (Fig. 11.4). The spectrum 
of such a transient will be continuous and usually infinite in extent 
(Fig. 11.5). 

The experimental analysis of periodic wave-forms may be approached 
in two distinct ways: either the sound is recorded graphically at the 
time it is generated 


and the analysis is 
performed at leisure 
afterwards, or, alter¬ 
natively, the note is 
analysed at the time 
of its production. 
The latter procedure 
is particularly advan¬ 



tageous if the wave- 


Fig. 11.4. 


form is rapidly chang¬ 
ing and is of short duration, as in speech, so that speed of analysis 
is necessary in order to obtain even an approximation to the 
instantaneous sound spectrum. It must be remembered, however. 


* The vertical lines represent the line spectrum (without regard to relative amnli- 

tudes) ot a 64 c.p.s. pianoforte note with its harmonic overtones. 1 and 2 represent 
the band spectrum. ’ 
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that the more selective the frequency discrimination of the sound 
receiving element, the longer the time taken for such a resonating 
element to build up an appreciable response. As a consequence, 
in this type of analyser there must be an inevitable compromise between 
the efficiency of resolution of the component frequencies of the source 
and the rapidity of analysis. The speed may be increased by multi¬ 
plying the number of selective receiving elements, and the ultimate 
limit in this direction is attained in the acoustic diffraction grating 
which, as constructed by Meyer, consisted of some 300 steel needles, 
3 mm. diameter, fixed between parallel iron plates 12 cm. apart to 
form a concave diffracting system. The distance between adjacent 
grating elements was about 1 cm. The current to be analysed was 
amplified and used to modulate an ultrasonic carrier frequency—in 
Meyer’s case it was 45,000 c.p.s. A ribbon loud-speaker was employed 
so as to obtain approximately cylindrical waves. The ultrasonic 
sound waves generated, after diffraction by the grating, were received 
by a condenser microphone moving along a calculated path in order 
to examine the acoustic spectrum. 

Other selective receiving devices employed are vibrating reeds and 
band-filters, the latter consisting of special electrical circuits which 

offer a low impedance to alternating electrical 
currents of a certain range of frequencies 
only. The acoustic spectrometer of Freystedt 
(Fig. 11.6) employs a number of band-filters, 
the rectified output of each one being used 
to charge up an electrical condenser C; a 
typical circuit, in which R is the rectifier, 
being shown in the lower left-hand portion 
FreQuenc^ pjg j j ^ gy means of a rotating switch 

Fig. 11.5. Sy these electric charges, in turn, modulate 

a carrier frequency, and after suitable 
amplification and rectification, produce the ordinate deflections, i.e. 
those in the direction Oy, on the screen of a cathode-ray oscillograph. 
Since the switches Sy and Sx are coupled together the abscissa deflection 
at any stud of the deflection-potentiometer circuit, will always corre¬ 
spond to the same band-pass filter, i.e. it will represent the frequency 
appropriate to the ordinate deflection. Although historically out of 
sequence, mention should be made here of Helmholtz's experiment 
on wave analysis which was the first with any pretence at quantitative 
measurement. He determined the magnitude of the overtone pressures 
in a given complex sound by the combined use of his double-resonator 
and the Rayleigh disc (Fig. 11.7). 

In the other method of wave analysis, viz. that in which a record 
of the sound is made at the time of generation for subsequent analysis 
at a time convenient to the observer, the considerable development in 
the sound-film industry of recent years has led to such a high ^standard 
in film-recording technique that a very close copy of the original wave¬ 
form may now be obtained very rapidly. Hence, from the analysis 
of this record, precise information may be deduced at will regarding 
the frequency, amplitude and phase of the harmonic components of 
the sound. 
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Before dealing with the various methods of analysing these sound 
records, a brief consideration will be given to the classical work of 
D. C. Miller on the tone qualities of musical instruments as being 
representative of a solely mechanical method of recording. His 
apparatus, known as the phonodeik (Fig. 11.8), consisted of a horn H 
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Fig. 11.7. 


which was closed at the narrow end by a thin glass diaphragm 
upon which were received the sound waves to be recorded. A very 
fine wire (or thread) T is fixed to the centre of the diaphragm, and after 
passing once around the small cylinder C, is maintained taut by 
attachment to a light spring. This cylinder is fixed to a thin steel 
spindle which is mounted in jewelled bearings at each extremity, and 
to the upper portion of the shaft is fixed a small mirror A/, about 
1 mm. square. A beam of light from a small source S is reflected 
from the mirror and focused on a film F, which is moved in a vertical 
direction at any speed up to 40 ft. per sec. Now any rotation of the 
spindle due to the movement of the diaphragm under the action of a 
sound wave will result in a horizontal movement of the light image 
focused on the film. A magnification of 2000, or greater, is easily 
obtainable so that a diaphragm displacement of 0 001 cm. as produced 
by sounds of normal intensity will be recorded as a movement of 2*5 cm. 





t 



or more. It is evident that with this large magnification a very high 
standard of workmanship was required in the construction of the 
apparatus, to avoid the recording of any small spurious motion of the 
indicating system. The sound-film method of sound recording is 
described later in this chapter. 
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The analysis of a film wave-record may be carried out mechanically 
(or graphically), electro-mechanicaily, or by optical diffraction means. 
The first method, which can be tedious and long if there are numerous 
harmonics, would involve the Fourier analysis of an enlarged image 
of the sound record, either by calculation or automatically by the use 
of an harmonic analyser. In the electro-mechanical method the 
experimental arrangement is similar to that of the sound-film projection 
apparatus (p. 202), except for the omission of the loud-speaker system. 
The electrical output from the amplifier is examined by a standard 
procedure; a simple form of apparatus, typical of variable-frequency 
resonator methods, is shown in Fig. 11.9. The E.M.F. (E) under 
examination is fed into a circuit containing a variable capacitance C, 
and inductance L {Rl being its effective resist¬ 
ance), and the potential difference across the 
latter is measured by a valve-voltmeter (KK,), 
or other suitable instrument of high impedance. 

This p.d. will be a maximum when the circuit 
is resonant to one of the sinusoidal components 
of the complex wave-form under investigation, 
and the meter reading will be a measure of the 
magnitude of this component. The particular 
setting of C for resonance will indicate the reson¬ 
ant frequency from a previous calibration. 

As regards the optical method of analysis, the 
underlying principle is to use the film-record as 
a photographic optical grating, which is illumi¬ 
nated by a monochromatic source of light; but in this case the grating is 
irregular in spacing and so will give rise to a non-regular diffraction 
spectra. The theory has been fully worked out by Schouten, and the 
interpretation of the diffraction spectrum obtained from the sound- 
film is shown to be most easily interpreted when the film is of the 
variable-density type (p. 200). 

Synthetic sound 

The traditional forms of musical instruments are dependent on the 
limitations of mechanical resonating systems, and this restricts their 
degree of flexibility of control and the tone colours they are capable 
of producing. It is evident that from a theoretical point of view, it 
should be possible to generate electric currents of any desired wave¬ 
form, i.e. of any given fundamental frequency and range of harmonics, 
and the consequent transformation of electrical into acoustical energy 
is nowadays, of course, an accepted procedure. The great advantage 
of these electronic methods would appear to be their flexibility of 
control, both as regards frequency and intensity, without recourse to 
such large structures as pipe organs. Two distinct methods may be 
employed in the construction of any type of electronic musical instru¬ 
ment, either the desired fundamental and harmonic frequencies are 
generated separately, and by suitable “mixing” circuits they are 
combined to form the complex wave-form, or alternatively the complex 
note is generated directly. 

W.M.S.— 13 


E 
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Perhaps the first breakaway from the conventional type of sound 
generator was the singing arc of Duddell (Fig. 11.10), in which a carbon 
electric arc was shunted by an inductance L and a capacitance C, the 
values of which determined the frequency of oscillation of the arc. 
The earliest type of electronic musical generator was that due to 
Theremin; it was of a single note type, and depended upon the audio- 
beat frequency (/ 1 -/ 2 ) between two ultrasonic valve oscillators ot 
frequencies X and /a respectively. This beat frequency could be varied 
at will, by varying the position of the hand with respect to a vertn^ 
conductor projecting upwards from one of the oscillators, i.e. by 
altering the effective capacity, and therefore the frequency, 01 one 0 
the oscillating circuits. Starting and stopping of the oscillation was 
effected by means of a switch. Various forms of oscillating va v 
and neon-lamp circuits have also been designed to produce audio¬ 
frequency vibrations, the overtones in general, being generatea 
separately and superposed on the fundamental notes to produce a 
limited range of tone colours. 

In electronic instruments developed to simulate the tones of a g 
piano, metal bars are located at various points along each piano string 
so that small gaps exist between the wire and the bars, and the latter 

are connected to various excitation potentials. . 

On setting the wire into vibration by a 
hammer-blow, the consequent variations ol 
the electrostatic capacitances of these gaps 
endow the fundamental note with har¬ 
monics to an extent which depends upon 
the positions and potentials of the various 
“pick-ups.” The wires are electrically 
connected to the grid-circuit of an am¬ 
plifier and thence to the 

system. Electromagnetic “pick-ups” have also been used instea 

the electrostatic variety. . . . has 

The chief attention in the development of electronic • 

been directed to the production of the pipeless organ, with P 
bilities of cost and size reduction, compared with the 
Of the various forms of generator suggested, only the multiple osci 
circuit, the wind-maintained reed generator, and the rotary . 
generator have really emerged from the experimental stage. A J 
difficulty encountered in all types is the exact imitation of the req 
starting and stopping transient conditions of a musical .j 1 

the valve oscillator the stability of its frequency is a most . 
consideration, as this is the factor upon which the constancy ot 
of the instrument depends, hence it is most important that the . ^ 
and circuit components employed should possess stable characte 
Coupleux, a Frenchman, built a 3-manual and pedal 
stops which was used, before the last war, in a Paris 
Over 400 valves were employed in its construction, lijj^jted 

adjustments could be made on each note-frequency circuit, '^-jrcuits 
range of tone colours was provided by special wave-niter 

actuated by a stop-key mechanism. distinct 

As regards the rotary form of generator there are three 
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types, photo-electric, electromagnetic and electrostatic, and in the 
first of these are two principal groupings. In one group the modulation 
of the beam of light from the source is effected in the manner of the 
talkie film, previously described, i.e. a variable-density (or variable- 
area) mask of the desired wave-form is moved in front of an illuminated 
stationary slit, and the transmitted light beam is focused on a photo¬ 
cell and the photo-electric current after amplification is fed into the 
loud-speaker. In the second group the mask is kept stationary while 
a series of slits, 5|, S^, etc., having a constant fundamental separation, 

move in front of a mask as indicated in Fig. 11.11. The mask shown 
is cut out according to the 
polar equation of a sine 
wave, so that as the disc 
turns about its centre O, 
the amount of light trans¬ 
mitted at each moment is 
proportional to the height 
of the slit cut off* bv the 
curve ABC. The separa¬ 
tion of the slits is such 
that when one slit has 
traversed the stencil, the 
other is just about to enter 
at the other side. The fre¬ 
quency is regulated by the 
speed of the motor, so that 
if this is r rev. per sec., and 
H is the number of slits in a 
circle, the fundamental fre¬ 
quency is nr c.p.s. A com¬ 
plex wave-form may be cut 
out in a single mask, or 
built up by means of sten- 
cilsof the various sinusoidal 
components and placing 
them one above the other. 

Alternatively, by displacing 
the stencils with respect to 

one another, a very con- Fig. ll.ll. 

venient means has been 
provided for investigations of the effect of phase on sound perception. 

The most serious source of error in the above form of generator is 
inherent in the finite width of the moving slits, i.e. the apparatus has a 
limited resolving power {cf. optical instruments and the analysis of 
the fine structure of luminous spectra). The stencils required for a 
“square-wave" and a narrow rectangular “pulse” are shown respect¬ 
ively in the middle and lower parts of Fig. 11.11. The greatest diver¬ 
gence between a desired wave-form, and that actually obtained in 
practice has been found to occur with the “square-wave," and the error 
consists in the slight slant given to the horizontal portions of the wave, 
which is conveniently shown on the screen of a cathode-ray oscillograph. 
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This error may be traced to an inherent defect of amplifiers at zero fre¬ 
quency. In a photo-electric organ of this type, devised by Toulon, the 
rotating disc has a series of concentric rings, and each contains a number 
of slits and has its associated masks, the number of slits in each successive 
ring being made proportional to the frequencies of the chromatic 
scale. 

The Hammond organ is probably the best known of the electro¬ 
magnetic generators, and a typical unit of such an instrument is shown 

in Fig. 11.12. It consists of a small iron disc, about the size of half-a- 

crown, with a suitably shaped periphery. When the disc is rotated 
in front of an electromagnetic “pick-up,” and a high point on the 
edge passes the pole of the permanent magnet, a momentary current 
is induced in the “pick-up” coil. The frequency of the alternating 
current produced will depend upon the number of “corners” on the 
wheel and the speed of rotation. In order to obtain the requisite 
number of partials for the attainment of the desired quality of repro¬ 
duction, some ninety of the iron discs are mounted on a common 
shaft driven by a synchronous motor. By combining the “pick-up” 

currents of various frequencies in con¬ 
trollable proportions, it should be pos¬ 
sible to produce any desired complex 
wave-form. The various currents are 
“mixed” in the harmonic controller of 
the organ, the final electrical current 
associated with the complex wave-form 
is then amplified to the desired extent, 
before conversion into sound waves 
via the loud-speaker system. 

The electrostatic type of rotary gener¬ 
ator is employed in the Compton and 
Midgley organ; the general principle of 
action is illustrated by the early appar¬ 
atus of Bourn, in which there are a number of concentric rings on a 
stationary disc of insulating material. One edge of each ring is 
serrated in the form of a sine-wave and above it, a short distance 
away, moves a flat metal arm with its axis of rotation passing through 
the centre of the disc. The metal arm and ring therefore form a 
capacitance which varies sinusoidally as the arm is rotated. If there 
are a series of these rings, each connected to a suitable excitation 
potential, then it is evident that the means are available for generating 
any desired complex wave-form. 

The type of rotary generator of those described above which offers 
the greatest promise is undoubtedly the electromagnetic type, for 
besides its simplicity and economy of construction, its electrical out¬ 
put is much higher than for the others, and so less amplification is 
required. 

Requirements for perfect reproduction 

The ideal objective to be attained is for the sounds heard and the 
original sounds to be indistinguishable. In other words, the complex 
sounds produced by the reproducer should contain all the source 
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tones at their original relative intensities, and this rendering should 
be independent of the general intensity level. These two conditions 
may be expressed concisely as follows. If /□ is the original intensity 
of a particular tone, and is its reproduced intensity, then the condition 


for no “frequency distortion” is that the ratio - should be constant 

over a wide range of frequencies. Secondly, the ratio should be 
independent of the loudness or intensity Iq of the soundj and if this 
condition is not fulfilled "amplitude distortion” will occur. This 
departure from linearity of response to intensity becomes more 
apparent at high energy levels, when an additional defect is brought 
about by the setting up of component frequencies not present in the 
original sounds. The intensity level of the reproduced sound will be 
partly governed, however, by the type of music and the size of enclosure 
in which it is to be reproduced. If the intensity is too small the lower 
frequency notes fail below the threshold of audibility and the quality 
of reproduction suffers from deficiency in bass. Such an effect is 
equivalent to the auditor moving farther away from the sound source. 
The most difficult sounds to reproduce faithfully are those notes in 
which the overtones are not necessarily simple multiples of the funda¬ 
ment frequency. Such notes usually occur with percussion instru¬ 
ments, e.g. cymbals, drums, etc., and owing to their physical nature, 
they are of shorter duration than ordinary musical notes, hence they 
are termed "transients." The faithful reproduction of transients 
will depend upon maintaining the correct duration time of each of 


the tones, for if unduly prolonged they lose quality and the reproduction 
becomes "blurred.” A further condition for true rendering is the 
correct phase relationship between the constituent overtones." 


Compression and expansion 

In the electrical reproduction of sound the contrasts obtainable in 
speech and music are limited by the relative value of the intensity of 
the strongest sound which can be reproduced without distortion, to 
that of the inevitable unwanted noise, interference or hum incurred 
in the different links of a mechanical or electrical system. In other 
words, for reproduction to be satisfactory it is essential that the 
weakest acoustical vibrations should be rendered at a sound intensity 
level appreciably higher than that of the unwanted sound, yet at the 
same time the most intense sounds should not produce overloading 
of the reproducing apparatus. 

The human ear can perceive intensities over a range of approxi¬ 
mately 130 db. between the audibility limit and the threshold of pain, 
but such a range is found to be unnecessary for satisfactory repro¬ 
duction, and for the transmission of music an intensity range of 60 db. 
suffices. This range, however, is in excess of that permissible in most 
electrical transmission systems, e.g. it is of the order of 40 db for 
broadcasting transmitters, hence means have to be adopted to 
arlilicially reduce the contrasts in the signal to be transmitted. This 
result may be achieved, for example, by controlling the amplification 
between the microphone and the transmitter, so that it is large for the 
feebler sound intensities but small for the strong intensities This 
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type of regulation is known as compression, and for a correct repro¬ 
duction of the original intensity spectrum the regulation at the receiving 
end should be the exact inverse of the compression, and is corre¬ 
spondingly called expansion. 

As few receivers are furnished with “expansion” apparatus the 
form of the compression regulation, i.e. its characteristic, has usually, 
therefore, to be chosen so that the reproduction closely simulates the 
original sound, even in the absence of expansion The form of this 
compression characteristic will depend upon the actual character of 
the music; the regulation is often, however, carried out manually, 
the degree of amplification being adjusted by hand to suit the intensity 
of the sound. In this connection the rate of regulation has to be 
carefully chosen in relation to the characteristics of the ear. 

Sound recording and reproduction 

The earlier types of sound record were cylindrical, and the inden¬ 
tations made in the outer surface of the cylinder corresponding to the 
sound recorded were radial in direction. The instrument used for 
playing this type of record is properly known as a phonograph. The 
reproduction was notably poor in bass, but considerable improvement 
was effected with the introduction of the flat disc record, although the 
piano records still showed much “ tinniness. ” The instrument associated 
with the disc record is known as the gramophone. In these early methods 
of recording the energy required for the tool cutting the wax record 
was derived solely from the sound waves produced by voices or 
musical instruments. A conical horn, with the performers grouped 
closely around it, was used in order to concentrate the available 
energy, and furthermore, orchestral instruments, such as the “Strop” 
type of violin, which incorporates a diaphragm within a flared horn, 
were adopted with the same end in view. The main deficiencies of 
this method of recording may be summarised as a restricted frequency 
range, and the existence of resonances which cannot be lessened by 
damping, as the acoustic output is already quite small. 

The advent of electrical recording, round about 1926, overcame many 
of the previous difficulties. The method depends upon the conversion 
of the sound energy, picked up by a microphone, into electrical currents 
which are then amplified to the required extent for the operation of an 
electromagnetic cutter, and furthermore, with this increase in available 
energy, it becomes no longer necessary to use special types of musical 
instruments, or to group the artists immediately around the sound 
receiver. The apparatus initially employed in the reproduction of 
sound from a record was essentially a mechanical device known as a 
sound-box. It was effectively a diaphragm actuated, through a bar, 
by the vibrations of the needle (or stylus) in the groove of the record. 

In the radio-gramophone the movements of the needle are converted, 
through a magnetic or crystal pick-up (cf. p. 241), into variations of 
electric current or potential respectively, which are then suitably 
amplified before conversion into sound by loud-speakers. 

There are two types of sound-tracks, depending on whether the 
motion of the “cutter” (and hence the needle or stylus) is from side 
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to side, i.e. lateral, or up and down, i.e. vertical. The following 
analysis is applicable to both systems. It is shown (p. 42) that the 
energy associated with a S.H.M. is proportional to where a is 

the amplitude and ^ the frequency of the vibration. Hence it follows 

^7T 

if the amplitude .*1 of the “cut" in the record is independent of the 
frequency of cutting but is cca, that .4oc- or Aoj- constant, for a 

iO 

given input energy, i.e. a constant value of (rcu~. Now Aw is the 
velocity amplitude of the recording stylus, hence apparatus designed 
on this principle are known as constcwi-ve/odiy recorders. The 
limitations imposed at low frequencies will be due to the larce groove 
amplitudes and consequent wider spaces between grooves leadiim. in 
lateral recording, to a shorter playing time of the record. Higher 
frequencies will be limited by the dimensions ot the aroovc becominii 
comparable with the random variations constilutin'g surface noise. 
It should be noted that for perfect reproduction it is'not essential for 
the foi m of the sound tracks to be consistent with the above property, 
provided the reproduein;’ instrument could exactly compensate for any 
departure from this condition in the recording. In consfani-anip/iiude 

recording - is made directly proportional to oj, and so for a constant 

energy input, the amplitude A is made independent of frequency. In 
commercial practice constant-amplitude recording is sometimes 
ernployed below .100 c.p.s. and constant-velocity recordina above 
this frequency. 

Both the lateral and the vertical (known as the- "hill-and-dale") cut 
records have their relative advantages and disadvantages. The former 
had become the more popular method, although there has been a 
recent development in "hill-and-dale" recording. Although the 
large amplitudes required to record the bass notes in constant-velocity 
recording are more easily attained when the groove cuttinii is horizontal, 
/.c. lateral, yet in order to prevent undue bemding of the"needle stylus’ 
a limit is set to the size of cut made during the recordiim. i.e. there is 
an amplitude limitation which means that the complete intensity range 
of an orchestra may not be adequately covered. The design of a 
suitable reproducing^ unit for "hill-and-dale" recording that would 
follow faithfully the undulating surface of this type of record presented 
some difficulty, but was overcome by analysing the equivalent electrical 
circuit (Fig. ll.l.1/>) of the mechanicai system (Fig. II.11^/) the 
equivalent circuit elements in the two systems being readilv noted 
from the diagrams (see also Chapter 15). The E.M.F.‘*in the electrical 
circuit corresponds to the mechanical force exerted on the stylus by 
the revolving disc. It may be briefly stated here that the fundamental 
condition.which has to be satisfied is that the product of the mechanical 
impedance of the unit and the vertical velocity of the stylus at its 
point of contact with the disc must always be less than the force holdiii). 

It on the record. This version of ■■hill-and-dale" recordme is said to 
give lar superior renderings than even a wide-range sound-film, and its 
scratch is asserted to be much less than for the other type of disc record. 
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Electrical pick-up 

This instrument is the agency by which the mechanical vibrations 
of the stylus in the groove of a gramophone record are converted into 
corresponding variations of electrical potential, these latter being 
then applied to the input of a valve amplifier, the output of which is 
used to energise a loud-speaker. In the electromagnetic type of 
“pick-up" the movement of the stylus is arranged to move an iron 
armature relative to a coil, thereby causing a varying E.M.F. to be 
induced in the latter; alternatively the coil of wire itself may move in a 
fixed magnetic field. In the electrostatic pick-up a Rochelle salt crystal 
element is employed which is completely sealed in a Bakelite housing, 
but the head as a whole is quite light in weight compared with the 

magnetic type; and so the 
gramophone records are 
subjected to less wear. 


to Motion or Sttjius \ 



Oirection^ of 
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Sound-film 

With the introduction of 
the modern “talkie" film 
the sound-film method, in 
which the sound is recorded 
photographically, has been 
almost universally adopted 
in preference to the gramo¬ 
phone-disc method of 
recording. An obvious 
advantage is that the sound¬ 
track may be photographed 
alongside the pictures them¬ 
selves, as indicated in Fig. 
11.14. Two main methods 
of procedure are used, the 
corresponding films being 
known as the variable- 
density and the variable- 
area (or width) track film 
respectively, but in either 

case, the underlying problem is to focus an illuminated slit upon a moving 
photographic film so that the light falling on the sensitised surface is 
modified in some way by the sounds to be recorded. In the variable- 

density method this effect is attained by amplifying the electrical output 

of a microphone by as much as 10® to enable a special gas (helium 
or neon) discharge tube to be actuated (Fig. 11.14). This lamp is 
operated at a gas pressure where the intensity of its illumination is 
particularly sensitive to variations of electric current. The narrow 
slit is very close to the film, so that an image only about in. long an 
in. wide is focused on the moving film, and on the developmen 
of the latter the sound-track will be seen to consist of a series of narrow 
horizontal lines of constant length, but of different densities. i 
spacing apart of these lines will determine the pitch of the soun . 


(b) 


Fig. 11.13. 
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while the loudness will be defined by their density. In an alternative 
variable-density method a lamp of consfani brilliancy is used to 
illuminate the film through a slit whose “opening” varies in step with 
the intensity of the sound being recorded. A typical arrangement is 
shown diagrammatically in Fig. 11.15«, where a loop of metal strip 


Holes 

teeth 
(irivif 

Fie. 11.14. 




is maintained in tension so as to leave a very minute gap (of the order 
of in.) between the inner edges. On the passage of the A.C. 
output from the microphone through the strip, the two portions of 
the loop move in opposite directions, so that the photographic film 
is exposed to a varying degree dependent upon the sound intensity. 
Fig. 11.15/7 illustrates the principle of the variable-area method; a 
metal wire or strip conducting the microphone current is set at an angle 
to the slit and is perpendicular to a magnetic field. It is evident that 
the force on the conductor and hence the area of slit covered depends 
on the current flowing, i.e. on the intensity of the source of sound. 

The use of photographic film as a sound-recording medium brings 
into prominence the necessity for a very high stan^dard of quality, 
for whereas the picture of a sound-film is enlarged by, say, 300 times 
when projected on the cinema 


screen, the minute photo¬ 
electric currents resulting 
from the light transmitted 
by the sound-track are mag- 
nilied by a factor of 10" or 
10^ by the time they actuate 
the loud-speaker. Conse¬ 
quently the smallest particles 
of dust on the transparent 
part of the him will give rise 
to an appreciable background 
noise. In thecaseofvariable- 
density records this defect is 
minimised by giving a pre¬ 
liminary short exposure to 
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Fig. !1.]5. 


(b) 


the whole of the sound-track portion of the film. To overcome the 
same difficulty with variable-area recording it is usual to employ 
double sound-tracks, obtained by giving a mask an up and down 
movement in synchronism with the sound vibrations. The mask has a 
V or W “cut-out" as indicated in Fig. 11.16, and by this means the 
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slit is illuminated to an extent dependent upon the amplitude of 
vibration of the mask, and hence of the sound waves. The width of 
the transparent gap in the sound record is automatically controlled, 
so that at any instant it is only just broad enough to contain the 
relative variations of the contours of the vibration curves. In this 

way the effect of the presence of 
dust particles is minimised, as other¬ 
wise they would have the greatest 
effect on the weaker signals, for in 
the normal sound record these 
possess the wider gaps. 

The sound projector section of a 
sound-film unit is shown diagram- 
matically in Fig. 11.17. The motion 
of the film through the picture 
projector (not shown) is intermittent, 
each picture remaining stationary 
for 5 *^ sec. so as to produce the illusion of movement, but through 
the sound projector the film must move continuously and at exactly 
the same speed at which the sound was originally recorded or otherwise 
the pitch of the projected sound will differ from that of the original. 
Hence, for this reason, the picture and its counterpart sound-track 
are separated. 

An interesting application of sound-film technique is the speech-on- 
light signalling apparatus used by the Germans during the late 
war. The light beam is modulated after emission from the source, 
and the sending and receiving systems are combined in one apparatus, 
comprising the light source and modulating device with lens for focusing 
on the distant station, together with a photo-cell and amplifier for 
reception. By the use of an infra-red filter the risk of detection is 
lessened without any appreciable reduction of the range of communica¬ 
tion, which is of the order of five miles. 



Fig. 11.16. 



Fig. 11.17. 

Magnetic recording 

This type of recording is based on the principle of the early wireless 
magnetic detector, and in contrast to other methods, the recording 
medium, a steel wire or tape, may be used repeatedly for fresh record¬ 
ings merely by passing the tape through a constant localised magnetic 
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field to erase the record.* In recording, the output from the microphone 
receiving the sound is fed into two small electromagnets of special 
design, and the steel tape is passed between the poles of these magnets 
at a speed between 3 and 9 ft. per sec., dependent on the nature of the 
sound being recorded. By this process the tape becomes magnetised 
to varying extents and degrees along its length in accord with the 
frequencies and intensities of the sounds recorded. In the reproduction 
of the sound the steel tape is passed, at the same speed and in the same 
direction as during the recording, between the poles of two similar, 
but non-energised, electromagnets to those used in the recording. 
The small electric currents induced in the electromagnets are suitably 
amplitied and fed into the loud-speaker system. Plastic- or paper-base 
strip coated or impregnated with magnetic material is now finding 
considerable application by virtue of the ease with which it may be 
cut and spliced, thus permitting the rapid editing of unwanted parts 
of recordings. Magnetic recording is most useful in cases where 
material is required for re-broadcasting, and mention should be made 
here of another type of recording which 
has found considerable application in the 
radio broadcasting studio. In this Philips- 
Miller system, as it is called, the sound¬ 
track is cut into a layer of gelatine 
deposited on a celluloid base (Fig. 11.18), 
and as the film is moved along horizon¬ 
tally the wedge-shaped cutter vibrates up 
and down vertically in synchronism wit i 
the sound vibrations to be recorded. 

During this process a groove of varying 
width is cut in the gelatine layer, but as 
the latter is initially covered on its upper 
surface with a very thin black coating, it 
is evident that the act of cutting produces 
a transparent sound-track on a black background, which may be 
scanned in a similar way to an ordinary sound-film track. 



Tone-control systems 

The frequency response of a reproducer, e.^. a loud-speaker, may 
be modified by employing suitable electrical networks in combination 
with it. The fundamental principles applied in the design of these 
circuits are that the reactances of an electrical condenser and an 
inductance respectively decrease and increase with frequency, while a 
simple resistance exhibits no such variation. The reactance of a 
loud-speaker {S in Fig. 11.19), may be assumed to be essentially 
inductive, i.e. wZ,, where L is the self-inductance and w In is the 
frequency. Hence, if a capacitance C is connected in parallel with 
the speaker (Fig. 11.19^/), it follows that the high frequency signals 
will tend to by-pass the latter, for the capacitative reactance 1 (oC 
decreases with frequency. On the other hand, if C is included in 


* In effect the material is brought to magnetic saturation, but in American prac¬ 
tice it approaches the recording-head in a magnetically neutral condition, which is 
brought about by feeding the wipe-out head from an A C. supply of ultrasonic 
frequency, i.e. 30 Kc s. 
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series with S (Fig. 11.196), the bass part of the musical scale is reduced. 
A combined control system shows (Fig. 11.19c) that the position of the 
slider on the resistance R enables the relative degree of frequency control 
of C and the added inductance L to be widely adjustable. 



Fig. 11.19. 


Combination speakers 

The underlying principle of these instruments is the use of two 
different forms of speaker (Fig. 11.20), so that their combined output 
shows an even response over a wider frequency range than with either 
operating singly. Such a combination is that of the moving-coil 
speaker Af, which is most effective in the reproduction of frequencies 
below 2 or 3 Kc.p.s., with a piezo-electric speaker P, which by the 
incorporation of a very small series inductance, maintains a uniform 
response over the higher audio-frequencies up to about 12 Kc.p.s. 

The use of a polarising voltage (or magnetic held) in moving armature 
reproducing (or recording) systems 

If a reproducing (or recording) system is dependent for its action 
upon the attraction of a movable element by a fixed element, then 
it may be shown that unless the electrostatic or magnetic element is 
polarised appreciable distortion may result. Consider Fig. 11.21, in 
which a light plate A and a fixed plate B form the plane electrodes of 
a condenser, which possesses a resilient dielectric such as rubber. 



Fig. 11.20. 

If a D.C. potential difference is applied to the condenser, A will move 
towards By actual contact being prevented by the presence of the solid 
dielectric. The force between the plates will always be one of attraction 
for whichever plate is positively charged, hence for an alternating 
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potential difference electro-mechanical rectification will occur, for 
the movement of the armature plate A will be in the same direction in 
each half of a cycle. The frequency of this motion will, however, be 
double that of the external stimulus. 

If now a D.C. potential difference is applied permanently to the 
condenser, i.e. it is polarised, then an application of an alternating 
potential difference will produce a 
variation in the magnitude of the 
attractive force about the steady value 
due to the polarising P.D., and the 
frequency of this variation will be 
the same as that of the alternating 
supply (see Fig. 11.13). The above 
reasoning will also apply to the case 
of a soft-iron armature and electromagnet system (Figs. 11.22 and 
11.23), as in a telephone receiver, the polarising agent being either a 
permanent magnet, or a separate winding on the electromagnet to 
carry a direct current. Fig. 11.22 shows that fora non-polarised 
soft-iron diaphragm a rarefaction is produced whenever it approaches 
its extreme deflected position, which is twice per cycle of alternating 
current. In the case of the polarised diaphragm, however, there are 
two symmetrical extreme deflected positions on either side of the rest 
position, the approach to one obviously giving rise to a compression, 
and to the other a rarefaction, and this occurs once per cycle of 
alternating current. 

The above problem may be investigated theoretically as follows, 
the treatment is only approximate, but the same argument is applicable 
to both electrostatic and electromagnetic reproducers (or recorders). 


To 

Externsl 
Supply 


A (Armature) 



Fig. 11.21. 
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Fig. 11.22. 


Fig. 11.23. 


Let <!> denote the magnetic flux (or electric charge) through the 
armature at any instant, then the puli on the armature will be 
cc<A2, say where ^ is a constant for the system. Suppose that 
this flux is due to the external stimulus in the form of an alternating 
current, e.g. a speech current /=/„, sin a>/; in the electrostatic case 
the charge on the armature will be the result of an applied P.D. 
e - e„, sin wi. Then being cc/ will be given by A7,„ sin wi] 
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where A” is a constant of the system, so that the attractive force on the 
armature is given by 

—(E£^cos2a;/ . . (84) 

If now a constant uni-directional flux be imposed on the system it 
follows that the attractive force now becomes 


or 


F'=kU,^+2^,Ki„ sin 


K^i 3 
—cos 2(i)t 



Hence it follows from (86) that the resultant force acting on the 
receiver diaphragm comprises four components, two of which, viz. 

kKi ^ 

k(t>c^ and —constant forces of attraction. The force 


2kif>cKirn sin cot is proportional to the product of the strength of the 

polarising magnets and of the instantaneous value of the current, 

whereas the last term in the expression (86) is seen to be the cause 

of distortion, having a frequency double that of the speech current. 

In order to achieve the minimum amount of distortion the importance 

of a large flux 4>c from the permanent magnet is made evident from 

r *t- I r * 1 . Amplitude of desired frequencies 

(85), for the value of the ratio *--?-j—^—o—?- 

' ^ Amplitude of undesirable frequencies 

will be very approximately given by 


Visible speech 

A sound spectrograph recently perfected by the Bell Telephone 
Laboratory shows great promise of providing a fool-proof method of 
registering every type of inflexion known to man. In brief, the complex 
sound is analysed into twelve frequency bands by means of filters, the 
outputs from which energise corresponding glow lamps arranged in 
a vertical line. The fluctuations of intensities from the lamps produce 
corresponding variations in the respective tracks “traced out'’ by the 
light beams on a revolving fluorescent screen. The different patterns 
can receive interpretation into speech, and the vast field of application 
of the apparatus is at once apparent. 
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MUSIC 

Musical scales 

The frequencies of the notes in an octave bear a definite numerical 
relationship to each other, the actual values in the major diatonic 
scale, which is the commonest, being 

Doh Ra Me Fa So La Te Doh' 

24 27 30 32 36 40 45 48 

This sequence may be conveniently generated by using a form of 
Savart's toothed wheel (Fig. 12.1), in which eight wheels are mounted 
on a common axle, each wheel being fashioned after the manner of a 
circular saw, the first having 24 equidistant teeth on its periphery, 
the second 27, and so on. The axle is rotated at a uniform speed 



P'g- 12.1. Fig. 12.2. 


of, say, 10 revolutions per second, and a card is held lightly against 
the teeth of each wheel in turn. The series of impulses obtained 
Irom each wheel is easily recognised as being in the sequence given 
above. The pitch of the scale is defined by that of Doh, termed the 
key note, which in this case is 24 x 10^240 c.p.s. 

Alternatively, a disc siren (Fig. 12.2) may be employed. It consists 
ot a single disc with equidistant holes on the circumferences of circles 

number of holes per circle ranging from 
to 48. A jet of air directed against a particular ring of holes gives 
a sequence of puffs of the required frequency when the disc is rotating 
at the necessary uniform speed. This Seebeck type of siren does not 
give rise to a very pure note, and Milne has overcome this difficulty 

so that the area of 

bv Iht s.nusoidal y with time. The sound generated 

by this improved form is remarkably free from overtones, and by 
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driving the disc with a variable-speed motor, having a suitable speed 
indicator, the pitch of the note may be directly ascertained. 

On doubling the speed of rotation of either piece of apparatus the 
frequency of the impulses is doubled for each circle, and so the sequence 
of frequencies becomes: 

D' R' F' S' V T D" 

48 54 60 64 72 80 90 96 


in which D' is the same as Doh' of the first table. The sequence is D' to 
D" as indicated, each note being the octave of the corresponding note 
of the previous table. Thus if the frequency of each note is doubled, 
the higher frequencies are increased by a greater amount than the lower, 
e.g. D to D' is an increase of 24, F to F' by 32, but the ratio of corre¬ 
sponding notes is unchanged, and, whatever the pitch, a trained ear 
should recognise the scale. The ratio between two notes is termed the 
interval; the interval between Me and Doh is that between So and 
Me is ", and that between So and Doh is f, which is equivalent to 
5 X J, i.e. the product of the first pair of intervals. The ratios and 
intervals are set out in the table, which also shows the Helmholtz 
notation and the philosophical scale, in which C is made, for con¬ 
venience, 256, i.e. 2*. 


Tonic sol-fa 
Vibration numbers 
Interval between adjacent 
notes • • «• •« 

Interval from key note .. 


Doh 

Ra 

Me 

Fa 

24 

27 

30 

32 


9 5 4 

9 4 3 


So 

La 

Te 

Doh 

36 

40 

45 

48 

1 0 

9 

1 6 


9 

i5 

5 

1 5 

2 


Philosophical scale 256 288 320 341J 384 426g 480 512 

Helmholtz scale; Key C * t> 

(Doh is key note) ..C D E F G A BU 


Notice that the vibration numbers are multiples of 2, 3 or 5. 

The intervals between adjacent notes are either ][, or The 
first two are termed major and minor tones respectively, and the 
smallest, a semitone, so that the scale is composed of tone, 

tone, semitone, tone, tone, tone, semitone. The tones are divided by 
using sharps and flats, so that there are twelve semi-tones in an 
the five whole tones being divided in a piano keyboard by the “black 
notes.” This augmented scale is termed the chromatic (“coloured ) 
scale. Other scales are the minor diatonic scales, and these are ob^med 
by reducing a major interval in a major diatonic scale by a semitone, 
e.g. if E is replaced by E flat, a minor diatonic scale is the result, and 
this is composed of tone, semitone, tone, tone, tone, tone, semitone. 

Scales arose by intuition, reasoning and chance, and are often 
characteristic of a particular race. Pythagoras introduced the scientihc 
aspect by pointing out that the ratios of the frequencies of notes which 
blended were in a simple ratio, and this gave rise to the major diatonic 
scale. This blending, or harmonising, is most satisfying if octaves 
(ratio 2), are sounded together; the same occurs with the fifth (ratio )- 
It is interesting to notice that if male and female voices are in unison, 
the males are usually an octave lower; also, that pairs of street singers 
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h^ave been found to sing in i^ths, apparently a natural thing to do. 

This IS clear when the vibration numbers are considered in relation 

to the overtone, common to the key note and the other notes in the 
octave. 


Vibration number 24 27 


Relative frequency 
of common over¬ 
tone .. — 216 


30 32 36 40 45 48 


120 % 72 120 360 48 


Overtone in octaves 


9 


5 


4 


3 


5 





It will be seen that the order of simplicity is: octave, 5th, 4th, 6th 

and 3rd, 2nd, 7th. Actually the 2nd and 7th are discordant. * The 

intervals between notes are expressed in music in this way, the range 

C to E being termed a major third to distinguish it from C to E Oat, 

which is a minor third. The harmonic scale is mentioned later in this 
chapter (p. 212). 

Yet another scale is the pentatonic, a five-note scale, which in key C 

consists of C, D, E, G, A, C'; F and B are omitted, so this scale is 

composed of tone, tone, tone and a half, tone, tone and a half. This 

IS a scale natural to somewhat primitive peoples. Its intervals coincide 

ihe black notes of a piano, which may be used to play the tune 

of the hymn “There is a happy land," which is actually a melody of 

an Indian hill tribe. Bagpipe music resembles pentatonic music in so 

lar as some of it can be played on the black notes, e.g. “Auld Lang 

byne ’ and “The Campbells are coming,” but the two scales are 
distinct. 


Musical instruments 

These may be classified under the headings: (</) percussion, (b) wind 
and (c) strings. 

(a) Percussion instruments are either tuned (bell, triangle, kettle¬ 
drum) or untuned (big drum, side-drum, bones). 


(b) Wind instruments are blown mainly by expired air, and the 
means of initiating and maintaining the vibrations are by the lips (bugle, 
posthorn, cornet, trombone), and reeds (clarinet, saxophone, bagpipes* 
reed organ pipe). The flute organ pipe and the ordinary tube blown 
across the end {e.g, a hollow key) are classified as simple tubes. 

(c) Strings are plucked (harp, harpsichord), bowed (violin), hammered 
^P'^^o^^orte) or blown (aeolian harp). 

Of these instruments, only the violin family (including the mandolin, 
w 2 nd the trombone can give an unlimited number of notes 

in fh” r respective ranges, for the length of the vibrating string 
th 2 nd of the air column in the latter, are controlled by 

ne player, whereas in the other stringed instruments each of tiie 

e\ih ^ length, and the remaining wind instruments have 

length ^ resonant length (bugle), or a series of fixed resonant 

hnite; controlled by depressing pistons (cornet), or covering 

oles m the side of the tube (piccolo, saxophone). 

W.M.S—14 
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This restriction to particular notes presents a serious handicap in 
the case of the instruments in an orchestra. This handicap will be 
discussed with reference to the pianoforte, but the discussion applies 
to all instruments which have a fixed range of notes in the diatonic 
scale. If a composer writes in the key of C, C is Doh, but if he changes 
to key E, E is Doh, and the other notes in the octave must have 
frequencies which conform to the ratio 24, 27, 30, etc. This means 
that, in the scientific scale, as the frequency of E is 320 c.p.s., the 
values of those from A to E' must be as given in the first line of figures 
below: 

^ B C D E F G d D* 

2163 240 266^7 300 320 360 400 426 7 480 5333 600 640 

2163 240 256 2SB 320 3413 384 426-7 480 512 576 640 

U"u U*U*U*LJ U*U*U 


The lower line of figuresgives the actual frequencies, and although these 
are modified by the use of sharps, or black notes, they are not true. The 
trouble is due to the existence of major and minor intervals, and if a 
piano were constructed to cope with this, some 50 keys per octave 
would be necessary. This is impracticable, and the difficulty is removed, 
practically, by compromise. This is achieved by arranging the intervals 
between adjacent semitones to be equal, and the scale is then said to be 
tempered, and is termed the scale of equal temperament. Tempering 
is usually attributed to Bach, although there is evidence to show that 
it was suggested by Aristoxinus, 300 b.c. 

The relative frequencies in this scale may be deduced as follows: 

Let the notes in an octave, including semitones, have frequencies 
represented by AT, L, A/, ..., K, W respectively. As the intervals are 
L M N V W 

equal, — semitone interval. Multi¬ 

plying these fractions together eliminates all symbols but W and K, 
thus there are twelve semitone intervals. As W is the 

w 

octave of AT, ^=2, i.e. or /7=1 0595, and the full tone interval 

is p'^^\-\2. 

The frequencies in the two scales in key C, and the intervals in each 
are shown in the table: 


Note 


Diatonic 


Interval 


C 


256 


D 


288 



320 341-3 384 426-7 480 


C 


512 



M25 Ml 1067 1125 Ml M25 1067 1125 Ml 


^Te^'ramTnT' ^ ^ 341-7 383-6 430 6 | 483 512 


Inten/al 



645 



M2 

1 06 

M2 

M2 

M2 

1 06 

M2 
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It will be seen that the frequencies are practically the same in each 
case for each of the octaves has an interval of 2, so that, whatever 
key is used, the intervals are the same. Hence, by tuning pianos 
and other fixed-note instruments to mean-tone temperament and so 
sacrificing accurate tuning, the difficulties which would occur when 
transposing from one key to another are overcome. However, 
orchestras may “wander” in the course of a concert to the extent of 
one per cent, in frequency, and as the instruments themselves may not 
agree after having been played for some time, any discrepancy caused 
by tempering is not usually noticeable. In passing, it may be noted 
that the “tootling” in an orchestra that precedes a concert is necessary 
as it warms the instruments to the temperature at which they will be 
required to play, for as the velocity of sound in air increases with 
temperature, the frequency rises likewise 
in tubes of fixed length. 

Frequencies quoted above are based on 
the philosophical pitch of C, 256 c.p.s., 
and A is thus 426*7 c.p.s. Since the days 
of the early master composers the gradual 
rise in the standard of pitch was becoming 
a serious problem, for example at one 
period in the last century a pitch of 467 
c.p.s. for A was being used by the London 
Philharmonic Orchestra. However, musi¬ 
cal pitch was standardised at 440 c.p.s. 
for A at an international conference in 
London, May 1939, and this frequency Fig. 12 . 3 . 

is now broadcast daily by the Bureau of 

Standards, Washington, U.S.A. It is appropriate to mention here 
that pitch is concerned with the position of a note in a musical scale, 
and so the judgment of the pitch of a note is essentially physiological. 
That a small difference in the numerical value of the pitch and the 
frequency of a note may exist is therefore not surprising. 



Brief details of instruments 


(a) Percussion. The bell is an important member of this family, 
and its mode of vibration in an axial cross-section can be likened to 
that of a tuning-fork. In a similar section at right angles, the vibrations 
are 180 out of phase with the former, as the cross-section of the 
circular plan of the vibrating bell is made to assume an elliptical shape 
as shown in Fig. 12.3. 

The doited lines T, T indicate the limits of motion, and the full 
curve the plan of the bell before striking. The points R where the 
curves cross, indicate nodes. Bells are made of a special alloy consist¬ 
ing of 4 parts of tin to 13 of copper, by weight, and they are tuned 
by machining the waist. 


Chladm s work, and its modern treatment by Waller (p. 90), show the 
dillerent modes of vibration that are possible in a vibrating plate 
lixcd at Its centre, and how the point of excitation decides the position 
ol radial and circular nodal lines. In a similar way the modes of 
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vibration in a bell are influenced by the point of impact of the clapper 
and by variation in the thickness of the material. 

In general, the different partials of a bell form a non-harmonic 
series, and it is therefore surprising that an agreeable tone should be 
forthcoming. The makers define the pitch of a bell by the so-called 
“strike” note, which is very prominent on striking but dies away 
rapidly, and it corresponds to the component of highest pitch. An 
installation of bells chosen to give chromatic intervals and which may 
be struck from a keyboard is called a carillon. 

(b) Wind instruments. The flue organ pipe is an example of a 
simple tube instrument. It is, in effect, a resonating column of 
air with a source of vibration much as that described in Chapter 9, 
in which the vibrations are maintained by a tuning-fork, but at this 
point the resemblance ceases. The reason for this is that the organ 
pipe is an example of coupled vibrations, the components being the 
natural vibration of the column of air in the tube, and the natural 
vibrations of the jet of air in the mouth. When these are in agree¬ 
ment, the pipe is in tune, but when somewhat out of agreement a 
compromise occurs which results in a frequency between those of the 
components. For example, if the natural frequency of the pipe is 
300, and that of the jet 290, they “couple” to give a frequency of 
about 295 c.p.s. This subject of coupled vibrations is discussed more 
fully in the Appendix. 

The posthorn resembles an organ pipe, but the vibrations are caused 
by the air blown through the pursed lips of the player; by altering 
the blowing pressure and the tension in the lips, different frequencies 
can be produced, and any of the harmonics which fit the pipe can be 
elicited. The bell-shape (flare) of the wide end tends to eliminate the 
end-correction which is present in a uniform tube, and so the over¬ 
tones harmonise with the fundamental, giving rise to the harmonic 
scale. This scale is one in which the wave-lengths of the notes are in 
the ratio of 1 : ^ : |, etc., and it is the characteristic feature of 

the music of bugle bands and trumpet calls. Expressed as the raUo 
of frequencies the scale will be 24 : 48 : 72 : 96 : 120, etc., e.g. C, C» 
G', C”, E". The effective length {i.e. of the air column) can be altered 
in a trumpet by means of pistons which, when depressed, bring extra 
branches of the tube into use, and thus make other sets of harmonic 
scales available, and so the complete scale is possible. 

In the reed type of instrument, the player’s lips are replaced by a 
reed, which vibrates when blown (saxophone) or, in the organ pipe* 
the familiar mouth is replaced by a reed which can be tuned (reed- 
pipe). The latter is described in the section on organ pipes. 

(c) Stringed instruments. The motion of a vibrating string is usually 
of large amplitude, but as the vibrating surface is small, the damping, 
and hence also the rate of loss of energy, are both small. In a stringed 
instrument, however, the strings pass over a wooden bridge standing 
on the body of the instrument; this bridge communicates the vibrations 
of the string to the body. The vibrations of the latter set a large 
volume of air into motion and so increases the audibility of the string 
note (cf. p. 85). The air within the instrument is also set into vibration 
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through the movement of the body, and exercises an influence upon 
the quality of the note. The subject, however, is imperfectly under¬ 
stood; the qualities’* of each of two apparently identical instruments 

are not necessarily the same, and, at the moment, no satisfactory 
explanation has been given. 

In the piano the back (sound-board), vibrates and acts in a manner 
similar to a table on which a tuning-fork is standing. 

The total force exerted by the tensions of the strings of a piano 
amounts to about 10 tons. 

The quality of instrumental sound is determined by the relative 
strengths of the overtones present, the higher overtones being respon¬ 
sible for brilliance and the lower ones for richness. This is noticeable 
m the violin family, the contrast between the violin and the double 
bass being particularly marked. The effect of “muting” a violin is to 
render the upper harmonics inaudible and the lower ones less intense, 
and thus to give rise to a subdued tone. The mute—a three-pronged 
clip attached to the bridge between the strings—loads the bridge and 
thereby reduces the amplitudes of vibration. 

The violin bow, so named after the original shape, maintains the 
string in vibration by what has been termed slip-stick action; actually 
it is a type of relaxation oscillation (see Appendix 6). The velocity of 
the string is much larger when moving against the bow than in the 
forward direction with it, and since the smaller the relative velocity 
the larger the coefficient of solid friction, then excess of work done 
by the bow over that done by the string against it forms the source 
of energy for the maintenance of the oscillations. If the string coin¬ 
cides with the natural frequency of the air in the belly of the violin, 
then the supply of energy may not be sufficient to make up the increased 
demand for maintenance, and the octave becomes predominant in the 
vibration of the string. The free vibration of the belly will now die 
out since it is no longer in resonance, and consequently when the bow 
takes command again the cycle will repeat itself, and its continued 
repetition gives rise to a beating tone, known as the wolf note. Raman 
and Backhaus have worked on this subject, and more recently Vollmer, 
and the latter has established (in the case of the violoncello) that the 
wolf note is the beat note between the coupled vibration of the string 
and the “wood” of the instrument. Vollmer draws an interesting 
analogy between the violoncello and a valve transmitter, the “feed¬ 
back” in the electrical circuit being compared with the bow-pressure 
on the ’cello. The discussion of the coupling and damping in the two 
y^stems leads to suggestions on how the wolf note may be eliminated, 
by correct damping of the body of the instrument. 


Vortex formation 

Whenever a stream of Huid (liquid or gas) is flowing at an appreciable 
velocity with respect to the surrounding medium then a region of low 
pressure is created in its immediate neighbourhood, and conversely a 
high pressure regmn is located where the velocity is small. This effect 

rfoimta ^ ('>• table-tennis) ball on to 

^ become “supported” 

by the jet, any tendency for it to move out of the stream being resisted. 
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due to the greater pressure outside of the main jet compared with 
that in the immediate neighbourhood of the fluid. Again, when a 
golf-ball is hit with an inclined club-face, a rotation is imparted to the 
ball in addition to a translational velocity; consequently the opposite 
sides of a diameter of the ball, perpendicular to the direction of flight, 
will possess different relative velocities with respect to the air. It 



Fig. 12.4. Richards. Phil. Trutis. A. 


follows that a resultant sideways pressure is exerted on the ball causing 
it to “duck” or “rise,” or be “pulled” or “sliced,” according to the 
axis of and direction of spin. 

If instead of a rotating solid body a cylindrical portion of the fluid 
medium is rotating with uniform angular velocity in the midst of the 
surrounding fluid, which has only a translational motion, then this 
cylinder of rotating fluid is termed a vorte.x filament. Such vortices, 
eddies, or whirls may be observed whenever a fast-flowing stream of 
water encounters a rock or similar obstruction, or alternatively when 
an object such as a ship is moving through still water innumerable 
eddies will be noted astern. Fig. 12.4 shows the regular procession 
of eddies in the wake of an obstacle drawn through still water, the 
motion of which was rendered visible by light diffused from minute 
drops of milk suspended in alcohol and carefully introduced in the 

^ o o o o , 


c; 

Fig. 12.5. 


c; 


pencil 


stream. Karman showed theoretically that there is one stable arrange¬ 
ment of vortices behind a steadily moving cylinder such that the eddies 
are formed on the two sides of the obstacle in turn, as shown in the 
photograph (Fig. 12.4).* Such a system of vortices is usually known 
as a Karman “street,” and as shown diagrammatically in Fig- 12-5 
the vortices on the opposite sides of the street are staggered and rotate 

* According to Levy and Forsdyke a symmetrical (unstable) system of vortices is 
formed for low values (30 to 70) of Reynold's number. 
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in opposite senses. This latter property is made evident by the lateral 
vibrations felt when a pencil, held in the hand, is drawn through the 
liquid. If /i is the distance between successive vortices on one side of 
the Karman street, and / is the distance between the lines of the 
centres of the vortices on opposite sides of the street, then Karman 
showed that the equation governing this stable arrangement was 

cosh V 2, which reduces to the form h -- 0-283/. It may be noted 

that if the rear part of the cylindrical body is “tailed-off"’ there is a 
considerable reduction in the eddy formation, and hence a much- 
reduced resistance to the motion of the body: this effect indicates the 
purpose of the stream-lining of fast moving air, land, or sea transport. 
The whole system of vortices in the Karman “street" follows the 
motion of the obstacle, but only at a fraction of Its speed. 

When a stream of air is flowing with sufficient velocity past a 
stretched wire, vortices are formed in the air alternately on opposite 
sides of the wire. It follows that alternations of pressure will arise 
and cause the wire to vibrate transversely to the air stream. 


Aeolian tones 

When air is streaming past a wire a double scries of vortices revolving 
in opposite directions is set up on alternate sides of the wire. The 
periodic production and detachment of these eddies, which are carried 
along by the stream, produce an alternating transverse force on the 
wire. If the air flow and wire dimensions are correctly adjusted these 
pressure fluctuations will give rise to an audible note. Slronhal 
rotated a vertical wire stretched on a frame about an axis parallel to 
the wire so that the latter continuously described the curved surface 
of a cylinder. He found that the frequency N of the note produced 
was related only to the relative velocity V of the wire through the air 

and the diameter d of the wire, and was such that - 0-19 approx. 


The absence of terms involving the tension T, the mass m per cm. of 
the wire, and its clamped Jenglh / is to be noted, but if these quantities 

1 ' T 

are such that n- v/- then a considerable enhancement of the 

sound will occur and similarly the response will be greater for the 
harmonics of the wire. These effects are similar if the obstacle is 
stationary and the air is streaming past, and wind blowing (whistling) 
past telephone wires is a typical example of these aeolian notes as 
they are termed. The flapping of a flag in the breeze, the swish of a 
cane through the air, and the moaning of the winds in the woods are 
other everyday examples of the phenomenon. The aeolian harp is of 
ancient origin and founded upon the effect just discussed, but it is 
not a serious musical instrument. It comprises a series of short wires 
under the same tension stretched across an aperture exposed to the 
moving of an air stream. The probability of a wire resonance for any 
given air speed is enhanced by making the wires of different diameters 
Sensitive fiames are jets issuing from a small nozzle under a con¬ 
trolled and initial pressure, which by their periodic changes of length 
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under the influence of sound waves were greatly used at one time as 
detectors, e.g. of a standing wave system. G. B. Brown has recently 
worked with these flames using a constant tone oscillator and loud¬ 
speaker as the sound source, and obtained some beautiful photographs 
of vortices passing up smoke jets issuing from linear slits. The 
Rayleigh relation that the velocity of vortices is one-half that of the 
jet was found not to hold for the shorter slits. Professor Andrade* 
has shown that the jet is unresponsive if the sound is directed along 
its length, and concludes that its sensitivity is due to a relative transverse 
motion of the jet and the surrounding medium. 


Edge tones 

Vortices are formed in a similar manner when a jet of air is forced 
through a slit. If a wedge is placed in the stream with its edge parallel 
to and facing the slit, however, a complication arises, for the spacing 
of the vortices is governed by the distance between the slit and the 
wedge. This is shown in Fig. \2.6a —as one vortex passes the lip, a 
second appears at the slit, and on the same side of the stream. By 
decreasing the distance, the number of vortices generated per second 



o 

0 


Fig. 12.6. 




increases, and this causes a rise in the frequency of the “whistle” or 
edge-tone, as it is called. Alternatively, an increase in the velocity 
of the jet produces a rise in frequency. There is a minimum distance 
for the production of sound, but if the distance be increased, the 
vortex system is "stretched” until it becomes unstable, breaks down, 
and rearranges as in Fig. \2.6b, giving rise to a higher note. By 
increasing both distance and velocity, the frequency can be main¬ 
tained constant, for the relationship between the velocity v, frequency//, 
and distance from slit to edge h, is closely represented by the expression: 
v/«//=constant when stable; the magnitude of the constant is governed 
largely by the dimensions of the slit, and the angle of the wedge appears 
to have little effect up to about 30°. 


Flute (or flue) organ pipes 

When a stream of air from a wind chest (at a pressure of approx. 
0-5 Ib. per sq. in.) strikes the lip of an organ pipe a series of eddies, 
or vortices, are formed. In turn these give rise to pressure pulses of 
a fairly well-defined frequency, the pitch of the faint “edge-tone 

* See “The Sensitive Flame” by E. N. da C. Andrade, Guthrie Lecture in Proc. 
Phys.Soc., 53, 329, 1941. 
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(4) 


(5) 

fig. 12.7 


( 6 ) 


Drawings by Carrierc showing eddies formed at the lip of a Hue organ-pipe at 
successive intervals ol approximately one sixth of a period (fraciiona lues aa* 
marked on the drawing). The pipes are to the right of eaerdrawm^ 
smoke Wtis used lo render visible the motion of the air 
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produced rising with the speed of the escaping air-jet. Should this 
frequency coincide with the fundamental or overtone of the air in the 
pipe then resonance takes the place and the pipe will be said to “ speak.” 
The presence of a procession of eddies was first observed by Carriere 
by utilising stroboscopic illumination and the changed density of moist 
air near the edge. Fig. 12.7, due to him, shows the development and 
progress of these eddies during a complete vibration of the pipe. 
The alternate vortices produce pressure changes of opposite signs, 
and so a complete cycle takes place during the time vortex (I) takes 
to replace vortex (2) (Fig. 12.6^?). The translational velocity of the 


vortices is one-half that of the air-jet, i.e. ~, therefore the period of 


Tunmq 

Top ^ 


I h 


the note -= 
n 




Stop 



or 


nh 


= 2 . 




The tuning (Fig. 12.8) of such a pipe is 
performed by adjustment of the height of the 
mouth (termed "cut-up” by the organ 
builder), and also of the effective length of 
the pipe. The first process is known 
as "voicing.” The length of the pipe, if 
stopped, is altered by moving the stop. If 
the pipe is open, its note can be "flattened * 
by partly shading it with an additional piece 
of metal left at the open end for this purpose. 
Frequently the open pipe is fitted with a tightly fitting sleeve at the end, 
by which the length may be changed. The end-correction at the 
mouth may amount to as much as three times the radius of the pipe. 

The majority of pipes are made of tin, zinc, or some soft alloy, 
but wood is often used for the largest pipes. Miller, in the case of the 
flute, made an exhaustive investigation of the effect of the material of 
the instrument upon the harmonic content of its tones. The density 
and elasticity of the material are both involved, and Miller found that 
wooden flutes have fewer harmonics than metal ones. 

The tonal qualities of an organ pipe can be modified by altering 
various constructional features such as the ratio of diameter to length 
of pipe, contour of the lip, and the shape of the pipe. Fig. 12.9 shows 
how the harmonic content is altered in respect of two particular stops, 
as they are termed. 

The possible modes of vibration of a pipe have been discussed m 
Chapter 9, in which the wave-length of the first overtone of a closed 
pipe is shown to be one-third that of its fundamental, whereas the 
wave-length of the first overtone of an open pipe is one-half the wave¬ 
length of its fundamental, etc. The diagrams in Fig. 12.10 show that 
a similar relationship exists between open and stopped organ pipe^ 
The difference in quality between the tones from a stopped pipe and 
an open pipe of the same frequency is due to this difference, i.e. the 
even harmonics are missing in the stopped pipe. 
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Reed pipes 

A tongue or reed of flexible metal (Fig. 12.11) is fixed at one end to 
cover, but not close, a rectangular aperture through which air is blown. 
This wind displaces the reed which closes the aperture and thus 
interrupts the flow of air, but the reed springs back again, allowing 
more air to pass. In this way a series of puffs is generated at the 
required frequency. The air column is usually conical. The effective 
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Fig. 12.9. Wave-forms and Spectra of Organ 

Tones (Culver). 

(£/) Viola d’orchestre. (b) Open Diapason. 



Fig. 12.10. 



length of the reed is altered by means of the wire iV, which enables 
the pipe to be tuned. 


Effect of a change of temperature on frequency 
(a) Organ pipe. The velocity of sound in air increases with tern- 

and“r«r,he“f the wave-length of a pipe is governed by its length, 
and the frequency is proportional to the velocity (ihe increase 
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in the pipe itself is neglected), hence the ratios at f C. and 0° C. 


are 



approx. 


In a pianoforte, however, the tension of the wires diminishes with 
the tendency to increase in length with temperature, so that the pitch 

tends to fall in a piano, but to rise in an organ with increase of 
temperature. 


(b) Tuning-fork. Now the frequency of transverse vibrations of a 




7r/2 


.tn 


where £ is Young’s modulus, and p the density of the material; k is 
the radius of gyration of the bar, whose length is /, while /n is a con¬ 
stant factor depending on the particular mode of vibration excited. 
Thus denoting the frequencies of vibration at Of C. and Of C. by «o and 


III respectively, it follows that where the suffixes 

no ^ Eq ^ Pi ko li^ 

0 and 1 refer to values of the factors at the appropriate temperatures. 
But A:ccr, the thickness of bar in the direction of vibration, 


therefore 


ki lo^_ 1 

where a is the coefficient of linear expansion of the material. 


Furthermore I -j-3a(^i— 

Pi 

and hence it follows that 




i.e. approx., 

where ^ is the temperature coefficient of Young’s modulus. For 
steel —2x10'** and a=^+lxl0“®, hence it is evident that the 

change of frequency with temperature of a tuning-fork is primarily 
dependent upon the variation of Young’s modulus of steel. 
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CHAPTER 13 


FORCED VIBRATIONS AND ACOUSTICAL MEASUREMENTS 


Forced vibrations 

A free vibration is maintained solely by the energy stored up in the 
system at the commencement of the vibration, and owing to the 
inevitable presence of damping, however small, the amplitude will 
gradually decay with time. Consequently in order to maintain a 
constant amplitude, energy must be continually supplied to the system 
so as to overcome the effect of frictional resistance, and if the external 
agency of energy supply is in the nature of a periodic force, the system 
IS said to be in a state deforced vibration. This driving force in the 
case of sound reproducing apparatus will be of electromagnetic origin 
whereas in recording or acoustic measuring apparatus it will be the fluc- 
tuating pressure acting on the diaphragm of the receiving instrument 
11 M is the mass of the vibrating system, S the elastic restoring 
torce per unit displacement, R the frictional resistance per unit velocity 
and F sin// is the applied periodic force, then the equation of motion is 

A/>:+F.v-l-5';r=Fsin//.( 1 ) 

where x denotes the displacement at any time /. 

This equation implies that if the motion is restricted to small 
amplitudes and velocities, the elastic and resistance forces may be 
taken as proportional to the displacement and velocity respectively. 
The complete solution of equation (1) comprises two terms, known 
respectively as the complementary function and the particular integral 
The complementary function is the solution of the equation for 
the damped free vibration, A/.v-fFjc+^.v^O, and is given by (App 2) 


x=Ae 2«'sin(\/^ 


4A/'2 ■ ' “ 



for the case where 



The natural frequency of the system, 


when R is small, is given by «=£=^ \/and the rate of decay of 

the free vibrations is expressed by the logarithmic decrement which 

is defined by S —log and are successive amplitudes 

on the same side of the equilibrium position, i.e. the zero, of the system 
( ig. 13.1). These amplitudes will correspond to maximum values 

of the expression (2), and are accurately deduced by equating —=o, 

which leads to the condition that 


tan 


^ R^\i 
M 4MV 
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In most practical cases, however, the times at which these peaks 
occur are only slightly earlier than the times at which the curve 

x=Ae~ is tangential to the curve representing equation (2). These 
tangencies obviously occur at the values of t obtained by equating 


5 

M 


4M2 


sin corresponding values of x are 

usually taken as approximating to the amplitudes of the free vibration. 
Fig, 13.2a shows the usual practical case of small damping, where 
the period of the vibration approximates to that of the undamped 

T ST 

free vibration (Fq), and the tangency points etc., approximate, 


with sufficient accuracy, to the successive values of In the case 
of large damping, however, as shown in Fig. 13.2^», there is an appreci¬ 
able disparity in the values of Tm and the times corresponding to the 



Fig. 13.1. 


T ST , IfS 

tangency points^, -^etc,,whereTnowassumesavalue2rr^ 

which no longer approximates to the undamped free vibration period 

Tq=2tt j effect of damping in increasing the period, and 

decreasing the amplitude, of the motion is emphasised in Fig- 13jl. 
The degree of damping of a mechanical system may be expressed oy 
means of the logarithmic decrement (8), defined by 


* S=log,.^= log,. 

fl-l 


R TR 

e 2W'" 

- - -log,, e 2A/ 


(3) 


* If 8 is defined in terms of successive amplitudes on opposite sides of the 
equilibrium position, 8 = 7"/? 4M. 
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where X„ and are successive maximum displacements on the 
same side of the zero position of the system. The above expression 


for very small values of 8 may be written as 

^ ) 1 ’ 

alternative method of deducing the logarith 

decrement is given on p. 225. 


or 

mic 



Fig. 13.2. 




x~ 


M 

sin//—2y/cos//] 


= Bsin(//-/3) . . 


(4) 
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where 


and 


CO 


2-*^ O fan ft— M 

2y-^,tan^ (co2-/2y 


B= 


M 

£ 

M 


[(co2_/2)2+4yy=*]i • 

The complete solution of equation (1) is therefore 


x=Ae 2 M 


w 


-\-B sin 


/r—tan 


-1 


s 

M 

4m^' 

r 

Af 


J-a) 




... (5) 


Hence it follows that when the force Fsxnft is first applied the ensmng 
motion is complicated, and is a combination of two harmonic mono 
of, in general, different frequencies. The first term as its usual d«ig- 
nation of “transient” denotes, dies out quite rapidly even with sma 
damping, and the motion then assumes the steady state ^ 

the second term of the solution (5). This term represents a S.H.M. 
constant amplitude, and of frequency equal to that of the an b 
force, and it may be re-written as 


x= 




sin (ft—P) 




r sin (ft—P)y 


or 


.v^^.sin ift — P) 


. . ( 6 ) 


where Z-[(^-A//)%/?2]^s known as the mechanical impedance 

of the vibrating system. _ 

It is sometimes more convenient to plot an amplitude-ratio 

frequency-ratio (r) curve (Fig. 13.3), where G is defined by * 


are the respective displacement-amplitudes at a given frequency 
^ and at zero frequency {i.e. the static displacement), due to appli® 
forces of the same amplitude. The frequency ratio is defined by 
v=-, and will be equal to unity at resonance, when the appli 
frequency is identical with the natural frequency of the system. 




PHASE AND ENERGY RELATIONS 

Now from (6) it follows that 
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G= 
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(7) 


since 


Oi 


2 _ 


M' 


Hence at resonance G has a maximum value G^y, where G^^= 


1 


/^y 

\SM r 


If Vj and ^2 src the frequency-ratios corresponding to values of 

^3.3), then it can be shown that for small values 

of damping the log. dec. (S) of the system is given by 



Phase and energy relations of a forced vibration in the steady state 

From equation (6) it is seen that the displacement x: lags behind 
the exciting force Fsin ft by the angle 






W.M.S.--15 
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From the above expressions and for a given value of R, it follows that 

TT 

(i) if /<ai, p lies between 0 and 

(ii) if /=to, /3=|, and 

77 

(iii) if/>w, p lies between ^ and tt. 

Hence, as the exciting frequency (/) is varied the driven (or excited) 
system will respond so that, at any instant, the displacement lags 
behind the applied force by the angle p, which varies in the manner 
shown in Fig. 13.4. When R is very small the phase angle p is 
practically zero for all values of /<aj, but at/=a» there is a sudden 
phase change of tt, and p—ir for all values of At these higher 

frequencies, therefore, it means that the system executing forced 
vibrations moves in the direction opposite to the applied force. It is 



Fig. 13.4. 


to be noted from Fig. 13.4 that P=^ at resonance for all values of 

damping, and hence from (6) the expressions for the displacement and 
velocity become respectively:— 




cos Ojt 



and 



F ( 7t\ F . , 



An immediate deduction from these results is that at resonance 
the velocity of the driven system is in phase, but the displacement is 

in quadrature {i.e. ^ out of phase), with the applied force. The 

significance of these phase changes is rendered more evident 
considering the energy of the system, but the interpretation . 
motion in terms of rotating vectors will be first undertaken as provioi g 
a good insight into the forces operating during the motion. 
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Since a S.H.M. of a vibrating particle may be represented by the 
projection of the extremity of a rotating vector [of length proportional 
to the amplitude (A') of the motion] upon a fixed axis through the centre 
ot rotation, it follows that its velocity (fX) and acceleration (f^X) 
may be represented likewise as shown in Fig. 13.5^. The corresponding 
mrce-vector diagram for a damped harmonic motion is shown in 
rig. 13.5o, the direction of the forces being such as to resist the motion. 



fx 

V 

SX 


f’" 

\ , 

(a) 

Px 


‘ * w 

X 

Fig. 13.5. 


~MPX 


f<a) 


\RfK 


(b) 


The diagram refers to the case when/<aj so that, since SX=Mui^X 
r restoring force SX will be greater than the inertia 

torce MJ X. Such a system will not be maintained, unless an external 
lorce is applied which has resolved components to balance both the 
damping force and the excess of the restoring over the inertia force 
i.e. the driving force F must be represented by a rotating vector whose 
magnitude F and phase angle p, with respect to the displacement X 
will be given by the force polygon of Fig. 13.6^. At resonance 
and therefore SX^M<u^X, so that the applied periodic force F has 
only to balance the damping force Ru>X, i.e. the phase angle at 



resonance will be ^ as already shown analytically. When the 

frequency of the driver is greater than the natural frequency 

of the system it is easily deduced that ^ lies between ^ and tt (see 
Fig. 13.7). - 
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Rate of energy supply to driven system 
In the steady state at any given time / the work done by the driver 
on the system, when it moves through a distance dx is given by 

dW={Fs\nft)dx .(11) 

If this displacement takes place in a time dt sec., then from (6) it 
follows that 


dW={Fsmft).^^.dt 


( 12 ) 


=(Fsin//).2COs (//—.... 

The rate of energy supply is therefore 

.... 

This expression (13) is analogous to the electrical formula for the 
power expended in an alternating current circuit, of supply frequency 


(13) 



The average rate of energy supply, I® driven system is therefore 

given from (13) by the average value, over a complete cycle, of 

^ sin ft cos (//■—^3), 

i.e, the average value of ^ [(sin ft cos ft) cos ^-f-sin^// sin p]. 


Hence 


dW F^ I . o 

_Ff ^ 

~Z 2Z 


(14) 


(15) 
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Since 


sin (8) 


Alternatively, since the amplitude (A^ of the motion is given by the 
maximum value of the displacement (x), it follows from (6) that 

JX re-written as 

^-\rPX^ .(16) 

Expression (16), it should be noted, is analogous to that giving 
the power P expended in an electrical resistance R by an alternating 

current of peak value ^ the amplitude of the alternating 

potential applied to the circuit of total impedance Z. This electrical 
expression is 

where is the root mean square value of the current. In the 

mechanical problem the energy supplied by the driver is used to over¬ 
come the frictional resistance opposing the motion of the driven 

system, and the rate of working against the frictional force R.~ will 
f / (i\\ \ 2 

be P= , ~dt, i.e. , since ^/.v is the displacement during 

^ ^ow the kinetic energy of the system at any instant / 

will be given by 

.(‘7) 

and the average value over a whole period will be 


Hence the average power P^rI^Y =2^ from (, 7 ) 

xut/ average ^ 

p_2R M(F\^ ^ dIFY 

M’ 4\z) ~2'”VZ/ »identical with the average rate 

of energy supply from the driver, as given by expression (15). It 
follows, therefore, that the amplitude and phase of the driven system 
become so adjusted that the energy lost per cycle by friction (and 

as thermal energy within the system) is exactly 
equal to that supplied per cycle by the driver 

Of’^h! by the product 

of the average rate of energy^ supply times the period of vib^ration, 

=f.i(sin^)x^ 

—sin ^ or TrfZsin ^ . . . . (ig) 
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r 

since the amplitude ^=y 2 ,’ complete absence of damping 

the energy supply would be zero {fi=0 or tt), except at resonance 
when energy would be absorbed in building up an infinitely 
large amplitude of motion. 


Forced vibrations and mechanical acoustical systems 

Now any acoustical instrument or apparatus may be regarded as 
a combination of the acoustical elements Af, R and S, in an analogous 
manner to the combination of the corresponding elements L, R and C 
of an electrical circuit. As an example, consider the diaphragm of 
a telephone receiver in which the external force is supplied by the 
alternating excess pressure, p=/?o sin ft, of the impinging sound waves. 
Then, provided the dimensions of the diaphragm are small compared 
with the length of the sound waves, the resulting displacement at any 
point (from 6) will be given by 


_PoA 

fZ 


sin (ft-P) 


and the corresponding velocity by 




cos (ft-p) 



where /l=area of the diaphragm. The mechanical impedance Z 
of the vibrating system is given by -\-R J\ the term 

— being known as the mechanical reactance. 


In the case of sustained periodic sounds it is only the frequency 
characteristic which is important, and so it is the magnitude and not 
the phase of the displacement which is concerned. The amplitude (X) 
of the displacement (from 6) is given by the following alternative 
expressions:— 



_ 

[(5—A//2)2-h/*/?2]l 


(2\a) 




Amplitude-frequency characteristics 

The variation of amplitude with frequency is ascertained by differen¬ 
tiating (21^) with respect to / ‘ * 


obtained is 4/^—2/1j 


and equating to zero. The result 
=0. i.e./=0 or/=[c«=-i(^)7- 
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The value corresponds to a maximum amplitude 

of vibration, while at /=0 the amplitude is a minimum and equal to 

This quantity will represent the static displacement of 

o o 

the system, due to the application of the force p^A . The displacement 
will also approach a minimum value as /increases indefinitely above 
By substituting the value of in equation (21fl) the corresponding 


amplitude (Fig. 13.8) is seen to be 




IM \2^ 




4* 


The factor 



which occurs in the denominator of this expression is the decay 


factor which determines the rate of disappearance of the transient 
term in a forced vibration (p. 224); in the curve under discussion it is 
a measure of the sharpness of the peak of the characteristic. This 



fact and the way in which the decay factor compares with the 
i of a tuned radio circuit are considered on p. 234. 

The period of vibration for a free, undamped, simple harmonic 
motion is given by To=—, whereas for a resisted motion, i.e. R is 


appreciable, T= 





r 


It is to be noted, therefore, that the 


period T„ = 


277 




corresponding to frequency at maximum 


amplitude is greater than either Tq or T. 

Usually the effective values of the elements A/, S and R of a practical 
system only remain constant over a limited frequency range, hence 
the distorting effects of resonance on the response of such a system 
might be overcome if these elements varied in such a way that the 
impedance Z itself remained invariable. As an example, if 5 varied 
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S 

f 

would be a constant at all frequencies, and an effect of this kind is 
presumed to happen with light conical sound radiators. In contrast 
to the “damping” of resonance by increasing the value of Ry which 
has the effect of flattening the peak of curve (Fig. 13.9), the above 
procedure has been termed as “fctributing” the resonance. 


Mf^ of the system 


as /, while M varied as j, then the reactance ^ 


Response of a mechanical system 

The response of such a system as considered above, at any given 
frequency and for the same applied pressure amplitude, is measured 
by the energy of the forced vibration in the steady state. It follows 
from (8) and (18) that the total energy supply (W) per cycle may be 
written as 


q_ -^(Po'^y R_ tt{PqAYR 
fZ ^ fZ Z fZ^ 



since here F=PqA. Hence the energy of the forced vibration will be 

a maximum when is a minimum, i.e. when ^ 

minimum. The required condition for a given value of R is therefore 

that A//*=0, i.e. j = A^or whence /=tu. 

This resonance condition is known as velocity resonancCy the 
reason being readily seen by noting from (10) that the expression 

for the velocity amplitude of the displacement, viz. 


Po^ 


j, is a maximum when f=oj. The condition for 


velocity resonance, which corresponds to that for current resonance 
in an electrical circuit, is therefore that the frequency of the applied 
force should be identical with the undamped frequency of the driven 
system, which differs from the condition for amplitude or displacemerU 
resonance derived previously. The maximum value of IV will be 

given by W 

given oy . 


In order to determine how the energy of the forced vibration vanes 
with the frequency and damping. Barton derives an expression for the 
energy of the system at the particular instant when the displacement 
is zero, i.e. when the energy is wholly kinetic and is given by JAfXmax • 
This energy per unit driving force is termed the response N/ of 
the system, when the driving frequency is f/2n. 

From (10) it follows that 
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The sharpness of resonance of the system is measured by the ratio 
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max 


/u> /\|2 //?\n 

['“'(/“Wt +W) 


(24) 


An inspection of the above formulae leads to the immediate deduc¬ 
tion that the decrease of the vibrational energy of the driven system, 

due to the non-coincidence of the applied with the natural (—] 

tr^quency of the system^ is the same for a given ratio q of frequencies, 
whether f is too great or too small. This result follows from the 

symmetry of the term ^ in the denominator, and the ratio 

Oi 

-^—q measures the musical interval between the frequency of the 


N 



^xm 

^max. 

iOO 



Fig. 13.9. 


Fig. 13.10. 


applied force and that of the undamped frequency of the system. 
Figs. 13.9 and 13.10 show respectively the response and sharpness of 
resonance curves and how they depend upon the damping of the 
driven system. 

The whole process of sound recording involves forced vibrations, 
and every part of the recording apparatus such as membranes, lever 
mechanisms, etc., is a possible resonator. Hence, in order to avoid 
the undue enhancement of any particular component of a complex 
wave-form which is being recorded, it is necessary to make the lowest 
natural frequency of the recording system at least equal to that of the 
highest frequency component of the wave. Greater fidelity of recording 
will be obtained if, in addition, the natural frequencies of the recording 
apparatus are strongly damped so that the response curve is very 
flat (see Fig. 13.11). The attainment of this condition will involve 
a loss of sensitivity which, however, may be overcome in electrical 
recording by suitable valve amplifying circuits. The exact rendering 



234 


FORCED VIBRATIONS 


of the relative phases of the various components of the complex wave 
occurs only at very low frequency ratios (Fig. 13.4), so that the 
natural frequencies (w) must be very large, which means that purely 
mechanical methods of recording even moderately high frequencies, 
are rather out of the question. 

The “Q” of a mechanical system 

The complementary function (2) of the solution of equation (1) 
may be rewritten as 

where 8 is defined by (3). 

The form of the amplitude term in (25) indicates that the amplitude 



05 10 15 20 


Fig. 13.11. 


decreases by a factor ^ in a time ^ secs., which is therefore a measure 

of how rapidly the vibrations are damped by friction and is cdled 
the modulus of decay of the motion. An alternative way of describing 
this quality of a mechanical system is by means of the “0** of Ihe 
system, a quantity originally employed in electrical circuits. 

In the case of a series resonant electrical circuit the is given by 


where ^ is the resonant frequency, L the self-inductance, and R 
the electrical resistance of the circuit. By analogy the “2” 


mechanical system will be 



but 
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Now. on page 225 it is stated that —where v,=-^and 

2 oi 


f 

»’a=— (see Fig. 13.3). Hence it follows that 

W 




• « • 


. (27) 


or for small damping 




since 



The “2” of a mechanical system is therefore inversely proportional 
to the band-width,/a—/i* of resonance curve (Fig. 13.3), and it is 
a measure of the selectivity of the system as given by the sharpness 
of the curve. The resonance curves connecting current and frequency 
for a series electrical circuit will be of similar form to the curves of 
Fig. 13.10, that oi small dampings i.e. small /?. obviously corresponding 
to a circuit or system of high “0.” The power factor of a coil in an 


A.C. circuit is given by cos 0= 


R 


which reduces to 



i.e. when the resistance of the coil is small compared with its 


reactance. In other words, \jQ is a measure of the power dissipation 
in a circuit or mechanical system, the higher “0” corresponding to a 
lower energy dissipation as is to be expected from the smaller electrical 
or mechanical resistance involved. 


Characteristic properties of a mechanical system 

The nature of the forced motion (5) of a mechanical system is 
dependent upon the relative values of A/, R and 5, as the following 
analysis shows. 

(i) M large. 

M 

and fM >R, i.e. f>^. 

m 




F . 


Z->fM and therefore x=j^ sin (// —^) 




{29a) 

{29b) 

(30) 


Then 
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(ii) R large. 

If 


and 


R>j, i.e. />^ 
R>fM, i.e. f<^. 


Then Z^R and therefore :«=75 sin (//—^) .... 

jR^ 

x=^cos {ft—p) . . . . ( 31 ^») 

K, 

(iii) S large. 

If j>fM, \.t. oTf <u> 

s s 

dnd 

Then Z->f. and therefore %\n {ft — P) .(32) 

J ^ 

Deductions. These results are important when considering the 
design of mechanical and acoustical apparatus. For example, i 
follows directly from the above analysis that there is lower liim 
to the frequency range in which a driven vibrating system is niass{M) 
controlled, and this limit is well above its natural frequency. For a 
system to be stiffness {S) controlled, however, there is upper r 
quency limit which is much below the natural frequency. In me cas 
of resistance {R) control the frequency range is limited by both 
and lower values, which are, however, both in the region ^ . 

frequency. By suitable choice of the mechanical constants the din^e 
ranges of control may be varied, but every driven system 
resistance controlled near its natural frequency, and respectively s i 
ness and mass controlled at frequencies much below and aoo 
resonance. 


Acoustical Measurements 

In dealing with the problem of acoustical measurements 
to be thoroughly familiar with the fundamental theory and the or e 
of magnitude of the quantities involved. It is proposed now, thereior^ 
to summarise the relevant theory, although certain sections 
receive development in other parts of the book. Compressiona 
wave motion only being considered, the elastic modulus concerned is t 


bulk modulus A', which is defined byA'^ —| where/? is the 

W/ . , 

pressure required to produce a decrease AV in a volume Kq of materia . 
The ratio ^ is known as the dilatation Z>, so that K=Ko(l + 2)). Corre- 

spondingly the condensation s is defined by 5=-^, or p=^Po{^~^^^* 
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where Jp represents the change in the density p„ of the medium. 
It a constant mass of gas is being considered, then py^poK or 

(l+j)(I-f Z))—1, i.e. s=~D approx, or approx. 

Hence it follows that for small values of condensation (cf. p. 67) 


P=-K~^Ks 

^0 


.(33) 

Consider a plane wave of sound travelling in the direction of the 

.v-axis, m which the displacement at time of the particles in a plane 
perpendicular to a:, is given by 


1 

Tj—a sin w[ r—- 

c 


(34) 


a is the amplitude of motion of any particle, ~ is the frequency of the 

source, c is the velocity of propagation of the sound waves 
and A* defines the position of the plane in the path of the waves. 

Let p be excess pressure in a plane at ,y, at time and suppose that 

after a small interval of time At the displacement of the particles at 
.V has become Arj. 

The work done per unit area during this displacement is pxAr) 
and the rate of working, i.e. the instantaneous value (M^,) of the power 

(per unit area) will therefore be in the limit, 


i.e. 


• ^dt ■ 


(35) 


Butrrom(33) ,nd *.1 * fron ,34) . . . ,36, 

■■■ . . . (37, 


since where p is the density of the medium. The variation 

^ complete cycle will be expressed by the variation of 


(from 34). Now the mean value of cos^oj^/—f 
over any number of complete cycles is hence the mean value of 

^ ■ «) 

where is the maximum value of the particle- (or displacement-) 

velocity. 

therefore, that the mean value of the power conveyed 
by the sound waves per unit area is ^ 

m7 1 

rV—pC 



max 


(39) 
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This expression for the transmission of acoustical energy is analogous 
to that for the average electrical power consumed in a resistance K 
by an alternating current I=Io sin cu/, viz. 

. m « A 

.... (40) 


Mean electrical power=^^;^^ 


Comparing the expressions (39) and (40), it appears that the particle- 
velocity is analogous to the current in an electrical circuit, anu tne 
product pc is comparable to the electrical impedance of the circuit. 

It should be noted, however, that if the electrical circuit contains 
an inductance or capacitance (or both), the current and voltage are 
in general, not in phase with one another and an 
wattmeter type has to be employed in which the ^ 

function of both the current and voltage at any instant. In ^coustica 
systems of plane waves as seen from (36), the excess pressure, /?, 

particle-velocity, are always in phase, so that to determine the 

acoustical power it is only necessary to measure either of them separately, 
provided the properties of the medium are also known. 

From previous expressions it is easily seen that 

,.KS.4i). i,.. ^ «') 

This equation bears a strong resemblance to Ohm's law in electricity, 

1=.-^ if p is assumed to correspond to the applied E.M.F. {E). 

It is both impracticable and undesirable to make 
of excess pressures (or displacement aniplitudes) in th • . 
the sound propagation, and it is, therefore, necessary t 

a suitable receiving surface incorporated in the fnadence 

The problem is thus intimately connected with that of the . 

of sound waves upon a plane surface, and its mathematical aspect 

will be considered later in the chapter. acoustic 

The chief difficulties inherent with the measurement o 

energy are that (a) unless high intensities are . • gj.y 

undesirable accompanying distortion, the power Senerat 

small, being of the order of micro-watts (Kaye has calculated hat a 

cup-final crowd of 100,000, all talking continuously 

throughout the match, would have expended an amount ot a 

energy equivalent to the thermal energy required to ° mpasure- 

tea) and only a fraction of this total output is available lor 
ment, since it is unusual for acoustical energy to be or 

the same way as electrical currents transmitted along Mimen- 

electromagnetic radiation propagated in 'vave-guides; (6) t 
sions of the measuring apparatus are comparable with th 
length of the audio-frequency waves, so that the 
instrument upon the wave system (see p. 132) of 

pretation of the experimental observations, and the P°_ . ^ of 

interference effects arising will result J^^ond-field: 

instrumental readings with a small change of position in the so 



ACOUSTICAL MEASUREMENTS 


239 


(c) the amount of energy abstracted or absorbed by the instrument 
irom the incident acoustic energy. 

It wilt be advantageous to give a brief consideration at this stage 
to the general problem of sound reception. The primary function of 
any sound receiver is to absorb some fraction of the incident sound 
energy and transform it into electrical, mechanical or thermal energy, 
but the method of abstracting this energy is determined by a number 
ot conditions, viz. (i) the character of the medium which is transmitting 
the sourid waves, i,e. it will involve the density of, and the velocity 
ol sound within the medium, (ii) the properties of the sound waves 

regards frequency, amplitude and wave form, and 
(Ill) the ultimate use for which the sound-energy is required. 

In any physical measuring instrument it is eminently desirable that 
consistent with the accuracy of observation, the minimum amount of 
energy should be absorbed from the system under quantitative investi- 
gallon. Now in the case of electrical measurements, good grade 
voltmeters and ammeters are characterised by the fact that they 
require for operation only small currents and small potential differences 
respectively, thus satisfying the criterion that the energy absorption 
within the instrument, proportional to the product of current and 
voltage, IS a minimum. In an analogous way metrical sound receivers 
may be coriveniently divided into displacement and pressure receivers, 
corresponding to ammeters and voltmeters respectively. The classes 
ar^ not completely separable, however, for some acoustic energy 

ylli) absorbed to operate the measuring mechanism, and 

therefore a displacement (or velocity) receiver must experience a small 
pressure variation, and a so-called pressure receiver must suffer a 
sniall displacement. A purely pressure receiver would completely 
reflect, while a purely displacement receiver would completely transmit 
all incident sound, and they thus correspond by analogy to electrical 

and conductors (of infinite conductivity) respectively. 

The quantity Z=pc is known as the characteristic impedance of 

the medium, and if p is measured in grams per cubic centimetre 

and c in centimetres per second, the value of Z will be expressed in 

acoustical ohms, and values for a number of typical substances are 
given below. 


Hydrogen 

Air 

Vulcanised Rubber 

Cork 

Water 

Ice 

Sand . . 

Brick 

Magnesium .. 

Mercury 

Iron 


c.g.s. (acoustical ohms) 

lixio' 

4 2x10' 

5xl{y 

1-2x10' 

1- 5xia- 

2- 9x10^ 

3- 2x10^ 

50x10^ 

8 0 - 10 " 

I-9xl0« 

40x10* 
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It should be noted that, in general, the acoustic impedance will be 
a function of both temperature and frequency, so that the above 
values can only be regarded as approximate. 

Another acoustic characteristic of a sound material is termed its 

acoustic hardness^ and it is defined by cpco which is equal to 



The acoustical impedance, as stated above, depends upon the frequency 
of the sound waves, which is an important consideration, for example, 
in the use of porous materials for sound absorption in rooms. The 
relative values of the acoustic impedances of two media are the chief 
factors in determining the energy transfer from one to the other, the 
reflection at the interface being smaller the more nearly equal are the 
acoustic impedances. It is only the sudden discontinuities of properties 
in distances small compared with a wave-length that cause reflections, 
but it is a problem which has many analogies in other branches of 
physics. In the field of electricity the transformer is an example of 
an impedance matching device (see p. 327). Again, when a light wave 
is incident upon the interface between two media, as at an air-glass 
boundary surface, reflection occurs. If, however, the two surfaces 
are separated by a quarter-wave-length film of material whose refractive 
index where and are the respective indices for the two 

media, then reflection is practically eliminated for this wave-length. 


Transducers 

Acoustical or mechanical vibrations are usually derived from 
electrical sources of power by the use of electro-mechanical converting 
elements, or transducers as they are often termed. These systems may 
be dependent upon either of the following physical properties or 
qualities: {a) electromagnetism, {b) electrostatics, (c) magnetostriction, 
or {cl) electrostriction. Under {a) the mechanical force is derived 
from the magnetic attraction or repulsion between an electric current 
and a permanent magnet, or between two current-carrying circuits. 
In systems dependent upon {b) the force results from the electrostatic 
repulsion between a steady polarising electric charge and the variable 
applied charge. Magnetostriction refers to the change in length of a 
specimen when placed in a magnetic field parallel to its length, a 
phenomenon exhibited by most magnetic materials. This application 
is dealt with on p. 335. Electrostriction (or electroiraction as it 
is sometimes termed) is the electrical phenomenon analogous to 
magnetostriction. The effect is most pronounced in certain types ot 
glass and rubber, and the change of length being proportional to the 
square of the applied potential gradient it is necessary to apply a 
steady polarising voltage. The system is not widely used in practice, 
although a particular application is given on p. 141. In certain 
crystals, however, the change of length is proportional to, and reverses 
with, the sign of the applied potential difference. This piezo-electric 
effect, as it is termed, receives considerable application in the use ot 
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quartz crystals (and also to a lesser degree those of Rochelle salt) 
as driving elements in mechanical systems. 

The choice of system to be employed is governed largely by the 
nature of the medium in which the vibrations are to be propagated 
It follows from considerations of “matching” (p. 240, etc.), that for the 
efficient setting-up of disturbances in air, driving systems of low 

mechanical impedance, i,e. those possessing a low value of the ratio 
force , 

current (or charge) systems under (a) and (b) 

find most favour. On the other hand, high impedance systems, 
which are characteristic of devices under (f) and (</), are the most 
efficient for the propagation of acoustic waves in liquids or solids. 
The mechanical impedance of a vibrating piezo-electric crystal may 
be^ considerably reduced by gluing together two crystals (usually 
45 X-cuts of Rochelle salt), and so oriented that the applied electric 
field causes one to contract longitudinally, while the other expands. 
Fig. 13.12 a and b indicates 
the separate crystal units, and 
Fig. 13.12c shows the com¬ 
bined bimorph unit, as it is 
termed. On applying the 
electric field the combined unit 
undergoes a much larger/^c.v- 
ural motion than the longi¬ 
tudinal motion of a single 
crystal, the bending movement 
being similar to that of the bi¬ 
metallic strip of a thermostat 
(see dotted line in Fig. 13.12c). 

If one end of the bimorph 
unit is clamped a considerable 
movement is obtained at the 
other end, and conversely, if 
the unit is combined with a 

suitable voltage amplifier and relevant apparatus it can be used to 
detect such small changes of length as 10 ** in. An additional advan¬ 
tage of such units is that the hysteresis effects of the separate crystals 
tend to cancel out. 

Piezo-electric pressure-voltage converters are employed in radio 
and acoustic reproduction in the form of headphones and loud¬ 
speakers, and in the form of microphones or vibration “pick-ups” 
as sound or vibration indicators respectively. 

Vibration pick-up 

The crystal type of pick-up is an instrument widely used for the 
detection and measurement of vibrations. It may be either of the 
displacement or of the inertia type, with the former the output voltage, 
at a constant amplitude of vibration, is a function of the frequency. 
In the inertia type, the crystal, when subjected to vibration, is deflected 
by Its own inertia, and so the voltage generated is proportional to the 

W.M.S.—16 
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total force exerted on the crystal, and this force is in turn proportional 
to the acceleration. When a pick-up of this latter type is used with a 
vibration meter it is necessary to provide an electrical integrating 
circuit to provide a response giving the velocity of the vibrating body 
(since while a further integrating stage is needed to obtain 

a response proportional to displacement (since ,x= 

and a respectively refer to the dis¬ 
placement, velocity and acceler¬ 
ation of the vibration. When 
possible it is preferable to use an 
instrument recording velocity, since 
only one mathematical operation, 
in either direction, is required to 
obtain displacement or acceler¬ 
ation. Fig. 13 .13 shows response of 
electrical circuit excluding "pick¬ 
up.” 
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Fig. 13.13. 


Vibration-measuring instruments 

The amplitude of the vertical 
vibrations of an oscillating surface 
may be measured by means of a 
vibrometer of the type shown schematically in Fig. 13.15. A solid 
frame /?, from which a heavy mass M is suspended at the end 
of a suitable spring 5, is maintained in firm contact with the vibrating 
surface K so that the motion of the latter is strictly followed. 

Suppose that at any instant the vertical displacements of the spring 
and mass are vs and y^f respectively, then the total elongation ot 
the spring will bey^^M—>’s. Now assuming that the motion of the 
vibrating surface is S.H.M., of period 27r/tu, and represented by the 



(«) (b) (c) 

Fig. 13.14.- Illustrating effect of electrical integrating circuits on a square wave¬ 
form: (a) shows a square wave as transmitted by the amplifier when set tor 
acceleration measurements; (6) shows the wave after one stage of electrical 
integration for velocity measurements ; (c) shows the result after two stages o 

integration as used for displacement measurements. 


equation ys^F's sin cw/, then it follows that the motion of the mass M 
is given by My^ \ ky=0, k being the restoring force exerted by the 
spring for unit displacement. 

The last equation may be rewritten as A/.vm 
^vm 'rky'M^ y sin cut, where Y=kFs. Consequently the steady motion 
of M is seen to be harmonic and the solution is readily deduced by 
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making R vanishingly 


small in (5) on p 
sin o)/) 


224» and is 
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given by 

■ (42) 


where '*=—» and ^=^\J ^ is the natural frequency of vibration of 

the spring loaded with the mass M. 

The quantity which is measured by the instrument, and is usually 
shown by a dial indicator, is Now both displacements 

Xm and ys vary simple harmonically, and with the same frequency, 
hence the displacement (v) of the spring also moves with a S.H.M. 
which may be expressed by the equation y=F sin oif, where from 
equation (42) 


F Fm Fs (,_^2 • ■ • 


(43) 


The ratio 


is known as the absolute fransmissibilitv and is seen to 



Fig. 13.15. 


l-r2 

approach unity as r becomes 
large. In such a case the 
measured amplitude F may be 
taken without serious error 
to be equal to the required 
amplitude (F^). This desirable 
result may be achieved by 
using a spring of soft material 
so that co„ is small, which 

means that ;•=— will be large. 

<o„ 

Should, however, r not be 
sufficiently large it will require 
to be known, and so a> must 
be evaluated. This determination is effected by recording the relative 
displacement (y) on a moving paper strip, on which a time-base is also 
marked. 

If the natural period of the mass-spring system is, on the other 
hand, less than that of the body under test, then the relative movement 
between the mass M and the body will be controlled by the amount 
of extension or compression of the spring, i.e. it will be a measure of 
the acceleration. This follows since by Hooke’s law stress (or force) 
is proportional to strain, and by Newton's law of motion acceleration 
is proportional to the applied force. Accelerometers are therefore 
constructed in a similar way to vibrometers, except that their natural 
frequencies are high and not as low as possible. 

The above result follows from (43), for when then /■<! and 

therefore F=r^Fs approx.(44) 

(> 

But >’=Fsin ojty ys=Fs sin a>/, and and on substitution in (44) 
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it is easily found that y= ^(accn. of body). The factor 

COfi OJfi 

—s will be a constant of the instrument. 


OJ 


n 


In the class of instruments known as tachometers there is a series 
of spring-mass systems of different natural frequencies, and the system 
which vibrates with the largest amplitude will possess the frequency 
nearest to resonance with the vibrating surface. These instruments 
usually take the form of a set of different reeds, i.e. small cantilever 
beams weighted at their ends, and a similar construction is also 
adopted in one form of frequency meter for use with alternating 
currents, the reeds in this case being excited electromagnetically. 


Reflection and transmission of sound waves at an interface, and the 
application to acoustical receiver measuring apparatus 

In the previous discussion of the forced vibrations of a mechanical- 
acoustical system, the latter was supposed to be energised by the 
impact of the incident sound waves and the absorption of energy 
assumed to be complete. Actually the problem is a more complicated 

one, owing to the moving 
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Fig. 13.16. 


diaphragm itself acting as 
a radiator of sound waves. 
Theoretical analysis of this 
problem will now be made, 
after the manner suggested 
by Drysdale. 

Let 5,^2 (Fig. 13.16) be 
a thin plane surface of area 
A and mass Af, which separ¬ 
ates two media of acoustical 
resistances 7 ?i=Fi^i* 

Furthermore, suppose that P and V respectively denote the 
instantaneous values of the excess pressures and particle-velocities m 
the two media, the incident, reflected and transmitted waves being 
distinguished from one another by the respective suffixes /, r and /. 

Suppose that at the instant considered, the diaphragm is 
a distance .y, to the right of its equilibrium position S 1 S 2 (Fig. 13.16; 
so that the restoring force due to the elasticity of the diaphragm 
may be assumed to be per unit area, where ^ is a constant, and 

that the fluid damping force per unit area is where 

a is a constant. The instantaneous equation of motion, writing 

/n=^for the mass per unit area, is therefore 


or 


P,+P,=m(^) + aV,+^.x,+P, 

=mxt+axt-}- ^Xt-\-Pt 

mXt-yaxt-\-^X(=(Pi-\-Pr—Pt) 


. . . (45) 
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Alternatively Pi+Pr=mV,+aV,+ipk,dt+P, 
Now it is evident that v.=v^-\~Vt 



.(47) 

and also that Pi=p,c,V,=R,V,; Pr^p,i\V,^R,V,) 

and Pt=P2C.V^^R.V, , ' • • (^8) 

Hence RvV,^R,V,^R,{V,-\.V;)=R,{2V,~V,\ and therefore 

P,+Pr^R,{V,+V;) = R,{2V,~V,) .... ( 49 ) 

Equation (45) now becomes on substitution 

mx^+ax,^px,^R,{2V,~V,)-R^V, 

^2R,V,~{R^^R^)V, 

'n.v,+(a+7?i+^2)A-,+i3x,=2/?iK, . . . (50) 

It IS evident from the above expression that the damping term has 
been increased by the factor {Ri^-R-^, due to the diaphragm acting 
as a radiator, and this part of the total damping is usually known as 
the external damping factor r^. The force term aA*^ will correspond 
energy absorbed within the system, and a is correspondingly 
denoted by /*/, the internal damping factor. In the case of resonant 
receivers it may be shown that the rate of energy absorption is a 
maximum when r, is as small as possible, and when the energy absorbed 
—the energy radiated, i.e. /■£=r/. These results are seen to be in 
accordance with those of the analogous electrical problem. 

If It is assumed that the diaphragm is vibrating sinusoidally, so 
that A',— y sin tu/, then (50) becomes 


2/?iK,.= | —cos a}t^{a\R^^R.,) sin u^f\y„„ (51) 


since 



This expression may be transformed into the equivalent form if 
sin nt, of 


V — 

^ hn — 


2/?iK,„ sin nt 


V(a-f/?, |-y?,)2 


(52) 


Where 

Special cases. 


tan 




(a-|- R^-\-R.^ 


If the diaphragm is of very light mass, and the control and damning 
arc very small, then 



( 53 ) 
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Now it was shown from equation (35), on p. 237, that the instantaneous 
value of the power per unit area of the vibrating diaphragm is 
W^inst.=excess-pressure X particle-velocity. 

Therefore the fractions and IVt of the incident power which 
are reflected and transmitted are respectively given by 

(R,-R,\ (R^-RiS _ f 

\R^+rAPi+RJ \l+^J 


and 



2R2 2 /?i _ 

(^1+^2) (^1+^2) 


4 ^ 

R^ 


1 




R. 



The above results will apply to the case of sound waves impinging 
normally on the plane interface between two media, and they will 
assume special forms according to the value of the resistance ratio 

^ of the media. 

(i) In this case of perfectly matched impedances is 

unity, and therefore and Wt^\, In other words, the whole 

of the incident energy is transmitted into the second medium. 


(ii) or ^2 is infinitely large compared with ^ 1 . Hence 

but W^r=l» which means that the whole of the incident energy 
is reflected, also, since the pressure Pr=Pi the total pressure on t 

interface is double that of case (i). As interface approaches 

the condition for a perfectly rigid body, and corresponds to a pressure 
receiver” as exemplified by a plate of quartz, or Rochelle salt crys a . 
Some movement of the crystal, however, must of necessity take piac 
as power must be absorbed for its operation, just as a yoltmete , 
however high its electrical resistance, must “pass” an electric curre 
of some small magnitude. 

(iii) §^ 00 . This case leads to the result that Pt=0 and k'(=2K(, 

JKo 

and thus refers to the extreme case of a displacement receiver with 
very flabby diaphragm. The values W,. and will be unity and zer 
respectively, i.e. the whole of the incident energy is reflected, so tna 
the arrangement, if practicable, would be extremely inefficient. 

A further interest attaches to cases (ii) and (iii) as being apphcao 
to the conditions at the closed and open ends respectively, of a 
tube or organ pipe. In the former case the incident wave is reflecte 
without change of phase, viz. Pf.=Pi and K,.= K,-, but at the open 
free end, Pr=—Pi and K,, so that there is a phase reversal. 

The general behaviour of an actual membrane {i.e. one f 

mass, etc.) when exposed to sound waves, is deducible from 
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expression (50) giyen above. Drysdale points out an interesting case 
when mw and ^ are very small compared with (/?i 4 -/? 24 -a), or, in 

fact, if resonance occurs, i.e. this case it is easy to show 

that the phase angle is zero, and y,=V„ or in other word^ no reflection 

exists, and a useful amount of power where F, is the R M S 

velocity, is absorbed by the diaphragm and is available for measure¬ 
ment purposes. 


The Rayleigh disc 

This instrument is the standard device for the measurement of 
sound intensities, and is essentially a light, thin circular disc of radius a 
which is suspended so that its plane is vertical, and the normal to the 
plane makes a chosen angle 8 with the direction of the sound stream. 

Now if such a disc is suspended in a fluid stream, of undisturbed 
density pq, and which is moving with a velocity K, then the stream lines 
around the circular lamina will become disturbed in the manner 
suggested by Fig. 13.17, where 8 is assumed to be 45'=’. The points 
Pi andwill be regions of maximum pressure, 
i.e. zero velocity, and in consequence a couple 
is exerted on the disc tending to set it broad- 
side-on to the direction of streaming. The 
magnitude of this couple was calculated by 
Konig for the case of elliptical bodies, but 
an infinitely thin circular disc may be con¬ 
sidered as a particular example, and the 
value of the couple C is given by 



C=tPoa^VHin 28 . . (55) FiTTTiT- 

If the flow is an alternating one as produced 

by a sound source vibrating simple harmonically, viz. V—V,,, sin pt, 
where;? is the frequency of the source and V is now the pariic/e-vdocity 
of amplitude then (55) becomes 


sin^/?/ sin 28 


=ipt.a^yjsm 28 


1 — cos 2pt 


] . . . . (56) 


If 0—45® the expression for C simplifies to 


^^ 3 ^“ 2 


1/24 r/ 2 

cos 2/?/ 


(57) 


The latter term is seen to be one of double frequency, and the large 
resistance experienced by the light disc in moving at audio-frequencies 
makes this term negligible compared with the rectified {i.e. static) 

component where Vis the R.M.S, velocity. 

design and conditions of use of the Rayleigh disc, at any rate 
or absolute measurements, two important assumptions implicit in 
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the theory require to be complied with. Firstly the absence of other 
bodies in close proximity to the disc, and secondly the chosen diameter 
2a of the disc should be small compared with the wave-length A of 
the sound. The first condition was investigated by Zernow, who 
suspended discs of different sizes within a cylindrical tube and found 
that an error of approximately 3 per cent, was incurred in the velocity 

, . diameter of disc , , , 

measurement when the ratio -j-. - ^ ^ r — was about Again, 

diameter of tube 

if the disc has an appreciable thickness r, Konig’s formula (55) assumes 
the corrected form 


C=(l-015^)jP„a=r sin20. .... (58) 

Further assumptions involved in the derivation of the expression (55) 
are that the fluid medium is incompressible, and that viscous forces 
and discontinuities of flow at the edges of the disc are absent or 
negligible. These latter conditions cannot be readily investigated 
theoretically, and therefore have only been tested experimentally, 
so that in this respect the Rayleigh disc is not strictly an absolute 
instrument. In the use of the disc for measurement of sound intensities 
in heavy fluids such as water, the formula (55) is no longer directly 
applicable since the disc, besides following the slow rotation as m air, 
will partake of the fluid motion itself. Hence the velocity V in Kdnig s 
formula must now be interpreted as the relative velocity F=K|— 
where Vi and are the R.M.S. velocities of the fluid and disc respec¬ 
tively. If the ratio ^ of these velocities is denoted by G then it 

follows that V={\~G)Vi. The effect of the heavier mediurn is to 
appreciably “load'’ the disc, and it is shown in treatises on hydro¬ 
dynamics {e.g. Lamb) that this load for a disc set at 45" to the ^ream 
is given approx, by pi being the density of the liquid. Hence, 

by equating momenta, where is the mass of fluid 

displaced and /«,i=mass of disc. Konig’s formula (55) now becomes 








The expression for the intensity / of the sound wave 
is then given by 

where Ci is the velocity of sound in the fluid and Vi 
equation (59), 


. - (59) 

in the liquid 

. . (60) 
is given by 



ic,C 

a^/ nig-mi V 



A. B. Wood has calculated the magnitude of this correction for a mica 
disc where 0=0-5 cm., r=0 002 cm., and /Wd=0 005 gm. When use 
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has the values 1-08 


in air and in water the correction term ( 

and 2500 respectively; these figures indicate the importance of using 

as heavy a disc as possible, especially with liquid media. 

The Rayleigh disc usually consists of a thin mica disc, about 002 cm. 

thick, and 1 cm, or less in diameter, suspended by a fine glass (or quartz) 

fibre or phosphor-bronze suspension, the upper end of the suspension 

being attached to a torsion head. A light mirror is fixed at the centre 

ot the mica disc, or alternatively, it might be silvered directly. The 

torsional constant t of the suspension fibre is determined before attach- 

ing the disc, by temporarily attaching an oscillator of known moment 

ot inertia and observing the period T and the logarithmic decrement 8 

ol small oscillations of the system. Then it is easily shown (p. 222) 
tnat 


AK 


(62) 


Now if 8 is the angle through which the torsion head is turned to 

restore the disc to its original position before the sound field was 

applied, it follows from (58) and (62) that the restoring couple (C) is 
given by o i' v / 

~(n‘+S^)e = re = C=(^\~0-l5'^y„a^y-sin2e . (63) 
whence may be found. 

, apparatus is normally employed for quite moderate sound 
intensities, and under careful experimental conditions it will respond 
to sound intensities with excess pressures as low as 10'® bar. An 
immediate consequence of such a sensitive system is that the effect 
of even small air currents will be quite considerable, and recourse is 
often made to the use of fine silk net to surround the disc and suspen¬ 
sion thus minimising the effects of light draughts. A recent modified 
method of using the disc, which also largely overcomes the effects of 
unwanted air disturbances, has been devised by Siviam, in which 
he modulates the amplitude of the sound wave under test with a very 
low frequency (of the order of 25 cycles per minute), which, however, 
will be usually higher than any component frequency of circulating 
air currents. The Rayleigh disc system is designed to have a natural 
Irequency equal to the modulation frequency, and the amplitude 
of its oscillations will be proportional to and, moreover, will be 
little affected by air currents. 


Crystal microphones 

In the diaphragm type the sound waves impinge upon a diaphragm 
which transmits the alternating pressure to the crystal via a mechanical 
sys^m. The Rochelle crystal element (see p. 241) is usually enclosed 
Within a bakelite case, the diaphragm being protected by a metal 
meshed-screen. These microphones do not require field currents 
or polarising voltages, and by reason of their high impedance (of the 
mder of lO-' ohms or more at 60 c.p.s.) may be connected directly between 
the grid and cathode of the input valve of a pre-amplifier. Their 
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quality and ruggedness are also superior to those of the best carbon 
microphones. 

In the sound-cell type of microphone the sound waves act directly 
upon the crystals. These consist of two “bimorph” elements 
supported at two points within a rectangular bakelite frame, and sealed 
by flexible air-tight annuli, which allow the crystals to be distorted 
by the sound pressure variations. The crystal units are connected 
in parallel so that their respective outputs are additive when due to 
incident sound, but tend to cancel when caused by mechanical vibra¬ 
tion or shock, so that elaborate methods of suspension are unnecessary. 
The two important factors governing the size of a single sound-cell 
are that its dimensions in any direction should be << wave-length 

of the shortest sound wave to be 

Leads from Microphone reproduced, and secondly, that the 

mechanical resonance of the crystal 
units should be above the highest 
frequency to be employed. The 
units are usually designed to re¬ 
sonate near 10^ c.p.s., which means 
that the separate crystals of a 
bimorph unit are only about 
in. thick. The consequent rise in 
the frequency characteristic curve 

M is microphone in yvater-tiqht box at the higher frequencies may be 

compensated for in the design or 



(m). 


the amplifier. 








Silence 


Noise 


:---1 Hydrophone ^ . 

. This is an adaptation of the 

- — AMi'w microphone for listening under 

Noise Silence Noise consists of a heavy 

metal ring which is closed by a 
' ”Jh t-- sheet metal diaphragm. A small 

ahEZ: water-tight box containing a car- 

tjQn button microphone is fixed at 
Silence Baffle Noise the centre of the diaphragm. 

Fig. 13.18. Now when a plane surface is 

placed edgewise-on to a distan 

source of sound, the pressures on either side of the plane will be 
no response will be given by the microphone. Hence no sound will 
heard in the phones when the edge of the hydrophone is set m t 
direction of the sound, but there is another possibility of zero 
when the instrument is turned through a further 180^. In 

determine which of these two directions was the correct one, a baffle pia 

was fixed at a certain distance on the side of the hydrophone, as sho 
in Fig. 13.18, and the ambiguity of direction is immediately remove 


Silence Baffle Noise 

Fig. 13.18. 


General principles governing acoustic generators 

The energy resident in a sound-field may be in either of two forms.—- 

(a) “Wattless” energy, which is associated with the movement <N 
a body of air (or other medium) in the immediate neighbourhood 
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vibrating body. This portion of the surrounding medium 
effectively “loads'’ the radiator (analogous to the hydration of ions 
m electrolysis), so that during acceleration periods it acquires kinetic 
energy which it tends to give back in the retardation parts of the cycles. 

{h) “Useful" energy associated with the altered condition of the 
medium, viz. compression or rarefaction, which condition is propagated 
outwards to infinity. 

The relative proportions of the “wattless" and “useful" energies 
in the case of a given radiator will depend on the frequency of vibration, 
the more rapid the changes of motion, i.e. the higher the frequency’ 
the greater the fraction of the total energy radiated in sound waves. 

Furthermore, the wave propagation involves the transference of 
energy from a solid medium, the vibrating surface, to the surrounding 
fluid medium, and the efficiency of such a process depends chiefly 
on the equality of the acoustic impedances of the two media (see p. 246). 
The methods adopted to match the large mechanical impedance of the 
source with the low acoustical impedance of the air arc the use either 
W o* a large light surface in the form of a paper or cloth diaphragm, 
or {b) of a horn of suitable design. In the case of the former the 
Ideal procedure would be to spread the “drive" over the whole of 
the surface, e.g. as in electrostatic loud-speakers (p. 241). Actually 
It is easier in practice to "drive" at one point and endeavour to shape 
the surface so that it is substantially rigid at all frequencies, a condition 
which IS reasonably satisfied if the paper or cloth diaphragm is not 
greater than about 10 in. in diameter. It should be noted that the 
problem becomes simplified if radiation at one frequency only is 
required, for an acoustical resonator may be employed to conipcnsciie 
lor a poor radiation efficiency, e.g. as in the mounting of a (uning-fork 
on a resonator box. The horn is essentially an impedance niaiching 
evice, I.e. an acoustic transformer, and it must not be regarded as an 
ampiitying apparatus, for it does not embrace any auxiliary source 
o power. The theoretical treatment of the horn cannot be developed 
ere, but from the design point of view it may be regarded as a filter 

r tie shown that the smaller the rale of taper the lower 

me limit of frequencies that can be transmitted. The theory is, in 
ac, similar to the tapered electrical transmission line with iis disiri- 
ea circuit constants gradually changing with liic length. I uriher- 
nf^th’ longer the horn the larger will be the corresponding area 
f'nH smaller the reflection of sound waves from ih.ii 

ra ’ the possibility of resonance occurring from this 

use. In such a case the piston source becomes e(iui\aleiu to the 
conical element of a pulsating sphere (Appendix IM- 


Measurement of vibration 

section vibrations restricted to those ta!;ing place in solid 

pvtPnH considered, and their frequenev ranee of i-iferesi 

The HP H of audibility, i.e. dow n lo‘'2 or J c.p.s. 

invpcfjpf? accurate measurements of vibraiioii occur in such 

eentrp<f causes of noise, and on the I 'caiion of possible 

or excessive vibration in machinery c in neighbouring 
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structures. If vibrations of large amplitude exist they are liable to 
set up stresses greater than the permitted safety values, and so become 
real sources of danger. It is due to a careful study of vibration 
problems that the present perfection in high-speed land-, sea-, or air¬ 
craft has been attained. 

The magnitude of a vibration may be expressed in terms either of the 
displacement, the velocity, or the acceleration of the surface considered, 
the quantity chosen to be measured being the one appropriate to the 
problem in hand (p. 242). In the case of a surface vibrating simple har¬ 


monically with a frequency 


and an amplitude ^ 4 , then it follows that 
Ztt 


(i) the displacement x=A sin a>o/, 

dx 

(ii) the velocity v=-^=a>o^ cos wq/, and 


(iii) the acceleration —sin — 

If the periodic vibrations are complex, then they may be represented 
as a Fourier series of simple harmonic vibrations, and the expressions 
for .V, V and a now become:— 

x=A^ sin +A) + ^2 sin(2a;ot-i-/32) + ^ 3 sin (3t«o/+^3)-l- -. -(64) 


v=o}qAi cos (cuo/-l-j 8 i)-l- 2 ajo ‘42 cos ( 2 ( 00 ?+^ 2 ) 

+ 3 ( 00/43 cos (3coo?+^ 3 )+.(65) 

and a=~{<vo^Ai sin ((Oo? + ft)+ 4 (ooM 2 sin ( 2 (Oo? 4 '^ 2 ) 

+ 9 ( 00^/43 sin (3(Oo?+W+ 

ft, ft, etc., denote the relative phase numbers of the harmonics of the 
fundamental frequency 

The effective readings of a vibration meter, i.e. the root mean square 
readings, corresponding to (64), (65) and ( 66 ) respectively, would oe 

x=:^Va;^+a7+^^T77:, 

— OJq^ __ 

and 16/42^ + 81/432+... 

It will be noted that the presence of higher frequency components 
in a complex vibration has the greatest effect in the case of acceleration 
measurements (since aozio^), but even in observations of velocity 
(vccco) these components are more effective than in displacemen 
measurements. 

Displacement measurements are only rarely required, such as m 
cases where large amplitudes might lead to “rattling” of the moving 
parts, and then it may often be measured directly with a scale, m 
the measurement of small amplitudes of vibration as for those or a 
diaphragm, a device due to W. H. Bragg is worthy of mention here. 
In Fig. 13.19, H is a pointed hammer-head of small mass, fixed 
upper end of a metal spring 5, which is fixed to a block B. This bloc 
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may be moved horizontally by means of the knob AT, at the end of 
a screw thread T. The method of operation is to move the apparatus 
carefully until // is just in contact with the vibrating surface K, an 
adjustment which is indicated by the completion of an electric circuit 
if the surface of the diaphragm is rendered conducting. Suppose 
now that B is moved towards V through a distance A, then the accelera¬ 
tion of H towards V will be (from above), where is the 

natural frequency of the loaded spring. The maximum acceleration 
of the diaphragm is where a is amplitude of its motion and 

^=ny\s the frequency of vibration. If awy^ is greater than Awh^ 

then “chattering” will occur, but it will just cease when Aw„- becomes 

equal to auty^. Hence for this critical setting a^A.^^,=A/^, 

cuy- fiy"' 

and since ny is large compared with it 
follows that A will be very large compared 
with a. The value of //h may be deter¬ 
mined stroboscopically if too large for 
direct timing. The Bragg method is 
obviously applicable only to sinusoidal 
vibrations. 

An interesting modification of the above 
experiment occurs with the chattering of 
small particles resting on a vibrating 
surface. Then, provided the size of the 
particles does not seriously modify the 
character of the motion of the surface, it ^ 
is easily seen that chattering will cease 
when the maximum acceleration of the 
surface is equal to g, the acceleration 
due to gravity. If the frequency of an 
oscillating quartz crystal is 20 Mc.p.s., 
i.e. 2x 10’ c.p.s., then the chattering of a 

particle on its surface will just occur when its amplitude of vibration a 
is given by a(27r//;/)2^98I, i.e. a^6x\0 cm. 

It is interesting to note how sensitive as detectors of low frequency 
vibrations are the human sense organs; the finger tips, for instance, are 
capable of detecting vibrations of 50 c.p.s., having an amplitude 
as small as 0*5x 10 -* cm. 

If the area of a vibrating or radiating surface is large compared with 
the wave-length of the resultant vibrations in the surrounding air, 
then the acoustical energy radiated will be expressed by the product 
of (air-particle velocity)'^ and the resistive component of the air-load 
(p. 237). Assuming the air-particles in contact with the vibrating 
surface to acquire the velocity of the latter at every instant, then it 
lollows that for many investigations into problems of noise the important 
vibration measurement is that of the velocity of the vibrating surface. 

At low frequencies, however, when the surface area of the vibrating 
member may be small compared with the wave-length, as will 
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undoubtedly be the case with most types of machinery, for the pre¬ 
dominant frequencies are usually low, then the reactive air impedance 
(p. 432) will be very low. Consequently only a small amount of 
acoustical energy will be radiated, and its estimation will be best 
furnished by measuring the acceleration of the surface. This follows 
from the fact that the reacting force is equal and opposite to the 
applied force, which by Newton’s law of motion is proportional to 
the acceleration. Furthermore, since any strains or stresses set up in 
the vibrating body will be a function of the reacting force, it is evident 
that acceleration measurements are also important means of detecting 
possible causes of mechanical failure in a machine or structure 
subjected to vibration. 

Direct measurement of displacement amplitude of air vibrations 

The actual magnitude of these movements in a sound wave is very 
small, e.g. at 1000 c.p.s. the amplitudes at the thresholds of hearing 
and pain are respectively 2-2x10 ■' and 7-Ox 10"^ cms. The corre¬ 
sponding sound intensities are 10"* and 10-* microwatts per sq. cm., 



l-IfKirath’ ami Parker. 

Fig. 13 20, 


SO that even with a very intense sound wave the amplitude is ® 

the order of one-tenth of a millimetre, which it is possible to ■' 

however, with a high-power microscope. In order to render the 
movement \isible a tine powder, e.g. smoke-particles of magnesiu 
oxide, is injected into the sound-field, and it is found that the ^ 

if sufficiently small, take up the full amplitude of the aerial vibrati 
The photograph (Fig. 13.20) showing the motion of particles m 
excited Kundt's tube is due to Prof. Andrade and Dr. Parker, a 
indicates the appearance of the particles as bright lines when 
by scattered light. Indirect measurements of displacement amplitu ^ 
of sinusoidal waves are made from excess pressure and ^ 

amplitude determinations using, for example, the hot-wire microp o 
or Rayleigh disc. 

Energy transfer by longitudinal vibrations in liquid column 

As mentioned previously, the passage of a sound wave 
involve a bodily motion of the medium as a whole, but since 
at points distant from the source are disturbed, there must necessan y 
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be a streaming of energy in the direction of wave propagation. If 
this transference of energy can be localised within narrow confines 
instead of spreading in its passage outwards, then sound waves would 
^em to offer a means of transmitting energy from one place to another. 
The actual energy of a sound wave in air, however, is extremely small, 
as a simple calculation will show. From eqn. (23), p. 43, the energy 
per cubic centimetre of air due to the passage of a plane sound wave 

is given by » where a is the amplitude of displacement of the 

air-particles, p is the density of air and/=^ is the frequency of the 

assuming the sound to be of average intensity, i.e. 
a^iO cm., then energy per cubic centimetre for a frequency of 

50 c.p.s. = ix(00 1 3)(27rxl0-*)2x(50)2 


=0 000 000 6 erg per cc. 

The rate at which energy is streaming away from the source through 
an area perpendicular to the direction of propagation, known as the 

wave, is therefore given (from eqn. (24), p. 43) by 

(6x10 )xc=6x 10”’x3-4x 10*=0-02 erg per sq. cm. per sec. It is 

Irom the above formula that, for a given amplitude, the intensity 
0 the wave increases with the density of the medium, and is propor- 
jonal to the^^ware of the frequency of motion. An obvious possibility, 
ineretore, is to utilise a liquid medium such as water, but the difficulty 
arises here of the greater elastic resistance of the medium to compression 
uue to Its smaller modulus of compressibility. Hence quite large 
pressures would have to be exerted to produce appreciable displace¬ 
ments; the idea, however, was pursued by M. Conslantincscu to form 
tne basis of a method for the transmission of energy. 

It should be noted here that since the mean power transmitted 
across unit area of a plane wave is given by (p. 238). 


1 




._l(d/7)^ \ {Jp) 

2 pc ~ 1 R 


where Ap is the pressure amplitude of the waves, and R is the acoustical 
impedance of the medium, then it follows that for the same power 
0 be transmitted in two media of impedances and R^ respectively, 
he corresponding pressure amplitudes Ap, and Ap., will be given by 

/-^l r- . 

Ap 2 ~^ water at 20 C., R is equal to 41-2 and 

l’46x 10-" gm. per cm. per sec. respectively, therefore 


/1-46XI0-’ ... .... . . 

(^P)w!ilcr — \/ ^ I j X (Ap)jir —60(J/?)ajr. 

According to this system of Constantinescu, the transmission of 

place by impressing a periodic variation of pressure 
j r tension) upon a liquid column enclosed in an iron pipe. Longi- 
u inal vibrations are, therefore, propagated in the liquid which is 

__ * 1% M * us compressible in contrast to the assumption of incom- 

P essibility ordinarily made in hydraulic engineering. The problem 
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will be better understood by the quotation of figures given by Con- 
stantinescu. He considered a wrought-iron pipe 150 ra. long, 2*5 cm. 
diameter, and 0*5 cm. thick wall, closed at one end and filled 
with water. If a water-tight piston is forced into the pipe at the open 
end under a steady pressure of 35 Kg. per sq. cm., and the liquid is in 
the first instance assumed incompressible, then a piston movement of 
1-5 cm. would result. On the other hand, if the material of the pipe 
and not the water is assumed incompressible, then the piston would 
move inwards a distance of 25 cm. It follows, therefore, that the 
changes in the volume of the system are chiefly controlled by the 
compressibility of the water. 

Consider the simple system shown in Fig. 13.21, where is the 
driving piston operated by a rapidly rotating crank Cj. In this way a 
periodic variation of pressure is impressed on the water column 
contained within the pipe F, which is closed by a rigid plate F. If 
this pipe is not too short a series of zones of high pressure (and liqu|u 
compression), alternating with zones of low pressure (and liquid 




expansion) are produced, these zones travelling along P'R ’ 
Furthermore, if the stroke of the piston is small compared '''*1 ^ . . 
length of these progressive waves, and the distance P^F is a multip 
of their length, then a standing wave-system will be set up. 
consequence there will be a building up of the maximum pressu 
within the pipe and it may increase until the latter bursts. Suppos 
now, however, that the rigid plate Fis replaced by a second piston / 2 
connected to a crank Cg, and possessing the same period of recipro^- 
tion as Pi. If, furthermore, P^ moves in synchronisation with ri, 
then the whole energy of the waves propagated down the pipe ca 
be taken up by it, and the maximum pressure within the 
then at no point exceed its value in the neighbourhood of the worki^ 
piston Pi- However, should the piston P^ not absorb all the ener^ 
of the waves, means must be adopted to absorb the residual ener^ 
of the reflected waves. The device adopted consists of a rigid 
R (Fig. n.2\b) completely filled with liquid and placed near the piston 
Pj, and its function is analogous to that of a capacitance in an electrica 
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circuit (cf. p. 313). In other words, it will absorb the energy of the 
direct and reflected waves when the pressure is high, and return this 
energy when the pressure falls, and thus the rotating crank Q will 
only be required to perform work to the extent of the energy actually 
utilised by (neglecting frictional losses). It should be added that 
a piston may be placed at any point along the pipe-line, provided the 
period of reciprocation is the same as that o^ P^, and that its movement 
is in phase with that of the liquid layer in contact with it. 

In a particular case of a Constantinescu system, an engine of 10 h.p. 
transmitted its power by means of a reciprocating piston of IJ in. 
diameter with a stroke-length of 1 in. The frequency of the stroke, 
made as high as possible, was forty strokes per second, and the trans¬ 
mitting pipe-line was 80 yd. long. The system has been utilised in 
mining operations and was applied during the first World War in a 
device permitting a pilot to fire machine-gun bullets through his 
propeller without hitting the blades. This objective was attained by 
transmitting the engine vibrations to the gun by a tube of liquid, 



so that the firing could be adjusted to allow the bullet to be released 
always at the correct instant. 

The oscillograph 

An oscillograph or oscilloscope is a device for giving a visual 
indication of the variations of an electric current or voltage. In the 
older type of instrument the movement of an electromagnetic vibrator, 
due to the current or voltage variations, was exhibited by a spot of 
light focused on the mirror of the system and reflected on to a scale 
or screen (moving or stationary). Only comparatively slow variations 
of current could be recorded by this means owing to the appreciable 
inertia of the system. The advent of the cathode-ray oscillograph 
overcame this difficulty, however, by making use of a stream of 
electrons, which have very small inertia and so are able to respond to 
extremely rapid fluctuations. The source of electrons is .. .uitahly 
V filament F (Fig. 1 3.22) which is partly surrounded Iv. a met lic 
shield S, This shield is usually at a small negative pciontial with 
respect to F, and its function is to restrict any tendency of the electron 

W.M.S.—17 
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beam to diverge or spread before reaching the deflector plates and B^. 
In order that the electrons should acquire sufficient energy to produce 
a bright spot on striking the fluorescent screen Ey the anode A (which 
may be a cylinder or in the form of a metal disc with a hole at its 
centre) is maintained at about 1000 volts positive with respect to F. 
The deflecting system comprises two pairs of parallel plates B^y B^ 
and £> 1 , Dg, which, after connection to the appropriate electrical 



potentials, will respectively deflect the electron beam perpendicular tOy 
and m, the plane of the paper. The smaller diagram in Fig. 
represents an end-on view of the screen E and the plate-system with a 
typical elliptical figure which is being traced out by the cathode- 
beam on the screen, when two A.C. voltages of the same frequency 
are each connected to one pair of plates. The form of the trace on 
the screen will depend upon the relative amplitudes and the 
difference (^) between the applied voltages. If <!> is zero and the 
amplitudes are equal, then the resultant trace will be a straight line 
inclined at 45° to the coordinate axes, and a similar trace, but crossing 
the other at 90° would be obtained when ^=180°. For intermediate 
values of the phase angle the trace is an ellipse as shown in Fig. * 
and it will be noted that it becomes a circle when the voltaps are i 
quadrature, i.e. 90° out of phase. If, however, the two voltages a 


y 



Fig. 13.24. 

in quadrature but imequaly then an elliptical trace will be obtained 
(see dotted curve in Fig. 13.24). 

To determine the phase angle between two alternating voltages applt^ 
to the two pairs of plates of a cathode-ray oscillograph. 

Let x=Vj)i\nojt 

y—VD sin {wt-\-<l>) 


and 


. (64) 
. (65) 
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be the two alternating voltages of frequency ^ applied respectively 

to the B and D pairs of plates* where <j> is the angle of phase difference. 

Expanding (65) and substituting for sin ojt and cos wt from 
equation (64), it follows that 

VBb^^^Vo\x-~2VBVDxy cos ^=VB^yD' sin2 4> . . (66) 
which is the general equation for an ellipse. 

Consider the intercept of this curve on the v-axis, i.e. put .v=0 in 
equation (66). 

The value of this ordinate O^ is given by ^cVd sin 4> or sin 

O - 

i.e. 4>= sin"^ which is directly calculable from the observed trace 

^ D 

on the screen. 

The ratio of the amplitudes of the applied voltages, is obviously 

equal to the tangent of the angle of slope (a) of the major axis LL 
to the A'-axis, due allowance being made 
for any difference in sensitivities of the 
oscillograph in the X and Y directions. 

It should be noted that the trace does 
not reveal which is the leading or lagging 
voltage, but in practice this may be ascer¬ 
tained by the introduction of a small 
inductance into one of the circuits, thus 
causing a small lag in the corresponding 
voltage. The ellipse will become respect¬ 
ively slightly broader or thinner, according 
as to whether this voltage was lagging or 
leading. 



To obtain a circular trace and to use 
It for frequency measurements. A con¬ 
venient form of circuit is shown in Fig. 

13.25, where C is a fixed or variable capacitance of the order of 
0-1 /xF, and /? is a variable 50,000-olim resistance. V is the applied 
alternating voltage which may be conveniently obtained by tapping a 
fraction of the 230-volt mains supply by means of a potentiometer. 

is a switch gap which may be opened for the insertion of an alter¬ 
nating supply of unknown frequency (see later). The resistance R is 
varied until the condition is attained of equality of the quadrature 
voltages Ky^and respectively across R and C, which will be revealed 
by a circular trace on the oscillograph screen (of course, if the x and r 
sensitivities are different, then + when the circle is obtained'), 
buch an experimental trace is shown in left-hand side of Fig. 13 

In order to determine the frequency / of a given sound th : corre¬ 
sponding test voltage Vs is inserted between 5, and S., (1 i. . 13.25), 
and the supply voltage V of known frequency (F), e.g. i!;e 50-cycle 

mains supply, is employed to produce the circular time t'':i> -. .v, 

r 
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where .v is an integer, then a stationary ripple of x waves will be 
superposed on the circular trace, thus enabling / to be calculated 
since F is known. In the trace on right-hand side of Fig. 13.26, 
.Y = 18 so that /=900 c.p.s. if F=50 c.p.s. A slight departure of x from 
an integral value will result in a slow rotation of the ripple system in a 
clockwise or anti-clockwise direction, depending whether x is just 
smaller or greater than the integer. The arrangement is made more 
flexible by the substitution, for the mains supply, of a variable frequency 
calibrated source, such as a beat-frequency oscillator. A source of this 
type is especially valuable for sounds of high frequencies when the 
number of ripples becomes difficult to count if a low frequency, as the 
50-cycle supply, is the comparison standard. 

When the ratio of the frequencies to be compared is less than about 
10 to 1, then the technique of Lissajou’s figures may be employed; 
one voltage being connected to one pair of oscillograph plates and 
the other supply to the second pair of plates. 



Fig. 13.26. 


• 

Cathode-ray oscilloscopes are also largely employed in the 
gation of the wave-form of various sources of sound, a proceou 
which involves the determination of the time-variations of 
lent voltages. For this purpose a voltage must be applied to 
"fi” pair of plates, which varies in such a way that the cathode bea 
moves across the screen at a constant rate, but returns to its starting 
point in a very short interval of time. Consequently, if the period o 
traverse of the beam is the same as, or an exact multiple of, the perio 
of recurrence of the phenomenon under investigation, then the trace o 
the beam will be repeated exactly during every cycle. Furthermor^ 
since the screen usually possesses an appreciable after-glow, a 
apparently stationary pattern will be observed and can be photograpnea 

Space permits only a very brief mention here of the general 
of the simplest type of linear time-base. Referring to the circu 
diagram of Fig. 13.27, the capacitance C is charged from a . 
current supply through a suitable resistance R, and when the potenua 
difference reaches a critical value Vc the neon lamp N' commenc ^ 
to glow and continues so for a brief interval until the voltage ta 
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to the extinction voltage Kt. Again the condenser voltage builds up 
again, and so the process is repeated (Fig. 13.28). 

The ideal objectives are that the charging portions AB, CD, etc., 
of the cycles should be linear, while the duration of the return sweep, 



Fig. 13.27. 


i.e. the fly-back time should be extremely small compared with the 
sweep period The charge and discharge of a neon lamp is a 
typical example of a relaxation oscillation (see Appendix 6). 

Radiation pressure (see also Appendix 24) 

When radiant energy falls on a reflecting surface it gives rise to a 
static pressure, which in the case of sound waves becomes equal to 



Fig. 13.28. 

{y+ !)£/ 

^ (P^g^ 43) being the intensity, y the ratio of specific heats 

of the gas. If the reflecting surface is in the form of a disc D 
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attached to the horizontal arm of a torsion balance (Fig. 13.29), 
then the pressure due to the incident sound waves will exert a torque 
on the phosphor-bronze suspension S which will be indicated on a 

scale by the deflection of a beam of light 
reflected from the mirror M. Alternatively, 
the torsion head T may be employed to 
bring the mirror into its original position, 
and the angle turned through by T would 
then be a measure of the pressure exerted by 
the sound waves. C is a counterbalance 
to the aluminium disc at the other end of 
the arm //, while K is a damping vane. 
The torsion balance is suitably enclosed 
with a glass window to permit the use of 
the mirror, and there is a short-side tube 
opposite D to permit the entrance of the 
sound waves. 

If Ps is the radiation pressure, A is the 
area of the disc, ^/is its effective distance from 
the axis of the suspension, t is the torsional 
constant of the suspension, and d is the angle turned through by 7* 
to restore the mirror M to its original position, then 



Incident 
/ Sound 





Fig. 13.29. 


Ad.ps^rO or Ps=~ 


.6 


Ad 


(69) 


But the sound intensity Ef is given by Er— ^ 

y~T I 


hence 


£>= 


tC 


My+1) 


e 


(70) 


The instrument mentioned above is particularly suited to experiments 
with ultrasonic waves when the disc diameter is a large fraction of the 
sound wave-length. When used at the lower audio-frequencies, owing 
to the longer wave-length, it is necessary to use a baffle closely surround¬ 
ing, but not touching, the disc, in order to avoid troublesome corrections 
for diflTraction effects. 

The existence of a radiation pressure suggests a 
departure from a linear law of force, for otherwise 
the decrease of air pressure in the troughs of the 
progressive wave would exactly counterbalance the 
pressure increase in the wave-crests. The conditions 
prevailing near a plane surface upon which sound 
waves impinge have been very simply described by 
Poynting, who considers the motion of a layer AA' of 
gas which is parallel to the surface PP' (Fig. 13.30). 

Then, for simplicity, assuming that Boyle’s law holds 
and that the waves are simple harmonic in type, it is 
evident that a movement of A A' half-way towards PP' will result in a 
doubling of the pressure of the gas between A A' and PP', while a 
movement of similar amplitude in the reverse direction, i.e. -to the 
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plane CC\ will result in the pressure falling, but only to two-thirds 
of its original value. In other words, there is a net increase of pressure, 
although only a second order quantity, during a cycle, and this is the 
origin of the radiation pressure. 

Hot-wire microphone 

This microphone was developed by Tucker and Paris during the 
First World War, and depends for its action upon the cooling effect of a 
transverse flow of air upon a very fine platinum wire (of the order of 
6x10“^ cm. diameter), which is heated electrically. Tucker placed 
the wire in the neck of a Helmholtz resonator (see also p. 163), and 
observed the maximum change of electrical resistance occurring 
when the resonator was in resonance with the sound source. The 
cooling of the wire is a function of the particle-velocity within the 
neck of the resonator, but experiment has shown that this is propor¬ 
tional to the pressure variation at the resonator mouth, and so it 
becomes possible to interpret the experimental observations in terms 
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Fig. 13.31. 

of the actual intensity of the sound waves. Besides employing the 
apparatus for gun location, Tucker and Paris applied it to explore the 
sound fields of trumpets, etc. The sensitivity of the hot-wire micro¬ 
phone as a sound detector is increased, and also the distortion is 
reduced, by passing a steady stream of gas across the wire* as indicated 
in Fig. 13.31. At a given frequency the resistance change is approxi¬ 
mately proportional to the product of the steady stream velocity, 
the particle-velocity and the cosine of the included angle between their 
directions. 

Theory of instrument and method of experiment. The cooling effect 
upon the wire of a steady air stream of velocity LJ may be assumed 
to be given by 

hR^hR^ra{V-V^Y+b{U~V^Yy^ . . . (71) 
where Vq is the velocity of Xht free convection current from the heated 
wire grid, hR is the change in resistance of the wire grid due to the 
steady air stream, and BRq is the maximum change in resistance, i.e. 
when C/=K(,; a and b are empirical constants. 

• Cf. use of polarising voltage, p. 204. 
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It suffices to consider only the square term, so that in the case of 
the alternating particle-velocity resulting from the incident sound 

waves of frequency ^.equation (71) becomes 

^R=hR^-'ra{U^%\n pt-V^Y 

= hRQ^aVY+aUY pt—laUQV^ sin pt 
= hR^^aVY+\aUtY-\aU^^ cos2pt-2aU^V^^\n pt . (72) 
Hence the cooling effects have three main components: 

(1) The steady change in resistance given by \aUYi which will be 
proportional to the intensity of the sound, and may be simply and 
conveniently measured by including the grid of hot wires in one arm 
of a Wheatstone network. 

(2) A periodic change of resistance due to the octave of the funda¬ 
mental which is negligible for small amplitudes compared with— 

(3) The oscillatory variation 2aU^Vf^ sin pty due to the fundamental. 
This alternating component of resistance change may be measured 
by means of a suitably designed low-frequency valve-amplifier, and 
will be a function of the amplitude of the sound wave. The hot-wire 
microphone is very sensitive to air draughts, and its response falls 
off rapidly at higher frequencies. 

Condenser microphone 

The condenser microphone is, in principle, one of the simplest of 
all types, and consists essentially of a metal diaphragm tightly stretched 
and mounted parallel to and about 0 001 in. away from a fixed metal 
plate. The cushion of air enclosed between the plate and diaphragm 
loads the latter and effectively adds to its stiffness. In this way the 
resonant frequency of the diaphragm is raised and in consequence 
is usually outside the range of normal acoustic frequencies. The 
diaphragm and metal plate are connected in series with a high resistance 
and a battery of about 200 volts. When the diaphragm vibrates under 
the action of the incident sound waves the electrical capacitance 
between it and the plate will vary, and a corresponding alternating 
potential difference will be developed across the resistance. This 
P.D. is applied to the grid of the first valve of an amplifier, and is 
finally measured on a suitable meter in the output circuit. The 
capacitance of the microphone is extremely small, of the order of 
50 to 300 p¥y so great care has to be taken in making the connecting 
leads to the first valve of the amplifier as short as possible, for the 
capacitance of the leads would otherwise be comparable with that of 
the microphone, and in consequence would considerably reduce the 
voltage applied to the amplifier. With a well-designed amplifier, 
having a uniform response up to, say, 10,000 c.p.s., a P.D. of the order 
of 20 micro-volts may be measured which may correspond to such a 
small movement of the microphone diaphragm as 10“*° cm. This limit 
of voltage is imposed by the general noise level of the circuit. For use 
at the higher audio-frequencies the condenser microphone, as usually 
constructed, would distort the sound-field, and so smaller instruments 
have been designed, but with a consequent loss of sensitivity. 
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The condenser microphone is a pressure type of instrument, and 
although possessing a poor sensitivity, it has a very uniform response 
over a wide range of frequencies, thus forming a useful standard 
instrument which may be calibrated in a free sound-field by reference 
to a Rayleigh disc. If, however, the microphone is required for use 
in small enclosures a different niethod of calibration should be followed in 
which a thermophone may be employed. This instrument consists of two 
very thin gold-leaf strips, suitably disposed within an enclosed chamber 
which can be sealed tightly against the face of the microphone to be 
calibrated. A small alternating current of the desired frequency is 
now superposed on a larger direct current passed through the gold 
strips, and the consequent alternations of temperature will give rise 
to corresponding pressure changes, and hence sound waves of calculable 
excess pressure. In order that the dimensions of the chamber should 
be small compared with the wave-length of the sound the chamber is 
usually filled with hydrogen, thereby taking advantage of the high 
propagation velocity in that gas. 


sin cot 



Fig. 13.32. 


The thermophone method has, however, been largely superseded 
by one which involves the use of an auxiliary electrode A (Fig. . ) in 
front of the diaphragm D of the condenser microphone. When an 
alternating E.M.F. sin wt is applied between A and D an electro¬ 
static force will be exerted upon the diaphragm which will be given 
per unit area by P=K{Eq-\-E-^ sin where £"0 is an applied D.C. 
polarising voltage (see Fig. 13.32) and £ is a constant depending upon 
the dimensions of the instrument. The above expression may be 
rewritten as 

P=A:(£o'“+§-'+2£'o£'iSina./-'^%os2«;/) . . (7?) 


which indicates that the polarising voltage Eq should b.* chosen large 
enough so that the proportion of the first harmonic to the futida- 

^ 2/2 P 

mental, viz.: rr = is negligible. The altermuiny. pres.sure is 

-EqE^ 4£o 

then given by 


Pa=2KE(iEi sin wt 


(74) 
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The constant K is evaluated by applying a D.C. voltage between 
the grid A and the diaphragm D to balance a small pressure Pq in 
excess of the atmospheric pressure applied to the diaphragm whence 

The balance is detected by using a sensitive capacitance 
meter to indicate any movement of the diaphragm. 

Theory of the instrument. The 
theory of the microphone may be 
developed by considering the con¬ 
ventional circuit of Fig. 13.33. Eq is 
the polarising voltage, C represents 
the capacitance of the microphone, 
and R is a. high resistance which 
must be sufficiently large so that the 
charge on the condenser remains 
approximately constant when the dia¬ 
phragm vibrates. Let go be the value 
of this electric charge and Cq the equilibrium capacitance of the micro- 



Fig. 13.33. 


phone, i.e. 



, where 2a is the effective diameter of the diaphragm 


and 8 is the equilibrium distance between the diaphragm and the back 
plate {g in Fig. 13.34). 

The restriction on the value of R implies that wCR must not be less 
than unity, hence if 30 c.p.s. is the lowest frequency to be recorded and 
C=100pF., i.e. 10“^/aF., then it follows that R must be of the order of 
10® ohms, viz. 100 megohms. It is also advantageous for R to be 
large from the point of the effective reduction of the noise voltage 
occurring in the resistance. 

It is assumed that the excess pressure of the sound wave can be 
considered to be uniform over the surface of the diaphragm, which 



y Grooves in fixed piste 


Fig. 13.34. 


will be valid unless the wavelength of the sound is less than the dimen¬ 
sions of the microphone. This condition will not occur for most 
microphones until a frequency of 5 Kc.p.s. or so has been reached. 

Consider firstly that R is infinite. Now Qq~CqEq will be the 
assumed constant electric charge of the microphone condenser and 
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suppose that, due to the impact of the sound waves, the capacitance at 
any instant has a value (Cq— c). It follows that the corresponding 
change in potential difference (e) between the plates of the capacitance 
will be given by 

Qo^(Co—c){Eo-\-e) 


~Qo+CQe—cEQ—ce 


or 



{75a) 


whence ^?= 7 ^£o (approximately) .... (75^) 

c 0 

If the capacitance varies simple harmonically with a sound wave of 
frequency a>/27T, i.e. c=Co sin a>f, it follows from {75b) that the alter¬ 
nating component of the potential difference will vary in a similar 
manner. Actually, as follows from the more accurate expression 
(75a), a series of harmonics will exist in the alternating potential 
difference but their amplitudes are negligible compared with that of 
the exciting frequency if a large polarising voltage is employed 
(cf. equation 73), 

When the microphone circuit contains the load resistance R the 
alternating potential difference appearing across R will be given by 


It follows that 


e = 


R 


V£M-l/(a.Co)^ 


e= 


\/i+( 


ijjRCi 




(76) 



If e' refers to the peak voltage of the alternating potential difference 
across Ry the latter equation suggests that the response of the condenser 
microphone in a sound field is equivalent to the introduction into the 

circuit of a generator of peak voltage -pS-, and having an internal 

1 ® 
impedance — 

It is desirable that the change in capacitance corresponding to 
^ given excess sound pressure should be independent of the ficquency 
of the sound. This condition demands that the microphone should 
be stiffness controlled (p. 236), but Wente has shown that the air 
trapped between the plate and the diaphragm contributes to this 
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objective, so that the diaphragm need not be stretched so close to the 
elastic limit of its material as would otherwise be the case. Unfor- 
fortunately the impedance of this air cushion is a function of frequency, 
but Crandall has shown how this effect can be controlled by cutting 
grooves or holes in the face of the metal plate (see Fig. 13.34). Fig. 
13.35 (fl) and {b) show typical circuit connections between the micro¬ 
phone and the first valve of the amplifier, the former being the usual 
form of coupling; a cathode follower connection is also employed. 

An alternative method of using the condenser microphone, suggested 
by Riegger, consists in making the microphone capacitance a part of 
the variable capacitance of a high frequency electrical oscillator. The 
varying sound pressure acting on the diaphragm will modulate the 
frequency of the oscillatory current, and if this is passed through a 
circuit with suitable characteristics, the output current will correspond 
to the sound pressure. 



Fig. 13.35. 


Velocity (or pressure-gradient) microphones 

As their title suggests, these are instruments in which the indications 
are a function of the particle-velocities of the sound waves. If the 
distance between the two sides, for example, of a ribbon microphone 
(see later) is small compared with the wave-length of the sound, then 
the pressure gradient between points on each side may be taken to 
correspond to the particle-velocity. Actually it is easily deducible 
from previous fundamental theory that the pressure gradient is propor¬ 
tional to cu (particle-velocity), so in general the two quantities are not 
identical; both are vectors, however, having the same direction. 
These microphones are highly directional, and advantage is taken of 
this property in sound film “shooting** when, in order to eliminate 
camera noise, the microphone is placed overhead and tilted so that the 
camera lies in the plane of zero reception. 
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The ribbon microphone 

The ribbon microphone consists of a very thin strip A (Fig. 13.36) of 
crinkled aluminium foil (thickness 2*5 x I0-* cm.) held at each end in 
terminal clamps Q and C 2 , so that the mean plane of the strip coincides 
with the lines of force due to a permanent magnet NS. A movement of 
this conducting strip or ribbon in the magnetic field as a result of an 
impinging sound wave gives rise to the development of an electrical P. D. 
between Q and Cg. l^both sides of the ribbon are freely exposed to the 
air, then at low frequencies, at least, the instrument will function as 
a velocity microphone. At higher frequencies, however, when the 
dimensions of the apparatus are comparable with the wave-length of the 
incident sound, the system will act as a baffle to shield the remote side 
of the strip from sound striking the front face normally. The microphone 
will then operate essentially as a pressure and not a velocity microphone, 
except that it will not respond to sound waves travelling parallel to 
the plane of the ribbon. 


Incident Sound Wbvoi 



Motion of Ribbon 



,ff 

Incident Soundwaves 



Fig. 13.36. 


Theory. The following theory will have general application to any 
type of velocity microphone. Let Ap^ApQ.sin k{x~ct) represent, at 
a particular instant, the excess pressure distribution in a sinusoidal sound 
wave incident normally upon a ribbon of equivalent thickness d 
(Fig. 13,37). This equivalent thickness is to be interpreted as the 
shortest air-path between the front and the back of the ribbon by way 
of the magnet structure; the gaps between the ribbon and the pole 
pieces effectively prevent the transmission of sound energy by their 
narrowness. Then, assuming that the resultant excess pressure Jp 
acting on the ribbon in the direction of its thickness is the same as the 
pressure difference in a sound field between two points in space 
separated by a distance d, Ap=Ap^—Ap^, where Ap,^An,. sin k{d,—ct) 
A^=zApQ%mk{dz—ct). 


Hence 


Ap=2ApQ 


sm \ —- .Qosk 

2 ' 
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Suppose that the zero of the distance measurement is chosen to be 
midway between points at and then {dx—d^=d, but 


kd 


(79) 


and so (78) becomes Ap=2ApQ.s\n-^^.coskct . 

z 

If / and b are respectively the effective length and breadth of the ribbon 
it follows from (79) that the total instantaneous force f on the ribbon is 


kfJ 

/=2(/6.dpo) sin -^.cos kct 


(80) 


But the instantaneous voltage e generated between the ends of the 
ribbon when it is moving in a magnetic field of strength H, is ^ven by 
€=HIx, where x is the instantaneous velocity. Hence, assuming that 
the mechanical system is mass controlled, it follows (from p. 236) 

that the velocity is proportional to force equation (80) 

^ ^ frequency 



k . ' u 

may be written, when d is small compared with 


kd 


27Td 


f= 2{lb . d/)o)^r cos kct=gb. d/?o)— ■ ^ cos kct 


(81) 


where N is the frequency and c is the velocity of the sound waves. 

. driving forceit 

Hence the E.M.F. generated e is ccx ^^^equenc^^^’ ^ 

therefore follows from (81) that it is independent of frequency provided 
d is small compared with 1/A. 

Again from equation (80) it is evident that the force is a maximum 

when sin^=l, i.e. i/=y = ^, and is zero when d=X=%r- ^ 

given applied pressurCy therefore, the response of the microphone is 

. kd 

governed by the variation with frequency of the function — 
ttN 

so that the general form of the response curve will be that 


sin 


N 


shown in Fig. 13.38. 
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The moving-coil (or electrodynamic) microphone is essentially a 
diaphragm rigidly attached to a movable coil, which is located in the 
circular gap of a permanent magnet. The impact of the sound waves 
on the diaphragm causes a movement of the coil in the magnetic field 
with the consequent induction of small electric currents in the coil 
circuit. The coil usually comprises only a small number of turns, and 
IS coupled to a valve amplifier by means of a step-up transformer. 

The three types of microphone just considered, namely the con¬ 
denser, the ribbon, and the moving-coil, illustrate how the uniformity 

frequency is sought by using a diaphragm under 
dinerent conditions. In the electrostatic type the diaphragm is 
tightly stretched until its fundamental frequency is at the upper limit 
of the frequency range desired, whereas the use of a very light and limp 
diaphragm, viz. the ribbon, virtually permits it to assume the particle- 
velocity of the incident waves. In the other type of microphone 



Fig. 13.38. 


mentioned the diaphragm is rigid but under such slight restraint that 
Its natural frequency is less than the lowest frequency to be recorded. 

The carbon microphone is dependent upon the change of resistance 
between carbon surfaces when a varying pressure is applied. The 
carbon, in the form of granules to obtain a large number of contacts, 
*^.^®"*3ined in a cylindrical metal cup. The granules also make contact 
With the metallic diaphragm which is suitably insulated by washers 
trorn the rim of the cup. Any displacement of the diaphragm will 
result in a change of the carbon resistance between cup and diaphragm, 
and if this resistance forms part of a closed electrical circuit containing 
a steady source of E.M.F. there will be a consequent \ariation of 
current. A suitable transformer included in this circui'. enables the 
current variations to be amplified by a valve amplifier. 

H in the background noise is achieved ! > the use of a 

aouble-button construction, one carbon button b.in; used on each 
■1 e ot the diaphragm. By employing push-pull ci:* .i ical connections 
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it is possible to eliminate the even harmonic distortion obtained with 
the single button type of microphone. In order to obviate the use of 
the diaphragm as an electrode the transverse current type of instrument 
was designed. This microphone is constructed so that the current 
flows between two fixed electrodes in a direction parallel to the dia- 
phra^, and the mass of the latter may now be reduced by making it 
of mica or other insulating material. In the Reisz carbon microphone 
the diaphragm is very highly damped by suitable choice of the particle 
size of the carbon powder, and adjustment of the layer thickness so 
that there is negligible reflection from the back surface of the cavity. 
As compared with the ordinary carbon telephone transmitter the 
efficiency of the Reisz is much lower, but the noise has been so much 
reduced that it may be “addressed** at much larger distances. 

In concluding this brief discussion of various types of microphone 
it would seem that the ideal instrument is one in which the motion of 
the air particles produces a direct electrical effect, without any inter¬ 
mediate mechanical system. This idea has been successfully tried out, 
although not commercially developed, in a device by which the move¬ 
ment of the air particles directly modulated the electrical discharge in 
air between a point and a heated oxide-coated cathode. 


Acoustic “wattmeter” 


If/? and V are the instantaneous values of pressure and particle-velocity 

1 r^’ 

a sound field then the sound energy flow will be given by ^Jpv.c/t 


where ^ is the frequency of the waves. Hence if simultaneous measure¬ 
ments can be made of these quantities a means is available of calculating 
the energy flow. The electrical instrument for measuring power is 
the “wattmeter” and this comprises both “voltage” and “current” 
elements. The corresponding acoustic instrument consists of a pressure 
detector, a crystal microphone, and a velocity detector, a ribbon 
microphone. The alternating voltage outputs from these two micro¬ 
phones are amplified and any phase shift suitably corrected before 
application to the appropriate terminals of a wattmeter of the thermo¬ 
couple type. 


Directional properties of microphones 

When a microphone is employed as a part of the acoustical equip¬ 
ment used to amplify speech or music in an auditorium, an advantage 
is often gained by choosing an instrument which possesses a prominent 
directional characteristic, i.e. it shows a much enhanced response 
to sound waves travelling from the direction of the speaker as com¬ 
pared with its average response to sound waves over all directions of 
incidence. 

Now a pressure-operated microphone, provided its dimensions are 
smaller than the length of the sound waves, shows an equal response 
to sound waves impinging in any direction (Fig. 13.39, curve a). 
On the other hand, a microphone whose operation is dependent upon 
the existence of a pressure-gradient at the diaphragm normal to its 
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surface, shows a wide variation in response with direction of incidence 
(Fig. 13.39, curve b). In fact, if this direction makes an angle ^ 
with the normal to the plane of the diaphragm, then the corresponding 
response is proportional to cos <^, since the component of differential 
pressure along the plane {i.e. cc sin <fi) excites no response. 

By suitably combining a pressure-gradient with a pressure micro¬ 
phone, both possessing identical maximum responses, their combined 
response will be proportional to (1+cos^), and the characteristic 
directional curve becomes a cardioid (Fig. 13.39, curve /). 

Cavity resonance 

In addition to the diffraction effect due to the presence of the micro¬ 
phone in the sound field there is another disturbing effect which results 
from the presence of a cavity in front of the microphone diaphragm, 
as usually constructed. The resonance of this cavity will give rise to 
an increased pressure on the 
diaphragm above that of the 
free field, but for most pur¬ 
poses it is possible to apply 
an approximate correction. 

Loud-speakers (or repro¬ 
ducers) are essentially micro¬ 
phones used in reverse, with 
a device, e.g. horn or baffle, 
for efficiently transferring the 
vibrations of the moving part 
to the external medium, 
usually air. The various 
forms of microphone de¬ 
scribed are typical of the 
basic mechanisms by which 
the input electrical energy is 
transformed into radiated 
acoustical energy. The effi- 13.39. 

ciency of this energy conver¬ 
sion is of the order of several per cent, for good loud-speakers, 
which is a poor figure compared with purely electrical transformers, 
but is high in relation to other acoustical converters, e.g. Jeans states 
that a church organ transforms into sound only 013 per cent, of the 
energy supplied. The use of modern permanent magnets with their 
high field-strengths is a means of increasing the efficiency of the electro¬ 
dynamic loud-speaker. 

The two main characteristics of a loud-speaker are those concerned 
with “distortion” and with “frequency.” The latter gives the relative 
sound intensity produced by the transducer when equal alternating 
voltages of different frequencies are applied to it, while the other 
characteristic gives a measure of the non-linear distortion produced in 
the loud-speaker itself. Other factors require to be considered, however, 
in assessing the qualities of a transducer, notably directional 
properties (see p. 123) and the conditions under \v!i;eh the charac¬ 
teristics were determined. The characteristics as measured in an 

W.M.S.—18 
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ordinary-sized living-room would obviously involve the properties of 
the room as much as those of the loud-speaker. Hence open-air 
measurements were standardised under conditions in which the loud¬ 
speaker and microphone were disposed to avoid unwanted reflections* 
e.g. in a position projecting over the edge of a tall isolated building. 
The disadvantage of uncertain weather conditions, however, stimulated 
the erection of so-called “dead" rooms the walls of which are suitably 
covered with sound-absorbent materials to render them as complete 
absorbers as possible. Slag-wool (or glass-fibres), maintained in 
position with wire-netting of suitable mesh, is a typical wall-covering 
for such chambers. In one particular “dead" room this covering was 
supplemented by the addition of parallel strips of crepe paper, each 
about a foot wide with a half-inch separation, which were hung perpen¬ 
dicular to the faces of the walls. A “false” floor was used to support 
the apparatus and between this and the true floor a series of closely 
separated curtains were hung vertically. More recently the walls of 
“dead" rooms have been constructed in the form of narrow angle 
wedges of glass-fibre, held by wire-netting, so that the incident sound 
in general suffers considerable absorption by successive reflections 
within these angles. 

The sound field 

In an analogous manner to the conception of an electric or magnetic 
field, the sound field of a source is considered to be the surrounding 
space in which its influence can be detected. The acoustic intensity 
at any point in such a field may be measured by utilising any of the 
following physical properties: {a) the amplitude of the disturbance, 
{b) the excess pressure, (c) the particle- (or displacement-) velocity, 
{(i) the density change (or corresponding change of refractive 
index), (f) the steady pressure on a surface due to the impact of 
sound waves (analogous to the corresponding phenomenon in light), 
(/) the thermal changes accompanying the alternating compressions 
and rarefactions, and (g) the power which may be absorbed 
from the sound waves. An obvious advantage accrues from the choice 
of a property which shows no dependence upon frequency, and for 
this reason the excess pressure is most generally measured, although 
the particle-velocity is often utilised by virtue of its control in the 
operation of the Rayleigh disc. 

A typical representation of the distribution of excess pressure in the 
sound field due to a loud-speaker is shown in Fig. 13.40. The heavy 
join places of equal intensity and the radial lines locate 
the position of any point, in angular measure, with respect to the plane 
of the loud-speaker diaphragm (i-e. the 90"^ line). Fig. (a) refers to a 
loud-speaker located in a baffle and Fig. (/>) to the location in a horn. 

Sound location 

It is an everyday experience that the ability to locate a source of 
sound is dependent upon the use of both ears, i.e. a binaural effect, 
tor a person deaf in one ear would always localise a sound at his good 
ear, unless, of course, there are extra-auditory factors such as a moving 
car in the street which help him to fix the source of sound. An 
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individual with normal hearing can experience this effect by temporarily 
blocking up one ear. Now the possible physical differences in the 
sound waves reaching the ears of an auditor which enable him to 
determine the direction of a simple tone are intensity and phase. 

Considering first the case of differential intensity, it is evident that 
the sound will be louder at the ear nearer the source, and that the 
location can be assisted by turning the head in different directions 
until one ear is towards the source. For positions remote from the 
latter, however, the distances to each ear will be approximately the 
same, but now the possible effect of sound shadows due to the presence 
of the listener’s head must be considered. This effect will be apprecia¬ 
ble only for higher audible frequencies, when the wave-length becomes 
comparable with the distance between the ears, and it means that low- 
pitched sounds are difficult to locate, for they will bend round the head 
so that the intensity in the two ears is indistinguishable. When the 



(a) 

Fig. 13.40. 


(*) 

Sound-field of a loud-speaker. 


{After de Boer. 


sound is complex, some judgment of direction may be permitted, for 
the higher pitched components will be weakened at the ear within the 
sound shadow. 

In recent years it has been found that it is the difference of phase 
at the two ears which is the most important factor in the localising ot 
sound, at any rate for frequencies below 1300 c.p.s. Stewart 
(“Physical Review,” May, 1920) has shown that the apparent position 
of the origin of the sound is dependent only upon the difference m 
time of arrival of like phases at the two ears. Hence, if the source is 
emitting various sounds of different frequencies, all will have the 
same difference in time of arrival at the ears, and it follows that the 
listener will correctly judge them all to come from the same location. 

In modern warfare the question of sound location is very 
ant. According to Tucker (“Discussion on Audition” (1931), 
Physical Society (London), p. 115), aeroplane location withou 
accessory apparatus or visual help, can be achieved by an average 
listener to about 10° if the aircraft is flying at low angular elevations. 
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If the plane is in an overhead position, however, the intensities 
of the sound in the two ears are the same and change very slowly at 
this point, and the listener can decide when it is overhead only by 
estimating when the total sound received is maximum. Tucker 
has shown that the impression of a maximum, when the aircraft is 
at 10,000 ft. or more, might persist for nearly a minute, although this 
time will be reduced if the head is suitably tilted. If the ears of the 
listener could be separated further apart, then the difference of phase 
at the ears for a given position of the head would be greater, and hence 
the accuracy of location increased. This effect is realised in sound 
locators by the use of listening trumpets 10 ft. or so apart, which are 
connected one to each ear of the listener by means of a stetho¬ 
scope lube. 


The measurement of noise 


Noise has been defined as any unwanted sound in the judgment of 
the individual concerned, for it is to be remembered that “one man’s 
noise is another man’s music.’’ The physical distinction often made 
between a musical sound and a noise, namely, that the latter is a 
random mixture of notes of definite frequencies, rather breaks down 
when it is considered that pure notes of a certain frequency and 
intensity can be highly objectionable. 

The industrial development of this century has made the problem 
of noise a common concern for all so-called civilised countries, and a 
certain amount of legislation has been introduced in this country to 
cope with the menace. Exposure to constant loud noises will gradually 
impair the hearing (see p. 170), while the efficiency of a worker 
is seriously reduced by excessive noise. The reaction to noise is 
largely temperamental, and the degree of tolerance varies widely with 
the individual and also with the general “noise" background. It is 
interesting to note that during the last century the disagreeability of 
noise was recognised in the Navy by the payment of “noise-money" 
to the crew during the period of operation of fog-signals. 

Any scientific investigation into the causes and reduction of noise 
obviously demands some quantitative estimation of its degree of 
annoyance, and experience agrees that its loudness would be the most 
important criterion. Hence it became necessary to correlate in some 
way the aural loudness with the physical energy involved, and a scale 
of ratios of energy, in which the chosen unit, called the bely was 
expressive of a ten-fold increase in energy. The choice arose from the 
purely physical aspect of measuring intensity, but it was found to 
possess the advantage of forming an approximate fit with the aura! 
scale of loudness sensation. The zero of the scale was taken as the 
threshold of audibility for the particular frequency concerned, but a 
smaller scale unit, the decibeh was found to be a more convenient unit 
for acoustical purposes. If H',, is the acoustical power corresponding 
to the threshold intensity, and IK that of the sound under lest, then 


W. 


A-= 10 logiorepresents the intensity of the sound in decibels 

the threshold of audibility for that frequency, and furthermore, .v is 
taken as defining the sensation level of the sound. (See also p. 172). 
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Unfortunately, in general, two pure sounds of diiferent frequencies 
do not produce the same aural sensation of loudness, even if (i) their 
physical intensities are identical, or (2) their sensation levels are equal. 
Hence for the comparison of the loudness of pure sounds of different 
frequencies an arbitrary scale has been adopted as a practical standard, 
viz. the sensation scale of a pure note of an agreed frequency. For 
medium audio-frequencies above about 700 c.p.s., there exists a fairly 
constant relationship between sensation level and loudness which 
permits a latitude of choice. The standard frequency adopted by 
U.S.A., Germany and this country was a pure tone of 1000 c.p.s., 
although much of the earlier work at the National Physical Laboratory 
(N.P.L.) was with reference to a frequency of 800 c.p.s. The British 
Standards Institution have decreed that the recognised procedure 
should be to listen with both ears alternately to the standard tone and 
to the test noise, and that the intensity of the standard be adjusted 
until it is Judged to be as loud as the noise. This intensity of the 
standard is then measured by means of a microphone, and is expressed 
as, say, .r decibels above the threshold audibility of the 1000 c.p.s. 
tone, which corresponds to an excess pressure in free air of 2 X 10"“* dyne 


Valve‘OscHl 3 tor(upto 800 ^ 
Electric Bunerlsoocp] 
\warblinj'ifamo. Record 


Ear Telephone with 
off-set cap 


Wtenuator 



Ear 




Noise to be measured 


Fig. 13.41. 

per sq. cm. The noise is then said to possess an equivalent loudness 
of .Y phons. 

The standard technique outlined above is not particularly suitable 
for commercial practice, and various forms of noise meter or audio¬ 
meter have been designed which are more convenient for such use. 
These instruments comprise a standard tone, which may be produced 
by an electric buzzer, a valve-oscillator or a "warbling” gramo¬ 
phone record (with electrical pick-up), together with a calibrated 
attenuator indicating the loudness of the tone. The acoustical output 
from the attenuator is fed into a telephone ear-piece which is applied 
to one ear of the observer, while the other ear is uncovered to listen 
to the external noise. An alternative procedure is for the standard 
tone and the noise to be heard by the same ear simultaneously, the 
telephone ear-piece being modified for this purpose by offsetting the 
cap (Fig. 13.41). Variations of procedure in which either or both 
ears listen alternatively to the noise and to the standard tone, are often 
followed, and sometimes the intensity of the standard tone is noted 
when it is Just masked by the noise when both are heard simultaneously 
(see p. 173). In general, it is found that masking measurements are 
more easily obtained than matching of intensities, and are sometimes 
preferred as giving a measure of the "degree of deafening” produced 
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by the noise upon the ear, for the particular tone employed. All 
the above methods are said to be subjective since they depend upon 
aural matching, and in consequence, for greater accuracy, it is necessary 
to employ a number of observers, which, of course, extends the 
time required for observation. In order to meet this difficulty, objective 
noise meters have been designed in which a microphone and amplifier 
replace the ear, the amplifier being designed to simulate the response 
of the ear at each frequency for the approximate intensity level con¬ 
cerned. In practice it is found that it suffices to have adjustable 
response for levels between 40 db. and 90 db. only. 

A very simple and portable apparatus for measuring noise has been 
used by Davis at the N.P.L. The apparatus consists of a tuning- 
fork which is struck in a standard manner, and then held as close to 
the ear as possible; the time t is noted between striking the fork and 
the moment its loudness falls to that of the observed noise. If the 
rate of decay of the fork has been found by means of some other type 
of audiometer, then its intensity /, of vibration at any instant ( sec. 
after striking will be given by where 4 is the initial intensity 

and a=coefficient of decay. The difference of intensity in decibels 

will, therefore, be lO^log y^=:.Y, say. The sensation level S„ is then 

given by S„=Si~.\\ where Si is the initial sensation level of the fork. 

^^^cking down the source of noises, e.g. in machinery, it is very 
helpful to obtain the frequency spectrum of the noise, but this aspect 
of the problem is dealt with in Chapter 11. 
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CHAPTER 14 


ARCHITECTURAL ACOUSTICS 


music is of fundamental importance, 
an when it is necessary to convey sound to many people the most 
lavourable conditions are essential, particularly for speech. In the 
course ot the evolution of auditoria, orators found that an elevated 
position with respect to the audience was necessary to extend the range 

prevented those listeners nearest the speaker from 
aosorbing all of the acoustical energy. Another advance was made 
by having a hard surface immediately behind the speaker to reflect 
sound which would otherwise be lost. This was followed by arranging 
seats m tiers to assist seeing and hearing, and finally, by roofing the 
amphitheatre, a more nearly complete conservation of the acoustic 
energy was attained. These improvements, however, gave rise to 
ch^t^^^^ are discussed in the following sections of this 

The subject of Architectural Acoustics owes its development as a 
science largely to the work of Wallace Sabine. Towards the end of 
the nineteenth century, Sabine commenced a systematic investigation 
into the acoustical properties of a hall at Harvard University, where 
Professor of Physics. These properties may be conveniently 
divided into two classes, the one concerned with the satisfactory 
hearing of speech and music, and the other with the elimination of 


noise or unwanted sound. The problems which arise in these two 
groups are largely concerned with the reflecting, absorbing, and 
transmitting properties of materials towards sound waves, but psycho¬ 
logical factors also demand consideration. 

Sabine sought to remedy the defects of an existing auditorium, 
but as a result of his work and that of later observers, troubles in new 
halls can be largely avoided by suitable design. Problems of sound 
insumtion and of noise suppression occur in almost every inhabited 
building, and the type of remedy to be employed may be complicated 
by certain unexpected factors. For example, it is found that the 
output of work in a factory is diminished by excessive noise from a 
machine, but that the effect on the actual operator of the machine is 
less than on the other people in the room. It appears that the person 
controlling the cause of the noise suffers the least discomfort. 


Sound insulation 

Sound requires a material medium for its propagation, and when it 
enters a different medium, part is reflected at the surface, part is 
absorbed, and the rest is transmitted (see p. 106). The intensity o 
the reflected sound beam, and hence of the transmitted beam, will 
depend upon the angle of incidence, the nature of the interface and oi 
the two media, and, in general, upon the frequency of the sound. 
The amount of acoustical energy absorbed within the second medium 
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will be dependent upon the nature and thickness of the material 
and also upon the sound frequency. 

In the passage of light through a transparent medium, e.g. a block 
of glass, the fraction is large, but if the same medium is in 

powder form a considerable reduction is affected. This loss of trans¬ 
parency IS the result of multiple reflections at the increased number of 
air-glass interfaces. In an analogous manner sound may be absorbed 
by breaking up a medium into granules or strata. On this principle 
a given thickness of wood panelling provides better sound insulation 
between rooms if split into two or more panels separated by air-gaps 
than when acting in one piece. Furthermore, the insulation may be 
improved by inserting lightly packed granulated cork between the 
partitions. If a partition is flexible it may become a source of aerial 
vibrations should its natural frequency coincide with a frequency 

u sound, but this effect may be avoided by suitably 

stinenmg the section. Sounds communicated to and via floors and 
ceilings by running machinery, etc., may be minimised by mounting 
the machine on rubber insulation (see p. 324). The structure of a 
building, particularly if steel-framed, frequently acts as a good con¬ 
ducting path for sound waves; to reduce transmission, insulating 
layers of lead and asbestos cloth sheeting are employed to line the 
steel beams where they overlap. As a further precaution, connecting 
bolts are sheathed with asbestos and bitumen to prevent them from 
coming into direct contact with the beams. Where possible, however, 
the sound should be deadened at its source, e.g. typewriters are placed 
on rubber feet to reduce the impact transmitted to the table, and 
transparent covers, which leave only the keys exposed, are provided 
to minimise the air-borne sounds due to the key action. Traffic 
noises are minimised by using double doors and windows and by em¬ 
ploying ventilation conduits lined with absorbent material. 


Absorption 

The problem of the attenuation of a wave in its passage through a 
material m^edium was first put on a mathematical basis by Lambert, a 
Oerman physicist and mathematician, whose name is usually associated 
with light and heat radiation. Lambert's generalised statement is as 
loiiows: layers of equal thickness of isotropic medium absorb equal 
rracnofis of the radiation intensity which is incident upon them.” 
suppose that the medium is divided into a series of parallel slices of 
unit tmckness, then if Iq is the intensity incident entering the boundary 

entering the second slice will be some fraction, 
^ Y This result follows from Lambert’s law and 

reflection will occur at these “layer boundaries” 
within the homogeneous medium. Similarly, it follows that 
-Ph. etc., and in general where ;c is the distance travelled 

^ wave motion into the absorbing medium ot' um^niission 

coeffleent Also (/„-/,)=(! 

parallel planes within the mcdiina J.v apart 
nlfln ^ /+^/ be the intensity of the radiation •rv'fNNinii the two 

panes at :v and x+J.v respectively. It follows from the foregoing 

• a is the absorption coefficient per unit IciuMh. 
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that —-^=azl.v or -j=—adx?is Ax becomes infinitesimal, where a is a 

constant known as the absorption coefficient per unit length. Inte¬ 
grating this expression to obtain the value of the intensity after the 
wave has travelled a distance x. 



whence a=-log, y".(1) 

X 


The amplitude coefficient of absorption per unit length will be 
given by a/2, energy being proportional to (amplitude)®. Hence 

^o^“T, where the .4’s refer to amplitudes. 

Another absorption coefficient (p) gives the absorption per wave¬ 
length of the radiation in the medium and it follows that /^=/o^"A^ 
since p—aX. 

An alternative aspect of p is seen if cT is substituted for A, where c 
refers to the velocity and T to the period of the wave motion within 
the medium. 


It is evident that 


dx 

dt dx' dt 




So for a given particle, i.e. at constant x, 

cycle 

and hence p has the significance of being equal to the fraction absorbed 
of the total vibrational energy per cycle of a vibrating particle. 

In sound absorption the value of a is determined by two factors: (d) 
the internal friction of, and {b) the thermal conductivity of, the sound 
conducting medium. The latter effect arises from the fact that the 
compression regions of the sound wave will be at a higher temperature 
than the expansion regions and also the surroundings, and so there 
will be a tendency for heat to be conducted away from the regions of 
compression. The conduction effect in liquids is negligible compared 
with the absorption due to viscosity, but in gases it becomes of the same 
order of magnitude. The total absorption coefficient, according to 
classical theory, increases with the square of the frequency of the 
waves, so that propagation becomes more difficult as the ultrasonic 
region is approached. At these high frequencies water provides a 
much better medium than air for the propagation of signals, its 
absorption coefficient being 1/1700th of that for air at the same 
frequency. 
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Acoustics of auditoria 

Desirable conditions in an auditorium depend on— 

(а) The shape of the enclosure. This should enable the sound to be 
projected uniformly towards the audience without undue effort on the 
part of the performer or speaker, and yet remain audible. 

(б) of echoes. These depend on reflection from surfaces 

over about 60 ft. away. Such reflections must be reduced to negligible 

proportions by diminishing the reflecting power of the surfaces in 
question. 

duration of reverberation. This depends on the size of 
the hall, and also on the purpose for which the hall is intended, a 
longer period being desirable for orchestral music than for speech, 
and longer still for choral music. 


^ 5 / 



Fig. 14.1. 


Behaviour of sound in a rectangular hall 

For simplicity the hall will be assumed to have hard walls and to be 
unturnished. Fig. 14.1 represents the horizontal section of the room 

and frequenc^^ source of sound S, which is of constant intensity 

act as plane reflectors, and primary images Sj, 
are formed by reflection in the faces AB, DA, CD and 8C 
respectively In turn, these primary images give rise to secondary 

images etc. Treating these as sources which are in phase, and 

considering them in pairs, and S give rise to {a) standinc waves in ihc 

progressive waves along the wall A8. 5/ and .S 
act in the same way with respect to the wall CD. Fuiihei, 67 and 
nave a similar effect along AB. Images and r,' behave in the 

respect to the other waUs. Matters are further 
p icated by reflections at the floor and ceiling, and by the presence 
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of tertiary, etc., images. Yet another series of reinforcements in 
certain directions occur due to the joint effects of images such as 
Si and Ti- This pair is responsible for projecting sound in the direction 
AF; note that the angles BAS and DAF are equal and AF is on 
the perpendicular bisector of SiAT^. Fortunately there is no perfect 
reflector, subsequently the sound will be absorbed, the time taken 
depending on the nature of the walls. Ordinary 9-inch brick walls 
absorb about 2 per cent, and reflect about 98 per cent, of the 
incident sound, an infinitesimal amount being transmitted through 
the wall. Interference between the virtual sources causes zones of 
diminished intensity, so that in such a room of small absorption a 
sound pattern is built up and remains so long as the sound 
persists. A sound of a different frequency will cause a difierent 
pattern, so that, if sounds of two different frequencies are generated 
simultaneously at a particular point, a listener in the hall will receive 
sound from two superimposed sound patterns, the relative intensities 
depending on his position with respect to the source. Music in such 
circumstances is unsatisfactory. It should be noted that the position 
of the source determines the actual patterns, and that a moving source, 
e.g. an opera singer, produces moving patterns which may result, at given 
points in the hall, in intelligibility which is intermittent in character. 

Suppose now that the source of sound is replaced by a tapping 
device which can be adjusted to give a loud tap at distinct intervals. 
If the hall is large and the walls are good reflectors, then the sound 
of each tap is reflected back as a series of distinct echoes, and if tapping 
occurs two or three times in a second the actual taps will be confused 
by the echoes. Similarly, the words of a speaker may be reflected 
back sufficiently late to mask words which follow, thereby creating 
conditions of unintelligibility. . 

Clearly, such a hall is unsatisfactory both fd? speech and music, 
and the reflections must be modified. TJ>e reflection from a particular 
wall can be eliminated by removing tfie wall, which is impracticable 
and undesirable from an acoustical) standpoint. In practice such 
walls are covered by sound absorbing material, e.g. heavy curtains, 
which absorb some 30 per cent, of the incident sound, reflect 5 per cent, 
and transmit the remaining 65 per cent. As stated above, some 
98 per cent, of the latter is reflected at the wall, and is again dirmnished 
by the curtains before reaching the audience. The decreased intensity 
of the reflected sound may cause it to be almost inaudible; in any 
case, subsequent reflections are probably inaudible. Concave walls 
and domed ceilings tend to concentrate sound at certain places in a 
hall, and this reflected concentration may exceed the direct sound at 
these points, a condition which is highly undesirable in an auditorium. 
Such walls and ceilings are to be avoided in design when possible. The 
effect is eliminated in an exislHfg building by covering the walls with 
sound absorbent materials (Fig. 14.2), and by screening the dome with 
a horizontal curtain or velarium. 

Reverberation 

The intensity of sound in the open air at a particular point defends 
on the amplitude of the sound waves at that point. This amplitude 
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diminishes with distance, so that at a particular distance from the source 
the sound becomes inaudible. Thus, a monosyllabic word of command, 
e.g. ‘'Halt!” becomes inaudible beyond a certain range. If, however, 
such a command is given in an enclosure, a portion of the sound is 
reflected by the walls. Superposition of such reflections causes the 
sound to be of such an amplitude, and therefore of such an intensity, 
as to prolong the audibility; this gives rise to the effect termed 
reverberation. The actual duration in the case of a source of given 
intensity depends on the absorption at the walls, but it is necessary 
to give this period of time a qualitative significance, and, for a reason 
given belowyitJs_defiiied_as the t ime required, after the source has 
been ^lencen, fnclthe-jntensi.ty of the s ound t o drop to nne-milli nnth 
of its original v alue, i.e. by 60 db. It is termed the reverberation time.^ 


Fig. 14.2. Acousti-celotex (fibrous composition) tiles on walls of a cinema. 


Reverberation is desirable for reasons to be discussed later, but 
its duration must not be excessive / The .jeverberatioa. times for 
halls judged by traine d musicians to be^ood have been plotted against 
the cube-roots of the volumes. Tt waTrouncTthat the points lay in a 
region bounded by two lines which were practically straight, and further, 
that speech required a shorter reverberation time than orchestral 
music, whereas choral music required a longer time. A i'ormula, 
adapted from these results but hitherto unpublished, ai ' gi\cs 

the actual time T in seconds, to within one or two pe , i - 

r-(00036K^^^-107)/-, 


in which V is the volume of the auditorium in cubic I 
the values 4, 5 and 6 for speech, orchestra and cho: 


'd /■ assumes 
xiively. / 
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Sabine, in the course of his earlier work, used an organ pipe as a 
source of sound, and measured the time for the sound to become 
inaudible after the pipe had been silenced. This was repeated many 
times, but with different numbers of identical cushions placed on the 
floor, and it was found that the time of reverberation depended on 
the number of cushions used. In this way it was possible to find the 
number of cushions required to diminish the reverberation of the 
room by a known amount, hence the effect of the walls, ceiling, etc., 
of the empty room could be stated in terms of exposed area of cushion. 
This led to the expression 

/17’=constant, 

which expresses the relationship between the equivalent absorbing 
area A of the room in terms of cushion area, including the exposed 
area of any cushions present, and T the reverberation time. This 
expression, however, is applicable only to this particular room with 
particular cushions, and for a note of fixed frequency (512 c.p.s.) 
from a particular organ pipe. It was generalised thus: the organ 
pipe was tested and found to produce an intensity which was approxi¬ 
mately 10® times that of minimum audibility, and, as stated above, 
this ratio has since been accepted as the basis for defining reverberation 
time. The effect of opening windows on the value of T was compared 
with the effect of the cushions, and enabled the latter to be expressed 
in terms of open window area, the latter being perfectly absorbent 
for all frequencies if its dimensions are sufficiently large compared 
with the wave-length of the sound. This reservation is necessary as 
otherwise diffraction effects will render a small window, by comparison, 
a more efficient absorber than a large window. 

The absorption due to an audience was measured and reduced to 
open-window units. By experimenting in different rooms it was 
found that the product AT^ A now denoting the total equivalent area 
in open-window units (O.W.U.), was proportional to the volume, 

i.e. -pr is constant, and is equal to 0 05 when A is in square feet of 

open window, and V is in cubic feet. This constant is 0-16 when the 
unit of length is the metre: i.e. the reverberation time in seconds, 

T equals 0 05- in foot units, and 016— in metre units. It has been 

• • I 

noted already that the acoustic absorption of unit area of most materials 
depends upon the frequency of the incident sound, hence, from this 
fact alone it is to be expected that the reverberation time will depend 
upon frequency. 

Experimental investigation of reverberation 

The original method of Sabine, described previously, although much 
improved in sensitivity by automatic timing, did not give an indication 
of the time variation of sound intensity. An improvement on this 
procedure involved the use of a microphone to pick up the sound, and 
the alternating voltage developed was applied to an amplifier. The 
latter incorporated a potentiometer which was automatically regulated 
to maintain a constant output voltage from the amplifier, for varying 
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input voltages. The mechanical recording apparatus at the same 
time operated a tracing needle on a recording drum. The sensitivity 
of this arrangement to brief fluctuations of intensity was limited by the 

moving parts of the recording apparatus. 
With this type of apparatus, decay rates up to 600 db. per sec. have 
been recorded, and it has the advantage of the speed being adjustable 
so that any desired degree of smoothing of the decay curve can be 
realised and in this way only the major fluctuations may be shown. 
The cathode-ray oscillograph is a recorder of extremely small inertia 
pd consequently is ideal for exhibiting brief and small fluctuations in 
intensity and frequency. A particular method in which it was 
employed by Van Urk involved the use of an exponential amplifier, i,e. 
an amplifier whose output voltage, for a given applied input voltage, 





g 0-05 


5 . 
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• 

increased exponentially with time according to the law If 

a IS the exponential decay constant of the sound in the auditorium 
that ^ reverberation and ^ is adjusted to be equal to a, then it follows 
nai on shutting-off the source of sound and simultaneously applying 

Pil ^ microphone to the amplifier, the latter should 

output voltage during the time of decay. This output 
if thi i! vertical deflection plates of the oscillonrar-h, and 

hnr?, condition has been attained a small flucturi ^ about a 

izontal trace should be observed on the screen. TIi. -?cn image 

with permanent if the time-base ^nchronised 

on fltiH regulating the continuously repvaicJ switching 

wh<»r#»»v. sound source. In more complicated cases of decay, 

ore than one decay constant is involved, it will he necessary to 
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vary ^ over a range of values, at the same time noting whenever the 
screen exhibits a horizontal line over a restricted region. It is evident 
that, by using Sabine’s or Eyring’s formula, the measurement of 
reverberation time affords a means of measuring the absorption 
coefficients of acoustic materials. 

Coefficient of sound absorption of a substance 

This may be defined as the area of open window which has the same 
absorption for sound as unit area of the substance. If it is large 
compared with the wave-length of the sound an open window is 
100 per cent, absorbent for all frequencies, so the unit of absorption 
is taken as that of 1 sq. ft. of open window, and this has been given the 
name of one Sabine. The statement that a thick carpet has an absorp¬ 
tion coefficient of 0-25, means it is equivalent to an area of open window 
one-fourth of its area. As the coefficient varies with frequency (see 
Fig. 14.3), the value when unspecified is usually that obtained at 
500 c.p.s. 

The following table shows the values for a few substances at different 
frequencies:— 


Material 

i 250 c.p.s. 

500 c.p.s. 

1 1000-2000 c.p.s. 

1 

Brick 

003 

003 

! 005 

Axminster carpet thick 

005 

0 10 

0-35 

Do., on felt thick 

005 

040 

0-65 

Turkey carpet ^ thick 

0 1 

0-25 1 

030 

Do., on felt i" thick 

03 

05 

065 

Sprayed Asbestos r thick 

035 

0-7 

0-7 

Thick hair-filled cushion .. 

04 

0-7 

0-55 

One Adult in audience is, in 




square feet of O.W.U., 


' 

50 

or Sabines, equal to 

4-3 

4'7 


By suitably curtaining and carpeting a room, the reverberation time 
can be modified as required. Where this is impracticable, e.g. m a 
vaulted roof or on pillars, asbestos is often sprayed in the form of a 
fibrous powder from one spray gun, while a second gun simultaneously 
sprays an adhesive to cause the asbestos to adhere to the surface. 
Such coatings can be made to any thickness without perceptibly 
changing the architectural features. Moreover, it is possible to 
decorate the surface of such an absorbent without altering the absorp¬ 
tion to any marked extent. 

A further point which is dealt with on p. 298, but which must be 
noted here, is that on the average one instrument is required to provide 
the sound energy for 200 units of absorption; thus there is, in a 
particular room, an optimum number of instruments in the orchestra. 
A smaller number causes the music to lack “body,” while a greater 
number tends to make it overpowering. 

The following example may serve to illustrate several of the points 
mentioned in this chapter:— 

A rectangular hall has a height of 20 ft. and a floor measuring 68 ft- 
X 100 ft. The hall is full at one person per 200 c. ft. Calculate (a) the 
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most suitable reverberation time for orchestral music; (b) the absorption 
in O.W.U.; (c) the absorption due to the audience; (d) the mean coefficient 
of absorption of the walls, etc.; (e) the optimum number of instruments. 


Solution — 

{a) The hall has a volume of 136,000 c. ft. Substituting this in the 
empirical formula /= [0 0036 ’?^K+0-107]5, sec. 

(6) Substituting this in Sabine’s formula, /=0 05^, gives ^4=4700 sq. ft. 

A 

of open window. 

(c) Number of people—680; 


absorption=680x4*7=3200 sq. ft. of open window. 
id) Absorption due to walls, etc.=4700—3200= 1500 sq. ft. O.W 

Mean coefficient of absorption 

area of walls, etc. 

-_A*ft7 

- 2 0 3 0 0 V V / • 

(c) Average absorption per instrument=200 O.W.U. 


Optimum number=VoV = 23. 

It should be remembered that the value of A in Sabine’s formula 
is based on a frequency of 512 c.p.s., so the coefficients selected should 
be at or near this value. Further, as the reverberation time varies 
with frequency, calculated values are to be regarded as approximate. 
In fact, Eyring has shown that, for surfaces with large absorption 
coefficients, the expression 


r= 


0-05F 


(-51oge 1-a) 


is more satisfactory, S being the total area in square feet of the exposed 
surfaces of the room, and a the average absorption coefficient, a being 

When a is small (less than 0-2) the expression may be replaced 

by Sabine’s formula (see p. 296). 


Articulation and intelligibility 

A factor of supreme importance in speech in a room is intelligibility, 
and this is governed, in addition to the positions of the speaker and 
listener as already indicated, by the rapidity of speech, the intensity 
of the sound and its pitch, noise both inside and outside, and by 
reverberation characteristic of the room. Recorded speech and 
telephone conversation also tend to become unintelligible due to 
distortion by microphones and other causes. The subject has been 
investigated in what are known as articulation tests by Harvey Fletcher 
and others, much of the work being carried out at the Bell Telephone 

Laboratories. 

In these tests a listener is required to record words which arc spoken 
at a fixed rate into a telephone mouthpiece. Earlier tests had shown 
that, although certain words in a sentence may be inarticulate, the 
meaning of the sentence can often be inferred from the remaining words, 
and so become intelligible. This possibility is eliminated by using 

W.M.S.~19 
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meaningless monosyllabic words such as zut, wa, mis, kev. These 
are spoken at a fixed rate, usually three per second. The percentage 
of words correctly recorded is termed the articulation, and a mean 
value is obtained for several speakers and listeners. Such words ace 
arranged to reproduce the vowel and other sounds in the proportion 
that they occur in the language in which intelligibility tests are to be made. 

The non-sense syllables of the 



0 20 40 60 80 i00% 

Intelligibilitfj of nonsense syllables 


Fig. 14.4. 


articulation tests are replaced by 
questions in the intelligibility tests, 
otherwise the procedure is similar. 
Intelligibility is judged by the per¬ 
centage of questions correctly 
answered. These questions are 
formulated to use a variety of repre¬ 
sentative words, examples being: 

Name some use to which electricity 
is put. 

Explain why a corked bottle floats. 

Why are books bound in stiff covers? 


The results of these tests indicate 


that the percentage intelligibility is about four times the corresponding 
value of the articulation when the latter is poor, but that the ratio 
diminishes to unity as the intelligibility approaches 100 per cent. The 
curve (Fig. 14.4) shows that 50 per cent, articulation is sufficient to 
carry on an intelligent conversation, although 70 per cent, articulation 
is regarded by telephone engineers as the lower limit of satisfactory 
transmission. Articulation can be varied by altering the intensity of 
the sound. It is not sufficiently recognised that articulation is also 
dependent on the language employed. 



db 

Fig. 14.5. 


When background noises are imposed on the non-sense syllables 
some interesting results are obtained from the graphs connecting 
articulation and intensity for different background intensities. 
Fig. 14.5, which is after Fletcher, shows that the curves are practically 
identical, but are separated by distances corresponding to the differences 
in noise intensity. This is clearly seen on the 20 per cent., 40 per cent.. 
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60 per cent., and other articulation levels. The curve marked 0 was 
obtained from tests in a room without noise. When the test syllables 
are just audible (threshold of audibility), the articulation is zero. 
Background noise of an intensity 20 db. raises the intensity required 
for the threshold of audibility to 20 db.. so that the effect of the noise 
is to neutralise the desired sound when their intensities are equal. 
The graph shows that this is also the case when the noise and sound 
intensities are unequal, up to very large intensities. For a 50 per cent, 
articulation a 22 db. difference between background noise and intensity 
of speech is necessary. 

The effect of the presence of overtones on articulation has been 
tested by filtering out certain frequencies. In one series of experiments 
of this nature, first the high and then the low frequencies were pro¬ 
gressively removed, and the articulation measured. The results, which 
are shown graphically in Fig. 14.6, indicated that the region 
1000-2000 c.p.s. is most important for intelligibility. The fact that the 



Fig. 14.6. Curve H: High frequencies retained. Curve L'. Low frequencies 
retained. M\ Point of equal intelligibility. The dotted horizontal lines indicate 

range of frequencies retained. 

curves intersect at a frequency of about 1500 c.p.s. implies that the 

ranges of frequencies above and below this value are equally effective 

for articulation. Further, the articulation at this point is 60 per cent., 

and this means practically 100 per cent, intelligibility (see Fig. 14.4), 

m spite of the obvious change in the quality of the voice. Clearly. 

these facts must be taken into account in the design of loud-speakers 

for speech, deaf-aids and other such devices, with special attention to 

the 1000-2000 c.p.s. range of frequencies. 

Attention is directed to the fact that, for a frequency limit of 800 c.p.s. 

the articulation is 20 per cent, when the lower frequencies remain, 

whereas retention of the higher frequencies gives an articulation of 

95 per cent. Only by including all frequencies up to about 2300 c.p.s. 

IS It possible to achieve this degree of articulation when the higher 

Irequencies are extracted; by removing frequencies below this when 

the upper ones are present, the articulation is reduced t<> about 20 per 
cent. ' 
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In connection with these tests, experiments were made in which 
that portion of the sound with frequencies above 1500 c.p.s. was 
conducted into one ear, and that below that frequency into the other. 
The results showed that, with speech, the normal voice was heard, 
whereas music was heard as a jangle of sound. It therefore appears 
that for any other separating frequency than 1500 c.p.s. the two- 
filtered frequency ranges would not produce the effect of the original 
voice. The experiments confirm Paget’s view that intelligibility depends 
on the presence of the high frequencies, the low frequencies (proper to 
the vocal cords) acting in the manner of a carrier wave. 



Duration 


*2 


leconSs 


8 





Effect of reverberation on intelligibility 

The overlapping effect produced in an auditorium by a succession of 
discrete sounds or taps was discussed above, and will now be examined in 
greater detail. 

When a source of sound of uniform power is switched on in a room it 
“builds up” until the acoustic energy is being absorbed at the rate at 
which it is generated. This is represented in Fig. 14.7 by the portion of 
the full curve AB. When the source is switched off the sound dies away, 
decaying as shown by BC. The formulae for growth and decay being 
respectively /g=/oo( 1-^"“0 and /z)=/cc.e-“, in which /« denotes the 





REVERBERATION AND INTELLIGIBILITY 293 

Steady intensity, Ig the intensity during growth after time t sec., and Id 
the intensity sec. after switching off. The growth and decay curves are 
complementary for, after an interval of t' sec. from switching on, the ordinate 
IS represented by Iq'. After the same interval from switching off, the ordinate 
islp'; /D'+/c'=/oe (or all values of t'. The complementary nature is readily 
appr^iated by considering the switching off as the switching on of an 
identical “negative” source, i.e. the rate of growth, whether negative or 
positive, is constant. 

The reverberation of the sound represented by the curve ABC has a 
duration of 6 sec. This is shown clearly by the full curve of 14’7c, which also 
indicates why the loudness approaches its maximum more quickly and dies 
away more slowly than the intensity-time curve appears to show. 

The dotted curve of 14.76 shows the effect of reducing the reverberation 
to 2 sec. by increasing the absorption. The maximum intensity reached is 
some 4-5 db. less than before, although the source is of the same power as 



Fig. 14.8. 


at first, but the dotted curve of 14.7c shows that the loudness is nearly the 
same in both cases. 

The next diagram, Fig. 14.8</, indicates the effect of speaking monosyllabic 
words at intervals of 0*4 sec., the duration of each sound being 0-3 sec. 
followed by a 01 sec. interval; the time of reverberation is 4 sec. The 
intensity curve follows the complete one to the point Z, and then falls away 
as the complete curve does after the point Z'. This is repeated every 0-4 sec. 
The total intensity follows the dotted path, whose peaks indicate the extent 
to which the individual syllables stand out. The corresponding loudness 
curves of the syllables are shown in Fig. 14.86, in which the dotted curves 
^ow the effect on loudness when the reverberation is reduced to 2 sec. 
Fig. 14’8c shows the effect of the presence of an audience on the reverbera¬ 
tion of the first word. The loudness of a later syllable—the third lor con¬ 
venience—which is shown dotted, is included to indicate the effect of the 
lull half-full (H) and empty hall (f), on the articulation. Clearly, the 
interference is reduced by the presence of the audience. 
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Intelligibility may be increased, then, by: (a) Reducing the reverberation: 
this method has its limitations, for as open-air conditions are approached 
the auditorium becomes “dead.” 

(/>) Speaking more slowly: this allows the peaks of Fig. \4Sa to stand 
out well above the background noise. 

It appears that intelligibility could be improved by increasing the intensity 
direct sound and the background noise due to echoes differ by 
22 db., as mentioned on p. 291. Actually, however, the intensity of each 
of the echoes would increase proportionally, and as the decibel depends 
on the ratio of intensities, no improvement would result. Probably con¬ 
ditions would become worse, as the duration of reverberation and also 
^he rates of growth and decay would increase. 

Dead-spots,” however, are still likely to exist, and can be treated by 
using directional loud-speakers. These should be of low intensity, near 
to but higher than the dead-spot concerned, and directed towards it. The 
absorption of the sound by the audience would tend to eliminate reflection. 

Influence of shape on intelligibility. Consider an auditorium in section 
(Fig. 14.9) in which S is the position of the source. A listener situated at 
B will receive direct sound along the path SB, and reflected sound along 
paths such as SA, SB. If the path difference SA \ AB—SB is large, as in 



^^iiding. direct and reflected sound will arrive at B at appreciably 
different times, but with a lower ceiling the direct and reflected sounds 
will arrive at B practically simultaneously, so that intelligibility is maintained. 
Alternatively, the reflected ray may be intercepted by a gallery at the position 
shown dotted in the figure. Further reference to this subject is on p. 303. 

Theoretical derivation of Sabine’s formula 

It is first necessary to obtain an expression for the rate at which sound 
energy is dissipated in a room by absorption at the walls and to use it to 
determine the rates of growth and of decay of sound. 

Assumptions 

c ^ energy density of sound is uniform throughout the room; it is 
denned as the average vibrational energy associated with the air particles 
in unit volume of the enclosure, due to the passage of sound waves. 

(2) Energy is transmitted equally in all directions. 

(3) The source maintains a constant supply of energy during emission. 

(4) Effects of superposition may be neglected. 

(5) Dissipation of energy is confined to the bounding surfaces, i.e. the 
attenuation due to the viscosity of the air is negligible. 

(6) The coefficients of absorption are independent of frequency. 
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{a) Energy flux per unit area. Fig. 14.10 represents an element of 
area 85 of the surface of a wall of the room in which the sound energy is 
uniformly dense, perfectly diffuse, and of magnitude I per unit volume. 
The quantity of energy at any instant in a small volume SV is I'. 8F, and 
that portion which will ultimately arrive at 85 from an element of SV will 

be moving within the solid angle 8a> given by 

Assuming energy to flow from SV uniformly and in all directions, the 
quantity which will arrive at 85 is 

85 cos B 

1 , sr/ /'.8K. 85cos^ 

/ .oy. — ----—5-, 

4tt 4nr‘ 

The other elements of volume similarly situated with respect to 85 con¬ 
stitute a torus of cross-sectional area r. SO. Sr and of circumference 
Inr sin 6, hence the total volume of the elements is that of the torus, which 
may be written 8K=27rrSsin O.dr.dO. 

The total energy reived by 85 in an interval 8/ comes from a hemisphere 
of radius c.St, c being the velocity of sound in air; the total energy 
arriving in time St on the area 85 


==2: 


rSV.SScos 0 

4iTr~ 

I'lnr^ sinO ,dr .do .8S. cosO 
4nr* 


7L 

2 


sin0. cos0.do 



-JJ 

J u J 

_r8s . 1 

2 ‘^^'*2 

= ^.S58/; 

.. The total energy falling on unit area of the walls in one .second is 

.(2) 

(b) Decay of soimd in a room. For simplicity the walls are assumed 
to be perfect refl^tors except for an open window of area A. Suppose the 
source to act uniformly for a time sufficient to allow the energy density to 
^ uniform maximum value /\f. After the source is cut off at time 
~0, say, the energy density within will diminish and finally become zero. 

The rate of disappearance of energy will be ^ A. since all of the energy 

mcident upon the open window is lost to the enclosure. Now ih* eaeig> 
emaming in the room at the time t is V.f where / stands f- v tlic energy 
therefbre^ instant considered, and V represents the total vuIumic. L learly. 

diVn I.c.A 


dt 


cU 

dt 


4 

I .c A 

~w 


or 


(3) 
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Remembering that I—Im at r=0 and 7=0 at /=oo, integration of equation 
( 2 ) shows that at time /, 

h=lMe~Tv' .(4) 

(c) Growth of sound in a room. Let iV be the uniform rate at which the 
source emits sound energy. Then the rate of increase of energy within 
the enclosure is given by 

I.c.A d{VI) V.dl 


W~ 


dt 


dt 


(5) 


cA 


Substituting k for -n 7 » this becomes 


4K 


kdt= 


kV 


which, on integration, gives 


i,W~klV) 


dl 


( 6 ) 


W-kVf 

W 




(7) 


This may be rewritten as 




( 8 ) 


in which /, is the intensity at any time t after the source has commenced. 

In the steady state as much acoustical energy is absorbed as is created 

per second, i.e. ^=0, hence from (5) it follows that the uniform maximum 


intensity attained is 


7m = 


W 

cA 


(9) 


Equation ( 8 ) may now be rewritten as 

= .( 10 ) 

[Note: This equation may be deduced alternatively from ( 8 ) by substituting 
the particular value 7 m for I,, for 




] 


{d) Sabine's formula. Reverberation time is defined as the time T taken 
for sound in an auditorium to fall to one-millionth of its original intensity, 
so the energy density will fall to /r such that 7, = 7^10-*, whence, from (4), 

(Ar_|Q 6 ^ and therefore ^^^= 55 - 3 —. 

K Cj4* 

of sound (c) in air at ordinary temperatures lies between 
330 and 340 m. per sec. 


016L 

7'= —when the unit of length is the metre 


A 
005K 


. (lla) 

and ^ „ foot . (II*) 

When the enclosure contains a number of different surfaces of areas 5i, Ss, 
S 3 , etc., whose absorption coefficients are a^, a^, a,, etc., respectively, then 
it follows that /!= . . . =i:a 5 '. 

(e) Criticism of Sabine's formula. When the walls of a room are perfect 
reflectors, the absorption, and therefore A, is zero, and T, the reverberation 
time, is infinity. This is to be expected. Where, however, the walls are 
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perfect absorbep, open air conditions prevail, and the reverberation time 
IS zero. This is not in accordance with the formula, for the maximum 
value of A is equal to the area of the walls, etc., which is finite, hence the 

calculated value of T cannot have the infinitely small value which theory 
demands. 

Theoretical derivation of Eyring’s formula 

Sabine’s formula was derived on the assumption that sound energy 
Ravelling along any given path in a room dies out in a continuous manner 
Eynng, however, takes account of the fact that the decay is not continuous, 
but occurs in consecutive drops, each one occurring as the sound strikes one 
of the surfaces of the room at which it is partly absorbed and partly reflected. 
On this basis it is shown that sound energy dies out more rapidly than if 
continuous decay takes place. 

When a “ray” of sound strikes a wall it suffers reflection and absorption. If 
the coefficient of absorption and the mean free path (M.F.P.) of the ray between 
reflations are known, it is possible to calculate the time of reverberation 
by finding the number of reflections, etc. It is shown in the Appendix 
that if S is the total surface area the mean free path of sound in the room is 

when all rays are considered. This is the statistical value. Hence, if N 

reflections occur in 1 sec., NT will take place in the reverberation time T 
It follows that 


velocity of sound c c.S 
M.F.P. 

S 

__ I^t /o be the intensity of the original sound at time /=0 and suppose 
« is the average absorption coefficient of the reflecting surface. The 
intensity of the original sound beam after one reflection is 

fo ®./o — (1 ^./o I 

after two reflections (1 — «)(! — a)./o, i.e. (1 —and therefore after NT 
reflections it is ( 1 -^/vr/„. 

But by the definition of reverberation time the intensity will now have 
dropped to one-millionth of its original value, i.e. to 10"*/o, hence 

(l-a)/v7'./,= io-Vo, or 

— 6 _ —6 log, 10 

IOg,o(l~a) 10g*(l —a) 

r-^iog. 10-]^. 

Ll0g,(l-«)Jc5’ ^ 4K’ 


NT 


and 


I.e. 


T = 


016K 


( 12 ) 


— 5l0g, (1—o). 

As a<l, the expression log, (1-a) may be expanded and written as 

a“ a» _ 

“ * 2 ’ 3 "’*’’ small values of o, say <;0'2, the terms beyond 

fhe first may be neglected as a first approximation. Eyring's formula then 
. 0 - 161 ^ 

oecomes r=-_, which is identical with Sabine’s formula, us 5. a will 

, oa 

^equivalent to the area of open window denoted by A in equation (11). 
ese formulae are quoted in metre units; when the foot is the unit, 
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005K 


By using the expanded form of Iog« (1 — “) for the first 


^ -5 log (1-5)- 
two terms only, i.e. assuming a to be small, 


r= 


005 K 


005K 

5a('l+^ 


_0-05K/ 

5 ^ V 2) 

005K 005Ka 
“ 5a 2.5a’ 

,_005K 0025^" 
A 5 


in which 5 is the total surface area. 



Optimum number of orchestral instruments in a room 

As stated on p. 288, experience shows that an orchestra should be composed 
of such a number of instruments that each one, on the average, provides 
sufficient sound energy for every 200 sq. ft. of open window, or its equivalent 
absorbent, in the room. This gives a suitable “volume” of sound. The 
relationship can be established qualitatively as follows:— , 

In the steady slate the acoustic energy density Im was shown on p. 2 vd, 
to be given by the expression 



iV being the total energy generated per second. Now if h’ be the average 
amount of sound energy given out per second by each of n instruments m 


the orchestra, ^ -nw. It follows that where A" is a constant, 

C/4 /4 

and so, for a uniform value of /\f, the number of instruments, n, is propor¬ 
tional to A, the area of absorbent in open-window units which is expose 
to the sound. 


The geometrical and wave aspects of room acoustics 

When a source of sound is started in a room there will be set up a steady 
state vibration of the same frequency as the source, together with a 
free vibration, having the frequencies of the normal modes, but which wm 
decay away. The steady state vibration will, of course, differ from tne 
radiation of a “free” source, i.e. one in the open and mathematical analysis 
shows how it may be synthesised from a suitable choice of standing waves. 
At low frequencies it is found that the values of the resonance frequencies 
of the various standing waves are widely spaced so that the intensity ot tne 
sound in the room will show large fluctuations as the frequency of 
is varied. These regions of good and bad transmission occur below 

critical frequency given approximately by /=I0 .^/^ Kc.p.s., where T is 
the reverberation time in seconds and V is the volume of the room in cubic 
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feet. Above this frequency, when the wave-length is small compared with 
the room dimensions, the resonances become closer together, so that the 
inte^i^ may be reasonably assumed to be uniform and consequently it is 
justihable to apply statistical mechanics to the analysis of the problem. 

in the geometrical aspect of the problem, as exemplified by Sabine's work 
all the sound m the room is regarded as acting together as a single simple 
oscillator. The derivation of Sabine's empirical formula, initially due to 
Jaegar, follows the geometrical classical kinetic theory in which the acoustic 
energy is considered to travel in rays. The underlying assumptions of the 
theoiy (p. 294) appeared to be satisfied by Sabine's experimental results, 
due to the fact that his experiments were chiefly restricted to moderate- 
sized halls which were fairly reverberant. The theory and experimental 
results suggest that the logarithmic decay curve should be a straight line, but 
It must be remembered that Sabine's use of the ear as detector would tend 

TK large space and time variations of intensity, 

me failure of Sabine’s formula when applied to very dead rooms led Eyring 
to replace the continuous absorption assumed in the development of Sabine's 
formula by a process involving discontinuous drops in intensity during the 
sound decay, but he assumes that the acoustical energy rapidly reverts to a 
^ ^•sfft^^ution after each set of incidences. 

The most serious criticism of the geometrical approach to the problem 
o roorn acousUcs has been the discordance of measurements on acoustic 
a sorption coefficients of materials. The effective absorption of any par- 
icular material has been found to depend on its area and its position in the 
k ^ "wave” approach to the problem of room acoustics 

™iglJ^®o*'et»cal investigation in this so-called "pattern" effect has been 

^ rectangular room three types of standing waves, oblique, axial, and 

angential (s^ App. 14) can occur, and each has a different decay rate. 

II loiiON^ that under such circumstances the log-decay curve cannot be 

Y* variation of decay factor will be emphasised in a room of 

tr» contour and smooth walls, for a tangential wave moving parallel 

ne most absorbent wall will damp out more rapidly than a normal one. 

position very briefly it may be said that the geometrical 

that ?k^” usually suffice for the investigation of large auditoriums, but 

i the wave method must be employed in the case of small and reeularly 
shaped rooms. ^ 

Note on distribution of absorbing material and absorption coefficient 

If most of the absorbing material is on two opposite walls then the standing 
reflated from these walls will have a longer decay time. I he 
nhp these more highly damped waves can give rise to interference 

waves are few in number the sound inlensuy vs ill 
decrease uniformly. If there are a number of such 
excited however, an averaging effect will occur and the iniensity- 
stef*n^ be "smoothed-out,” but will show two different slopes, a 
dftri^v^^rwk^ with, followed by one of smaller slope corresponding to the 
If ch striking the strongly absorbent walls (see Tig. 14.! i 

onlv ^ fhc energy absorption by the air in (he crKiosurc 

cfMtA higher frequencies, but at 4 Kc.p ' . may be much 

if th^ total absorption at the walls: the absorption is acccniuatrd 

umidity is high. Eyring’s formula may be mt'ihfied to ta.^'e into 

account air absorption as follows; T- where the 

linn previous significance and a is the atienuatit n or absorp- 

fficient as defined on p. 282 in the expression /, 
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The absorption coefficient as defined by Sabine in his reverberation formula 

u ♦u 1 r .t- X- Absorbed sound intensity 

IS given by the average value of the ratio -i —^ -n—=— 7 —^rr 

Incident sound mtensity 

the material exposed. The coefficient so defined is not satisfactory as a 
unique measure of the acoustic properties of a wall surface as indicated by 
the inconsistency of the values obtained by different types of measurement. 
The measured value of the coefficient changes when the material is placed in 
different rooms and in some cases varies with angle of incidence of sound. 
A more fundamental measure is the acoustic impedance Z of the absorbing 
surface, which is defined as the complex ratio of the sound pressure at the 
surfa^ to the air velocity normal to and just outside the surface. This air 
velocity may be due to a motion of air into the surface, if porous, or to a 
movement of the wall itself. An absorption of energy at the surface is 
implied when the impedance has a real component, whereas the existence of 
a purely reactive impedance indicates that the reflection involves only a 
change of phase. 




Fig. 14.11. Recording of the sound intensity in a room in which the lower ha 
is covered with absorbing material, as indicated in the cross-section. In the 
curve, two reverberation times may be seen belonging to the two halves of the room. 


Experimental methods of testing models of auditoria 

Before proceeding to erect an auditorium, tests are frequently made 
on scale models to investigate the behaviour of sound in the proposed 
structure. Two of the methods—the Schlieren method and the ripple 
tank—employ sections of the model. In the former the position or 
the proposed source of sound in the actual auditorium is occupied 
in the model by a spark gap, so that, when a spark is passed, it gives 
rise to a sound pulse resembling a sound wave in the actual auditorium. 
Such a sound pulse can be photographed at any instant in the manner 
described on p. 155, and in this way its course and that of the soun 


can be traced. .. ^ 

A ripple tank is a shallow tank containing water. A dipper, 
is capable of executing vertical vibrations, touches the surface. 
vibrating it sends out ripples whose behaviour can be followed by mea 
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of a stroboscope. A section of the auditorium model is placed 
horizontally in the tank with its upper surface projecting above the 
water, the dipper occupying the position of the proposed source of 
soun^ The resulting ripples resemble sound waves in section, and 

obVrved^ shape of the auditorium on the waves can be readily 


A third method, due to R. Vermeulen and J. de Boer, has the 
advantage being three dimensional, for it employs a complete 
model (Fig. 14 12). This is painted a light matt colour internally, 
and has a small lamp at the position corresponding to that intended 
tor the source of sound in the actual auditorium. By inserting a 



[l'llilin\ Tri/l-,' .;/ 

Fig. 14.12. 


pa e of frosted glass at a particular position the variation of [lie 

illumination reaching that position can he observed, and 
in th variation in the intensity of sound in the actual auditorinn* 

be estimated (Fig, 14.13). Inc’'e' -si 
hv . absorption by certain surfaces can be simulated le 

surfaces a darker shade. Etfeefs ('le • • 
laces can be examined by directing on to them ■ ■' 

la the nioHpl U/Ith u mict rpirr la 11 \ 


lioht ^ examined by directing on to them i. j 

^be model with a mist (Fig. 14.14). 
of ^be last few years it has become apparc ■ mi ^ 

ihp ^y^j’beration time for one frequency— usua'' )0 
middle of the musical scale, do not provide t e 


In 

the I 
1 

; J 

L* [ . 


. j 




' 'ilalions 
I'.s. near 
• criterion 
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by which auditoria may be classed as satisfactory. Jn recent practice 
the reverberation times for more extreme frequencies, such as lOOc.p.s. 
and 4000 c.p.s., are calculated in addition. As already mentioned, 
however, the acoustical requirements for music in a particular hall 
differ from those for speech in the same hall, and yet again the desirable 



[Philip*^ Technical Revifyc- 

Fig. 14.13. (a) Distribution of liuht on the floor and the surrounding seats. 

(/>) The absence of a reflector behind the speakers* rostrum is seen to lead to a 
reduction in intensity along the sides as well as the rear of the hall. 

conditions in a small broadcasting studio differ from those in a concert 
hall. In general, the sounds in the studio should be rapidly damped 
to give the listener the impression that the performance is taking place 
in his own room. In the case of an auditorium it is usual to provide 
the stage with hard surfaces to project the sound into the body of the 
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hall. Again, in order to bring about a general diffusion of sound, 
convex reflecting surfaces are often employed. The latest technique 
in this direction, due to Bonar, which has been employed in broad¬ 
casting and recording studios, utilises horizontal semi-cylindrical 
wooden surfaces of different curvatures with intervening flat spaces. 



{f*hUip\ iei hnhal Reviews. 

Fig. 14,14. 


Although the Sabine formula indicates that the sound intensity 
within an enclosure has an exponential decay, it is not surprising, 
considering the assumptions involved in the theory, that no such 
regular law is obtained in practice; the experimental curve in a 
typical instance is shown in Fig. 14.15. The perturbations or peaks 
which occur are largely due to the existence of prominent reflections 
within the enclosure, and also to the possible presence of standing 
waves when a particular resonant frequency of the room is emitted by 
the sound source. Bonar asserts that, by the adoption of the device 

mentioned above, a closer approximation to an exponential decay is 
obtained. 


A problem of a dilferent type, which has been investigated recently 
by Mason and Moir, occurs in large cinema auditoria, and refers to 
the desirable close association of the sound source with the picture 
screen, whereby the audience receives the impression that the sound 



Hig. 14.15. 

• 

Js actually emanating from the image on the screen. An endeavour 
IS made to achieve this condition of “intimacy," as it is termed, by 
placing loud-speakers on each side of, or behind, the scrcefi. At the 
same time, however, care must be taken to prevent the audience 
receiving any reflected sound of appreciable strength, otherwise the 
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sense of intimacy is lessened. Mason and Moir showed that it is 
desirable for the angle between the direct and the prominent reflected 
rays to be as small as possible. They also point out the necessity 
for a complete understanding of accurate sound focusing within an 
auditorium, if stereophonic sound is to be successful in the cinema. 
The aim in this effect is the synchronisation of the movement of the 
sound focus across the screen with the picture of the original source 
or actor, in such a way as to be followed and appreciated by the 
audience. 

Fig. 14.16 shows the elevation and plan of a theatre of good acoustical 
design, which possesses a low ceiling, heavily carpeted floors, and seats 
which are upholstered to be strongly sound-absorbent, but only the 



Fig. 14.16. Plan and elevation of theatre of good acoustical design. 

back walls and side walls near the screen have received treatment 
with sound absorbent material. Fig. 14.17 shows an auditorium 
in which the sound quality is poor. This is borne out by the ^5 

photographs" (see below), which show large reflections after both 
short and long intervals of time. The reverberation time and the 
frequency characteristics of this hall, however, had previously been 
presumed to be acoustically satisfactory; this contrary result was 
shown to occur in other audiloria examined by Mason and ^9'^ 
In other words, the impulse measurements are more in accord wi 
aural judgment, and support the contention of these workers tha 
judgment by ear depends chiefly on the form of the reverberatio 
curve during the first few milli-seconds. Now the frequency charac¬ 
teristic of a loud-speaker is normally measured under steady sta 
conditions, and does not represent the conditions which occur m 
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practice, for the ear receives sound which, in general, is rapidly chang¬ 
ing, and which often includes transients. Mason and Moir therefore 


Fig. 14.17. An auditorium of poor acoustical design. 

decided to investigate the acoustic properties of an auditorium by 
means of “impulse” sound, i.e. sounds of short duration. Briefly, 
the method consists in feeding electrical impulses, after amplification. 



into a loud-speaker and then picking up the sound impulses by a 
microphone suitably placed in the auditorium (Fie. 14.18). The 

W.M.S.—20 
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amplified output from the microphone is applied to the vertical 
deflection plates of a C.R.O. A time-base, synchronised with a cam 
operating the impulse switch, is applied to the horizontal deflection 
plates, and the traces on the C.R.O. screen are photographed. Figs. 
14.19 a and b are typical records, and refer to the halls of Figs. 14.16 
and 14.17 respectively: the former shows the directly propagated 
impulse with almost complete absence of reflections, while (b) indicates 
the presence of large reflections after both short and long intervals 
of time. It should be added that the rate of generation of impulses 
is arranged to allow the reflected sounds to die away to a negligible 
amount in the interval between the impulses. 

Acoustics of small rooms 

A room with a volume of less than about 8000 c. ft. (230 c. m.) 
in volume cannot be classified as an auditorium, for the problems 
usually associated with the latter—such as the effect of reverberation 
on the intelligibility of speech, and good conditions for choral or 





Fig. 14.19. Pulse photographs. 


orchestral music—do not arise. The shorter sound paths lead to 
more reflections in a given time, but as the direct path to the listener 
is smalf, the source need only be of low power. As a consequenc^ 
the intensity of the reflected beams will be correspondingly low, and 
the intelligibility of speech will remain practically unaffected, inc 
character of the music in such a room is limited to chamber music, 
which requires not more than the optimum number of instruments 
trio, quartette or quintette—for rooms of comparatively small volume. 

A factor which does arise in small rooms is resonance. Lord 
Rayleigh showed (see App.l4) that the resonant frequencies in rect¬ 
angular enclosures are given by the expression 

c .v2 

2 V b'^ h " 

n and c being the frequency and velocity of sound in air respectively. 

/, b and h the length, breadth and height of the room; -v, v ^d - a 

integers or zero. When .v. v and r have the values 1 , 0 an 
^ . 
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respectively, the expression becomes «=— 

fU.-• _ . . . . . (^0 


, so the wave-length of this 


frequency is equal to twice the length of the room (c/ pipe closed at 
both ends sounding its fundamental). ^ 

resonant fr^uencies of a cubical room are readily calculated 
= values for two such rooms, in which l=b=h 

soundtrng^a\°ena"l??O frp";r\"c^ " 


y z lst[/=I4'] 2nd[/=20'] 

I 0 0 40 cycles per sec. 28 cycles per sec 

* * 0 57 „ 40 „ 

1 ‘ * 70 „ 49 „ „ 

2 0 0 80 „ „ 57 „ , 

2 1 0 90 63 . 

? ' ‘ 98 „ „ 69 

2 2 0 115 „ „ 80 

2 2 » *20 „ 84 „ 

2 2 2 140 „ 98 

Points worthy of notice are:—* 

frequencies are considerably below the 
lowest reproducible frequency of a radio receiver likely to be used in 
citncr room, 

(2) Each frequency is associated with a sound pattern. With a 
• musical chord, several patterns are superimposed, hence the 
relative intensities present in the original are not likely to occur anywhere 

^ hundredths of a second, 
frequency^ further influenced by the variation of absorption with 

effects, or at least to minimise them, the walls 
^ draped with highly absorbent material. 

The extent to which elimination is desirable for musical purposes 
aepends on the source of the music. Recorded and radio music 
are influenced by the acoustics of the room in which they are performed 
and should be uninfluenced by the room in which they are reproduced’ 
hence the absorption should be high. If, however, the actual 

**? ^ smaller degree of absorption is 

uesiraole, otherwise the music appears dead, as indicated on p. 292. 

in suinmarising it may be said that in room acoustics the room must 

nature of a horn for transmitting acoustical enercy 
irom the source to the auditor, and the purpose of design of shape and 

absorption materials is to make this transmission equally 
^ frequencies to be employed. Care has to be exercised 
^/'^sorption IS not so large as to lose the advantage of enhance- 
trenH • intensity by repeated wall reflections. The modern 

\? **®Sard reverberation time alone as a sufficient guide to 

1 C acoustic goodness” of an auditorium, and the idea of “liveness” 

eigentones is greater for small rooms and also the lower 

resulting excessive Jovs frequency rever- 

. on IS known as boom, which is an andesirablc feature of small speech studios. 
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has taken its place. This conception involves such other considerations 
as the mean square sound pressure being uniform over the space 
occupied by the audience, that at least a certein percentage of the 
acoustical energy reaches any particular hearer directly from the source, 
but that not more than a certain fraction reaches him after reflection 
from a particular surface, etc. In cases where the log-decay curve is 
not linear the idea of reverberation time loses its significance and 
it has been replaced by the conception of decay rate^ which in effect 
is the slope of the normal decay curve. The natural decay of the stored 
energy takes place at the eigen frequencies and not at the frequency of 
the impressed sound, unless these frequencies happen to coincide. 

The fundamental requisites for speech and music are similar, but 
differing personal tastes enter so much into the latter that the optimum 
musical conditions for a room are very difficult to realise. The accepted 
reverberation time for music will depend upon its type, but in all cases 
it will be greater than for speech. 

The reasons why reverberation time (T) is not regarded as solely 
giving a measure of the subjective sound quality of a room are concisely 
expressed by C. A. Mason, viz. (a) T assumes an initially diffuse sound 
field rarely realised in practice, (b) a 60 db. drop in level is denned 
whereas the ear is only likely to be affected by the first 20 or 30 do. 
fall, (c) T does not take account of the shape of the room and {a) 
although taking account of the amount of absorption in a rooni, 
rdoes not consider the mode of distribution of the absorbing material. 


For further reading 

Sabine, W. C.: Collected Papers on Acoustics. Harvard Univ. Press, 1922. 

Davis, A. H. and Kaye, G. W. C.: The Acoustics of Buildings. Bell, 1932. 

Knudsen, V. O.: Architectural Acoustics. Wiley, 1932. 

Sabine, P. E.: Acoustics and Architecture. McGraw-Hill, 1932. 

Glover, C. W.: Practical Acoustics for the Constructor. Chapman and 
Hall, 1933. 

Watson, F.R.: Acoustics of Buildings. Wiley, 1923. 

Morse, P.M.: Vibration and Sound. McGraw-Hill, 1948. 

Crandall, J. B.: Theory of Vibrating Systems and Sound. Van Nostrand, 
1926. 

Richardson, E. G.: Introduction to Acoustics of Buildings. Arnold, 1933. 

Bagenal, H. and Wood, A.: Planning for Good Acoustics. Methuen, 1931. 

Morse, P. M., and Bolt, R. H.: “Sound Waves in Rooms,” 

Modern Physics^ No. 2, Vol. 16, 1944. American Institute of Pnysi 

Ingerslev, F., and Nielsen, A. Kjerbye: On the 

through Small Apertures and Narrow Slits, Pubn. No. 1, 1944, 
Acoustical Laboratory of the Academy of Technical Scien , 
Copenhagen. 

Symposium on Resonant Absorbers and Reverberation, 1947. The Pnysi 
Society, London, 1949. 

Zwikker, C., and Kosten, C. W.: Sound Absorbing Materials. Elsevier 
Pub. Co., 1949. 



CHAPTER 15 


ELECTRICAL, MECHANICAL AND ACOUSTICAL ANALOGIES 

The results obtained from the theoretical analysis of electrical 
networks are applicable to mechanical and acoustical systems, and 
vice-versa, only because of the fundamental analogies existing between 
the two systems. These analogies are based ultimately on the fact 
that the various motions conform to the same type of differential 
equation, as will be indicated later in this chapter. By means of the 
fundamental relations shown in the accompanying table, any acoustical 
or mechanical system may be transformed into an analogous electrical 
system, and the problem is then solved by the theoretical analysis 
of the electrical circuit. In practice the procedure may be carried 
further, to the stage of designing an acoustical mechanical circuit, 
which must possess a given frequency-response characteristic. These 
requirements are met in the first instance by the suitable design of an 
electrical circuit, and then the components of the latter are translated 
into their equivalent acoustical or mechanical elements. 

It should be mentioned here, however, that the equations of motion 
of mechanical systems had been developed some years before those of 
electrical networks, and so in the earlier days it was natural that the 
process of conversion should be reversed and the propagation of 
electromagnetic waves regarded as a mechanical phenomenon. A 
particular case in point is the transmission of energy along an electrical 
line. This problem was studied originally by reference to its mechanical 
counterpart, a stretched string. Such an arrangement, similar to 
that of Melde’s experiment, is shown in Fig. 15.la, where the string 
is fixed to a stationary barrier at one end, and is attached at the other 
to the prong T of an electrically maintained tuning-fork. The argument 
which follows is that put forward by Pupin. 

Now provided the frictional resistance to the motion of the cord is 
small, then a stationary wave pattern is set up as in Fig. 15.1/>, since 
the direct waves generated by the fork and those reflected from B 
will possess nearly equal amplitudes. Suppose, however, a mass is 
placed on the string at a point M (Fig. 15.1c), then the outgoing waves 
from the fork will be reflected there, and less energy will reach B, 
consequently the attenuation of the waves becomes appreciable. 
However, if now the same mass M is divided into three or four parts 
and these are placed at equal distances down the string, it would be 
found that the attenuation becomes less marked. This process of 
further subdivision can be extended until a stage is reached where the 
improved transmission which is obtained diflers but little from the 
transmission of energy down a single unloaded string of the same 
equivalent mass density per unit length. The general solution to the 
problem of a string uniformly loaded with beads of appreciable mass 
was worked out by Lagrange, who showed that all the natural 
frequencies of the loaded string were less than a certain critical value. 
In other words, as pointed out later by Routh, if the period of excitation 
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of the String becomes sufficiently short, then no motion in the nature 
of a wave is transmitted along the string. The importance of this 
aspect of the problem is that such a system fulfils one of the main 
functions of a wave-filter, which is to transmit certain desired bands 
of frequencies while highly attenuating neighbouring frequency 
bands which are not required. In this instance the loaded string would 
correspond to a low-pass filter, since it is the higher frequencies which 
are suppressed. The general problem of wave propagation in a medium 
having a periodic discontinuity of structure, it should be mentioned 
here, has application in many physical phenomena. In particular 
the expression for the ratio of reflected to incident amplitude of the 
wave at the junction of two strings of equal tension but of different 
loading, originally deduced by Rayleigh, is very similar to the corre¬ 
sponding expression for optical reflection at the boundary of two 
media of different densities, which is a problem already mentioned 



in the previous chapter. Again, in the propagation of sound waves 
along a tube which has a series of equidistant expansion chambers 
(see Fig. 15.2), very definite frequency selection is shown, and such an 
arrangement as schematically shown in the diagram forms a low-pass 
acoustic filter. A structure of this type, capable of transmitting sound 
waves in the direction of the tube or channel only, is termed an 
acoustic line. 

Fig. 15.2 shows an electrical system which exhibits the property 
of a low-pass filter when alternating electromotive forces are applied 
to the line, and the theory of such a system was adapted by Campbell 
from the corresponding mechanical case by replacing the masses on 
the string by inductances. The analysis of the electrical system 
contributed an additional quality to the filter not apparent in the 
mechanical problem, namely, the dependence of the transmitted 
wave-form on the degree of “loading’* of the line. A further develop¬ 
ment of the theory consequent upon advancement in the knowledge 
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ACOUSTIC IMPEDANCE 

of electric circioits, led to the idea of a dissipationless filter, i.e. one in 
which the impedance terminations at the end of the line are matched 
/o the line, so power may be put into and absorbed from a filter. 

It IS rather beyond the scope of this book to investigate in detail 
the complete solution of a particular problem, but the method of 
obtaining the equations for a simple system will be shown. Firstly, 
however, it will be necessary to obtain some physical significance of 
the various acoustic elements concerned, and to define them precisely. 

Acoustic impedance 

Sound vibrations are of an alternating nature, and hence analogous 
to the electrical impedance of an alternating current circuit, the acoustic 
impedance (Z^) is defined as the complex quotient of the pressure 
applied to the acoustical system divided by the resulting volume 


m m 



tn m m 


L L L L L 




Fig. 15.2. 


current {X). This impedance may be expressed as the sum of two 
terms, viz. Z^=r^-j- 7 Z, where j~ V —1, Z is known as the reactance, 
and r^ is the acoustic resistance which is a purely resistive component 
and responsible for the energy dissipated in the element. This 

resistance r^ is defined by where X is the volume current in 

cubic centimetres per second, and p is the excess pressure in dynes 
per square centimetre, and is itself, in general, composed of two 
terms respectively known as radiation and fluid resistances. The 
latter component may be likened to the internal resistance of a battery 
m an electrical circuit, the useful work performed in the circuit external 
to the battery corresponding to the energy developed in the radiation 

resistance. 

The fluid resistance is the important term in the considerations 
which follow, and in practice the acoustical resistance experienced 
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by sound waves in transmission through an aperture or porous body 
is primarily due to the viscosity of the medium. Just as the passage 
of an alternating electric current through a resistance generates heat, 
so also is there a similar dissipation of thermal energy when a fluid 
medium moves “to and fro’* in an acoustic resistance. The 
impedance offered by a cylindrical conduit has been worked out by 
Crandall, and shown to comprise a resistive term, involving the 
viscosity rj of the medium and the radius a of the conduit, together 
with a reactance term dependent upon the density p of the medium, 


and the frequency ^ of the sound waves. The purely resistive term 

predominates for narrow tubes, and its approximate value can be 
derived by an application of Poiseuille’s formula for the orderly flow 
of a viscous fluid through a capillary tube. 

Let p be the pressure difference between the ends of a tube of length / 
and radius a, and r) the coefficient of viscosity of the fluid medium. 
Then the volume Q of fluid flowing through the tube in t sec. is given 

by hence the volume current The 

acoustic resistance experienced by the wave is therefore given by 

= By analogy with the electrical specific resistance, Pe> 

X 

defined by rE=^^E where / is the length and A is the cross-sectional 

area of the conductor, it follows that the acoustic specific resistance 
o ArA Srjl_Sri 

The Inertance M is that property of an acoustical circuit which 
opposes any change in the volume current, just as the reaction of an 
inductance does towards any change in the electric current flowing. 

Let m be the mass of gas contained within the neck of a vessel, 
the cross-sectional area of the neck being S. When this mass is 
subjected to an excess pressure p the air particles in the opening of toe 
vessel acquire a velocity x. Hence the kinetic energy acquired is given 


{§) 


volume displacement X=Sx. But by definition so that for a 

hollow cylinder of radius a and effective length /, the value of M is 
given by where p is the density of the fluid medium. 

Actually, the results are generally much more complex, for the resis¬ 
tance and inertance vary with frequency. 

One difficulty in using the equivalent electrical circuits in acoustic 
is that all the so-called constants, viz. capacitance, resistance, and set - 
inductance, generally show a greater variation with frequency than m 
the electrical circuits. 
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Acoustic capacitance 

The work performed in compressing a medium is stored up in it as 
potential energy. This energy remains constant only while the 
dimensions of the body do not change, i.e. so long as the external 
pressure remains unaltered. The property of an acoustical system 
which tends to oppose any change in the applied pressure is known as 
the acoustical capacitance. Hence, just as the electrical capacitance 

Ce is defined by where Q is the charge on the conductor 

required to raise its potential by Vy so the acoustical capacitance Ca is 
defined by 

.( 1 ) 

where X is the volume displacement due to an increment of applied 
pressure p. 


AAAA/ 



L 





Electrical Acoustical 

Fig. 15.3. 


Mechanical 


Now suppose a certain volume v changes to (v+A') as the result of a 

change of the applied pressure from P to (/’+/?), then the ratio — is 

defined as the condensation s produced in that volume v. But the 
bulk modulus A" of a medium is defined by 

Stress _ Applied excess pressure_p 
Volume strain Change in volume ~ X' 

Original volume ~v 


hence in this case 




Also the velocity of sound (c) in a fluid medium has been shown 
(p. 38) to be given by 
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where p is the density of the medium. Hence it follows from (2) and 
(3) that 


P ps 


_^2 


or p=pc^s 


( 4 ) 


The expression for the acoustical capacitance of a volume v of a 
fluid medium may now be evaluated as 



JV _ V 
pc^s pc^ 



The symbolic representation of the elements of the electrical, 
acoustical and mechanical systems are shown in Fig. 15.3, which is 
adapted from the works of Olson and Massa. The acoustical resistance 
is represented by narrow slits, thus symbolising the energy loss due 
to the viscous resistance offered by the slits. The capacitance is 



r , LSf C- In series with line Parallel combination of rc.L^ndCe 
^ * in scries with line 

(«) {!>) 

Fig. 15.4. 

shown as a “buffer” volume which acts as a spring or stiffness element, 
and the mass of fluid in the system stands for the inertance. In the 
lineal mechanical system, represents energy dissipation due to 
frictional resistance, m is the mass of the system and C,n is the 
mechanical capacitance or compliance, which is associated with the 
compression of a spring or similar element. In deriving the equivalent 
electrical circuit of any mechanical device it is not always immediately 
evident if a particular compliance should be interpreted as being in 
parallel or in series with the rest of the circuit. The rule is to represent 
the stiffness between two consecutive moving members by a shunt 
capacitance, and between a moving member and a fixed support 
by a capacitance in series; in other words, elements which suffer the 
same displacement are to be placed in series, while those subjected 
to the same force are connected in parallel. Just as the presence of a 
series capacitance in an electrical circuit completely impedes the flow 
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of a direct current through the circuit, so by analogy the corresponding 
acoustical system will not allow a steady flow of gas through it. 
Following the procedure of Olson and Massa, therefore, the acoustical 
equivalent of an electrical capacitance in series with a line is represented 
by a “massless** diaphragm, which is considered to be solely controlled 
by the stiffness of its suspension. The natural resonant frequency 
of the complete acoustical element is chosen so as to be much higher 
than the range of frequencies under consideration. 

Fig. 15.4a shows an acoustic resistance, inertance, and capacitance 
in series with a line, the elements thus suffering the same displacements, 
while Fig. \SAb shows the same elements joined together in a parallel 
combination, which is connected in series with the line. In this latter 
case the elements are each subjected to the same force. The corre¬ 
sponding electrical elements are shown for each acoustical system. 


Table of Corresponding Electrical, Acoustical and Mechanical Quantities 


Electrical 

Acoustical 

Mechanical Rectilineal 

Quantity 

1 

Symbol 

Quantity 

Symbol 

Quantity 

Symbol 

Self- 

Inductance 

L 

Inertance 

‘ 5- 

Mass 

m 

Electrical 

Charge 


Volume 

Displacement 

X 

Linear 

Displacement 

X 

Current 

(It 

Volume 
Current | 

x-‘Lf 

dt 

1 

Linear 

Velocity 

. d.\ 
■'^~di 

Electromotive 

Force 

,cii 

e-L-r 

dt 

Pressure 

1 

1 


1 

Force 

1 

r dX 

^ '" d , 

Electrical 

Resistance 

e 

-E^T 

4 

Acoustical 

Resistance 

1 

Mechanical 

Resistance 

1 

1 

II 

E 

Electrical 

Capacitance 

Ce-^- 

^ e 

Acoustical 

Capacitance 

1 II 

T 

Compliance 

C = — 

^ m y 


* 5 is the area over which the mass On) is distributed. 


In an acoustical system the primary interest is the nature of its 
response to different frequencies, and this characteristic will now be 
investigated for single elements and simple combinations. Both the 
acoustical and the corresponding electrical element will be considered, 
and Fig. 15.5 shows an inductance and an inertance in series with 
their respective lines. Now the impedance of L is given by JojL, 

■where ~ is the frequency of the alternating current supply, hence the 

impedance increases with the frequency, so that the higher frequency 
currents will become considerably attenuated in transmission, as indi¬ 
cated by the graph in Fig. 15.5. Similarly for the acoustic system the 
constriction in the pipe-line which constitutes the inertance Af will offer a 
greater impedance at higher frequencies, since the impedance of an 
inertance= 7 <oA/; hence the above curve will also indicate the nature 
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of the frequency response in the acoustic case. However, if the 
inductance (or inertance) is connected in parallel with the line 
(Fig. 15.6), then its impedance, as before, increases with the frequency, 
but its effect on the energy transmitted down the line will be in an 
opposite sense to that of the first case considered, for the inductance 
(or inertance) is now an alternative path to the line. It should be 



f 

Fig. 15.5. 



f 

Fig. 15.6. 



Fig. 15.7. T is fraction of incident energy transmitted at various 


frequencies f. 


evident, therefore, that the form of the frequency characteristic for 
both the electric and acoustical systems should be that given m 
Fig. 15.6. Remembering that the impedance of an electrical condenser, 

Zp— . V. * and an acoustic compliance, Z^= . L -, both decrease with 

the frequency, and applying the previous reasoning, then the frequency 


ACOUSTIC CAPACITANCE 317 

characteristics of the systems shown in Figs. 15.7 and 15.8 should be 
self-explanatory. 

In order to deduce the reaction of a system of combined elements 
to electrical (or acoustical) pressures of different frequencies, it is 
necessary to determine the variation with frequency of their combined 





mpedance. This variation may be conveniently studied by means of 
a diagram of the type shown in Fig. 15.9, where the reactances of L 
and C, Xl and Xc respectively, are separately plotted against the 
frequency. Since, in the simple combination shown, the two reactances 
are in series, the combined reactance X is obtained by an addition of 



Fig. 15.9. 


the ordinates of the separate curves at any frequency. It is seen that 
at one particular frequency the total reactance is zero, i.e. a>,L * —0, 

or . jiencg critical frequency is given by - 7 =, 

IttVLC 
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which is the familiar expression for the resonant frequency of a series 
circuit. In the corresponding acoustical system this particular 

frequency will be given by fr= - } , , and it follows that at this 

2ttV MCa 

frequency the combined shunt element will act as a short circuit to 
the line, and therefore, no energy will be transmitted. The frequency 
response curve will, therefore, take the form shown in Fig. 15.10. 
Now the use of the above, or other simple combination of elenients 
as a wave-filter, would not provide, in general, the means of obtaining 
an accurate copy of the desired frequency characteristics. Hence more 
complicated combined units are designed which are, moreover, repeated 
a number of times in sequence down the line, in the manner of the loaded 
string considered previously. The theory of electrical filters has been 
exhaustively investigated, and this analysis is readily applicable to 
mechanical and acoustical systems. The ideal frequency characteristics 
of the four fundamental types of acoustic filter are shown in Fig. 15.11, 



Fig. 15.10. 


where the ordinates denote the fraction (T) of the incident energy trans¬ 
mitted by the filter. 

A short diversion is necessary at this stage to a brief consideration 
of the nomenclature and solution of electrical networks. An electrical 
network is in itself a system of connected electrical circuits, which are 
known as meshes or branches, and each of these comprises a number ot 
resistive, capacitive or inductive elements. In order to investigate 
the characteristics of such a network it is, following the method due 
to Maxwell, considered as a dynamical system in which the electrica 
currents assume the role of velocities. Furthermore, on applying 
E.M.F. to such a network the effect on the system will be 
in the form of a number of equations, in which the elements of toe 
circuit will appear as coefficients of the independent variables, i-e. o 
the currents in the various meshes. By way of example, reference m^ 
be made to the simple Wheatstone network shown in Fig. * 

In this case the independent variables are the three niesh curren 
X, v and r, and in the familiar Kirchoff’s equations derived tor 
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network, the resistive elements etc., will appear as the coefficients 
of these currents. These coefficients are assumed to be constant, as 
otherwise the mathematical analysis of all but the simplest systems 




Band-Pass 



Band-Stop (or Elimination) 


Fig. 15.11. 

would be practically impossible. The number of independent 
variables, i.e. electric currents, depends upon the number of degrees 
of freedom of the system, which in this electrical case is equal to the 
number of independent meshes, e.g. three for the Wheatstone network. 

After the above preamble concerning the solution of an electrical 
network and the various acoustic elements, and how they may be 
combined to achieve certain desired char¬ 
acteristics, it is appropriate to consider 
in some detail the theory underlying a 
particular system. A simple system of one 
degree offreedom is chosen, and it is repre¬ 
sented for all three cases, viz. electrical, 
acoustical and mechanical, in Fig. 15.13. 

Attention is firstly directed to the investi¬ 
gation of the electrical circuit, and the 
results obtained are then interpreted, by 
analogy, in terms of the elements of the 
other systems. 

In the electrical circuit the elements L, 
and Ce are all in series with the applied periodic F.M.l c e„sin w/, 
so It follows that the current in any element is expressible in 
terms of one variable. Now the kinetic energ> stored in the magnetic 
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field of the inductance L at any instant is given by WE.K=\I^i\ where 
i is the instantaneous value of the current, and the potential energy 

stored in the dielectric of the condenser is given by IVe.p=-^, where 

q is the charge on the capacitance at the particular instant under 
consideration. 


e =6^ sin ijt 


p^p^sin^t 


M 


L 


'a 


AAV 


'k 







(b) 



f^f^sinujt 


Fig. 15.13. 

Hence the total energy stored in the L and Ce elements is 


1 


I g 


~i^\dt) ^2 Ce . 

and therefore the rate at which this energy is stored is given by 

dWE 


( 6 ) 


Pe= 


dt 


i.e. 


. iiii 

~dt\jr\dt) 

P ~T^ 


( 7 ) 


g dg 

^'Kdi^l^Cidt 

Again, the rate at which energy is being dissipated in the resistance re 
is given by the familiar expression 

PE.R=rEi^==rEi^^^^ ...... ( 8 ) 

But the power delivered to the circuit by the applied E.M.F. is 
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=^0 sin uit. and this quantity must be equal to the rate of energy 

dissipation in the circuit at that instant, i.e. {Pe-\-Pe.r)‘ 

Hence from (7) and (8) it follows that 

or written in its alternative notation 

sin tu/.(10) 

t-E 

The solution of this equation shows (see p. 221) that for a certain 

• ■ 

frequency the ratio i.e. -, is a maximum, and this resonant frequency 

^ € 

in this case is given by 

^^^IWLCe . 

It follows from the analogies already propounded that for the 
acoustical system the corresponding expression to equation (6) is 

.( 12 ) 

and to equation (8) by 

PAR-^r.,X^ .(13) 

Hence the final equation of energy balance is 

MX+rAX+^=Poi\nwt .(14) 

By analogy with the electrical problem, the resonant frequency of 
the acoustical system may be written down immediately as 

Using the previous notation the value of M for the cylindrical neck 
of the Helmholtz resonator was shown earlier in this chapter to be 

and the capacitance Ca for the volume V to be 

Hence from the above expression (15) the resonant frequency of such 

a resonator is 

^ 1 c -tra^ c S 

/77 i^”2^V Vi 

V TTO^ ’pc^ 

where S is the cross-sectional area of the neck, and this expression will 
be seen to be in agreement with the formula developed on p. lo4. 

In the mechanical system of Fig. 15.13a it is evident that if-F,,, is 
the force necessary to produce an extension x of the spring, then by 
W.M.S.—21 
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Hooke’s law where /x is a constant of the spring (p. 19). 

Hence = which is known as the rectilineal compliance, 

/A 

and is the rectilineal mechanical element analogous to the capacitance 
of the electrical system. The compliance of the spring is a measure 
of its resistance to compression. It follows from analogy with the 
electrical system that the resonant frequency of the mechanical system 





Fig. 15.14. 


is /„=- .- , where ni is the mass of the moving system. 

2TTVmC,„ , j Kv fhe 

the spring is suspended vertically and the force F*,,, is supplied ny 
load, i.e. F„=mg, then and the critical frequency 

= -!—=, which is in agreement with the reciprocal of the expression 

for the period obtained on p. 19. 
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Practical applications of acoustic and mechanical filters 

Both acoustical and mechanical filters are becoming of increasing 
importance in many everyday problems in noise or vibration reduction, 
such as occur, for example, in air-conditioning systems, etc. An 
interesting example of the application of filter theory arises in connec¬ 
tion with the exhaust system of internal combustion engines. In a 
motor cycle the discharge rate of the exhaust gases into the atmosphere 
may be anything between 10 and 200 c.p.s., dependent upon the 
speed of the machine. The low-frequency sounds arising from these 
discharges are also accompanied by higher-pitched sounds in the 
frequency range between 2000 and 10,000 c.p.s., the latter being 
due to the formation of eddies—the exhaust gases in passing through 
such constrictions as offered by parts of the cylinder. Hence the 
problem to be overcome in the design of a silencer for such a system 
involves the suppression, in the main, of two distinct ranges of 
frequencies. It is essential at the same time that the form of the 
silencer should not unduly increase the acoustic impedance of the 
outflow system to low inaudible frequencies, and thus reduce the effi¬ 
ciency of the engine. One of the earliest forms of exhaust silencer, 
shown in Fig, 15.14a, consisted of perforated baffles placed in an 
enlarged section of the exhaust pipe, and 
in this case the holes must be sufficiently 
numerous to avoid appreciable restriction 
of the gas flow. An attempt to eliminate 
both high and low frequencies is seen in 
the composite type of muffler shown in 
Fig. 15.14/). It comprises an expansion 
chamber fitted with a perforated baffle, 
followed by an absorption unit consist¬ 
ing of a perforated tube surrounded by Fig. 15.15. 

glass silk. The dimensions of the ex¬ 
pansion chamber, which acts as an acoustic capacitance, are chosen 
appropriate to the /oir-pitched sound it is desired to suppress, while the 
function of the glass silk is to absorb the high frequency components 
of the sound source. An improved type of silencer designed by the 
application of the acoustic principles outlined in the chapter, and due 
to Stewart, is shown schematically in Fig. 15.14c. It is essentially a 
low-pass filter, and the corresponding electrical circuit used in the de 
sign of such a system is also shown in Fig. 15.14. Historically the 
apparatus shown in Fig. 15.15, and known as a Quincke’s tube, is 
probably the earliest form of acoustic filter, the dimensions of the 
side-tube being chosen appropriate to the wave-length of the sound to 
be eliminated from the source. 

Isolation of vibrations 

The simplest method of isolating any machine or other object m 
(Ftg. 15.16a) from vibrations transmitted to it through the building or 
earth Af, is to mount it on an elastic support S (Fig. \5.\la). ibis 
support is shown schematically in the diagram to posse^^ both elastic 
and damping properties, defined by C„, and respective!) The latter 
IS represented symbolically by a “dashpot,” and comprises the resist¬ 
ance due to air friction and that due to internal friction in the spring. 
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The external vibrations affecting m are supposed to be periodic 

of frequency 4 “, and are represented by F=Fq sin cu/, where Fq is the 

amplitude of the applied force. The electrical circuit corresponding 
to the non-isolated system is easily seen to be that shown in Fig. 15.I6/>, 
where L and / are self-inductances corresponding to the masses M 
and m respectively, and e=Co sin ojt is the applied E.M.F. The 
introduction of the elastic element into the mechanical system is 
simulated by the insertion of Ce and into the analogous electrical 



Fig. 15.16. 


circuit (Fig. 15.17^). The analysis of this circuit is expressed most 
conveniently in terms of the mesh currents /‘i and /g, which are the 
respective currents passing through L and / at any instant. 

Let Z 2 be the equivalent series impedance of the circuit elements in 

the mesh adcb, i.e. \/ {o>l -^ j ; also the series impedance 

Z 5 of Ce and /*£ is given by applying 

a d 



Fig. 15.17. 


Kirchhoff’s second law to the mesh adcb it follows that 


4 

h\/‘ 


i.e. 






(i)- 




/-£*+ 


"'-i) 


. (16) 


which should be noted is independent of L. 
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By analogy the ratio of the transmitted amplitude (i.e. the amplitude 

of m) to the amplitude Ai of M is given by the ratio interpreted in 
terms of the corresponding mechanical elements. 


Hence 



When the impressed frequency is equal to the resonant frequency 

^ of the insulated system, i.e. w^jn -L-=0 or 

^oC„, VniC„. 


the 



M. frequency of impressed force 
co^~ Wtu7aTfreouencq of sqstem 


Fig. 15.18. 


A 

ratio is a maximum. The ratio is unity for a particular value 
of given by the condition 


\/ ^ 


ni 




1 




ni 


=\/ 




a> 




). 



when a>i=0 and for oj^= 




These results are expressed graphically in Fig. 15.18, and show that 
all impressed vibrations of frequencies greater than 

are attenuated, and hence the above system acts as a low-pass 
mechanical filter. Since toi should be small for better isolation, it 
follows from formula (18) that m and should be large, i.e. the 
supported mass should be sufficiently heavy and the elastic support 
sufficiently compliant, so that the natural frequency o) the system 
IS low compared with the frequencies of the vibrations to be isolated. 
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An inspection of (17) will show that for large values of w, 


~ approaches 


the limiting value 


— and for greater efficiency of isolation, therefore, 

ujm ® jj ^ 


/■„, should not be too large. This fact is evident from the form of 
the curves in the useful frequency range, shown in Fig. 15.18. 

The flexible material to be employed as the vibration insulator 
will depend, amongst other factors, upon the value of its compliance 
C„, and its resistance r,„. The compliance may be measured by 
loading a specimen of the material to the same degree of compression 
as when used as an insulating support, and then observing the static 
displacement produced by a steady unit applied force. Expressed 
symbolically, if .v is the depression in centimetres produced by the 
application of a force of f dynes when the specimen of cross-sectional 
area A sq. cm. and thickness d cm. is loaded to the working value of 


.Y A 


P kgm. per sq. cm., then 


This expression may be written 




which is 


the reciprocal of Young's 


modulus 


of elasticity 


measured under the given conditions. By way of example, ify for a 

specimen of cork, 5 cm. thick and 10 sq. cm. in cross-sectional area, 
is 0*50 X 10 cm. per dyne, then the compliance for a cork specimen 
1 cm. thick and 1 sq. cm. cross-section is 


C,„^0-50x 10-’x^.^^=0-50x lO ’XyX^, 

i.e. 10 ’ cm. per dyne. The internal resistance r„, may be measured, 
when its value is not large, by suitably loading a specimen of the 
material and observing the decay of the amplitude of the free oscilla¬ 
tions of the system after it has been slightly displaced from its equili¬ 
brium position. The logarithmic decrement A of such a motion is shown 

to be given {p. 222) by A=^^, where T is the observable time-period 

of the motion for small damping, so that /•,„ may be readily calculated. 
If the resistance of a cork sheet of 10 sq. cm. area of cross-section an 
thickness 5 cm. is 0-22 x 10® c.g.s., then r„, for a specimen 1 cm.^tnic^ 

and 1 sq. cm. cross-section is 0-22x 10®x^x^*=0-22x I 0 ®x jqX y* 

i.e. 01 lx 10® c.g.s. An important point in the choice of material 
which must not be overlooked is a knowledge of the maximum loa 
it will be required to sustain, thus enabling the dimensions oj e 
specimen to be suitably chosen so that it is used within its elastic ’ 
Fig. 15.19 shows the methods used in practice for insulating machine 
from their foundations, the advantage of using the spring as * 

support instead of a material like cork or rubber, is that its compnan 
is independent of the load. 
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However, it is necessary to insert a layer of cork in this case also, as 
shown, to “damp out’' any compressional waves transmitted through 
the material of the spring. 

The transformer 

The transformer is a device for the transference of energy between 
two impedances of different values, without appreciable loss. The 
most familiar type is the electrical transformer and the theory of this 
instrument will now be developed. The laws of electromagnetic 

induction show that If ^ is the rate of change of flux in the core of the 

transformer (Fig. 15.20a), due to an applied E.M.F. €p, then the 




Fig. 15.19. 


back E.M.F. induced in the primary winding of Np turns, and which 
is balanced by the applied E.M.F., will be given by 



As this flux is identical to both primary and secondary windings, the 
induced E.M.F. es in the latter (of Ns turns) is given by 
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It follows that 


Ns 

es^^-ep 


N, 


(19) 


In the ideal case there is no loss of energy due to “transformation,” 
and therefore 

ipep=ises 


. €p . Np . 
or is=^^,ip=-^.ip 

es 

Now the impedance of the primary circuit is 


( 20 ) 


and that of the secondary 


Zp=^-f 

ip 


7 _ 

is 


hence 




Np'^^ fNsV e^_ 




• ip 


Np) 


N. 


Zp 


( 21 ) 


N, 


Z -^P 


" is 


(o) 


M 


Now the ideal acoustical transformer has been represented^ 

Olsen as two rigid diaphragms, diOa^ 
and DyODz (Fig. 15 . 20 i^), both of 
negligible mass and suspension still¬ 
ness. Since the combined system is 
in equilibrium at any instant, the 
total force exerted by the first dia¬ 
phragm must be equal to the total 

reaction of the second, 

S' 

i.e. p'S'=pS or p'=-^ -P 

.... ( 22 ) 

where 5 and 5 ', p and p' are the 
corresponding areas of, and tn 
pressures exerted on, the two dia¬ 
phragms. Comparing the relevant 

formulae (19) and ( 22 ) it should be noted that ^ corresponds to Np- 

Again, the air volume current in cubic centimetres per second is 

S times the velocity of the air particles in the conduit, i.e. * 

for the system closed by the first diaphragm. The correspondi g 

quantity for the second system is denoted by X\ and since the two 
systems are connected in series, the particle-velocities x and x ^ 



Fig. 15.20. 


equal. But x—~ and therefore it follows that -^— 5 ' 


X X 


S' • 


( 23 ) 
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Now the acoustical impedance is defined by the ratio of the excess 
pressure to the volume current, i.e. and Z'==C represent the 

impedances for the two systems. Hence it follows from (22) and (23) 
that in the ideal case ^V, 


^'=(1)'^.(24) 

In the purely acoustical transformer action no mechanical element 
is involved. Thus a horn, by reason of its shape, performs the function 
of coupling together the relatively high impedance of the driving 
system to the external gaseous medium of small density in which the 
sound is to be propagated. 

The mechanical analogue of the transformer is the ordinary lever, 
which transmits and steps up or down the force exerted in one system 
to that exerted in another. An example of its application in an 
acoustic system is the hammer and stirrup mechanism of the middle 
ear (p. 169). 


For further reading 

Olson, H. F. and Massa, F.; Dynamical Analogies. Van Nostrand, 1943. 

Mason, W. P.: Electro-Mechanical Transducers and IVave Filters. Van 
Nostrand, 1948. 

Brillouin, L.: Wave Propagation in Periodic Structures. McGraw-Hill, 
1946. 

McLachlan, N. W.; The New Acoustics. Oxford Univ. Press, 1936. 

Olson, H. F. and Massa, F.; Applied Acoustics. Constable, 1939. 

Stewart, G. W. and Lindsay, R. C.: Acoustics. Van Nostrand, 1930. 

Timoshenko, S.: Vibration Problems in Engineering. Constable, 1937. 

Den Hartog, J. P.: Mechanical Vibrations. McGraw-Hill, 1933. 

Shea, T. E.: Transmission Networks and Wave-Filters. Van Nostrand, 
1929. 

Starr, A. T.: Electrical Circuits and Wave Filters. Pitman, 1948. 




CHAPTER 16 


ULTRASONICS 


Following present-day usage, ultrasonic radiation is considered 
to refer to sound waves whose frequencies are higher than the 
upper limit of human audibility, i.e. greater than about 20,000 c.p .s. 
The term supersonic is now restricted to describe velocities greater 
than that of sound. Recently the term hypersonic has crept into 
the literature and it refers to phenomena at very high frequencies, 
i.e. 1000 Mc.p.s. or more. Taking the upper limit of frequency for 
ultrasonic generators to be of the order of 500 Mc.p.s. it means that in 
air the wave-lengths will lie approximately between 1-5 cm. and 
()'5x 10 ^ cm., while in solids and liquids the corresponding wave¬ 
lengths will be respectively about twelve and four times as great. In 

order to generate this high frequency radiation it is 
necessary to abandon the possibility ot adapting 
ordinary mechanical vibrators with their inherently 
lower natural frequencies, although it should be 
mentioned that very small tuning-forks have been 
constructed for frequencies up to 90 kc.p.s. A 
special type of whistle, due to Galton, may also be 
employed up to this frequency. It consists essen¬ 
tially of a very small resonant chamber situated 
immediately opposite a jet through which air is 
forced, the wave-length associated with the air 
pulses from the chamber being given by 
where / is the length of the resonant chamber and « 
a correction factor dependent on the pressure. An 
improvement on the Galton whistle, from the point 
of view ofenergy output, is the Hartmann generator, 
shown diagrammatically in Fig. 16.1. Air under a 
pressure excess of nearly an atmosphere is directed towards a small 
resonant cavity (diameter d and length /), the opening of which forms a 
circular knife-edge. Unstable regions of rising pressure are created m 
the space between the Jet and the resonant chamber, which is adjusted to 
one of these positions by a micrometer screw. When the speed of the 
jet becomes supersonic, oblique shock waves are produced at the edge 
the jet. They are inclined at the Mach angle, being reflected to ana 
fro at the confines of the jet where the moving air and the static air 
meet, and give rise to the criss-cross appearance. Fig. 16.2 
this effect, the high density obtaining in the wave-fronts of the shoe 
wave permitting shadow photography to be utilised, as in the case o 
high velocity bullets (p. 153). This type of ultrasonic generator has a 
drawback due to the many overtones which accompany the 
mental of the pipe. A recent development in Germany has been 
use of a liquid instead of a gas as the jet fluid and one form of appara us 

330 



Fig. 16.1. 
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follows that of the air-jet generator. The jet and resonant cavity are 
immersed near the bottom of the vessel containing the liquid in which, 
for example, emulsification is to take place. For a prolonged time of 
oscillation the liquid may be continually circulated through the whistle 
by a compression pump. It is usual to make / equal to the diameter ^/, 
and for a frequency of approximately 60 kc.p.s. each would be made 
equal to 1 mm. approximately. An energy output of sound up to 
50 W. is reputed to be possible with this generator, and by the sub¬ 
stitution of hydrogen for air in the jet a frequency of the order of 
0-5 Mc.p.s. may be attained (velocity of sound in hydrogen-4 times 
that in air). 

The singing arc and electric spark were other methods used for 
producing high frequency aerial vibrations. The Duddell singing 
arc, for example, depends for its action upon the fact that in an electric 
arc the current decreases as the potential difference across the arc 



[Hartmann atu! l.azaras 


Fig. 16.2. Photograph of an air-jet with a velocity exceeding that of sound. 


increases. Hence as regards changes of voltage the arc behaves like 
a negative resistance, so that if it is connected in .series with an oscil¬ 
latory circuit (Fig. 16.3) containing an inductance L and capacity C\ 
the positive reactance of the latter may be neutralised and the circuit 
become oscillatory. The frequency (/) of the oscillations will be 
given by 

/•_ 

l-nSLC 

The original experiments of Duddell were rcsirici'^l to audio¬ 
frequencies, but the method was later adapted b> as an ultra- 

high frequency source, although his primary purpi's^- . to u^e a n< 
transmitter of electromagnetic waves. It wa^ la ' .intii tlie ftrsl 
World War, however, that sources were dcvel''p-'d o> Langc'in in 
which a dependable control of intensity and ij.qucr.w' aouid be 
affected. This class of controllable generator is. in aciu a suitably 
shaped solid body which is so excited that it os^dl a.-" n its naiurai 
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elastic-periods. The excitation may be produced by electrostatic 
fields or electromagnetically. In the former case it is dependent on 
the phenomenon of piezo-electricity, which is a property associated 

with certain crystals and other 

I- ^V\/yVV^ - 1 - 1 orientated materials. When 

Stspilising I a mechanical force is applied 

Resistance A S these crystals in certain di- 

I o 1- rections, electrostatic stresses 

H r general, produced in 

U.C.bupplij other directions, and are made 

' ” [J I - evident by electric charges 

I developed on the en d faces per¬ 

pendicular to these directions. 

_I_I The amount of the electric 

Fig. 16.3. charge produced is propor¬ 

tional to and changes sign with 

the applied mechanical stress; in contrast to this “direct” piezo-electric 
effect there is a "converse” effect whereby the crystal maybe mechani¬ 
cally strained if subjected to a suitable electric field. The mechanical 
strain also changes sign with that of the applied E.M.F., so that if the 


Fig. 16.3. 


latter is alternating, the plate will alternately 
expand and contract with the same frequency 
as the supply, and forced elastic vibrations 
will be set up. When the frequency of the 
alternating P.D. coincides with that of the 
natural mechanical frequency of vibration of 
the crystal, resonance will occur, and the 
amplitude of the vibration will become very 
large. This resonance frequency /,, will be 


y 

given by /r = 27’ velocity of 


propagation of longitudinal waves in the 
direction of the thickness {d) of the quartz, 
and will depend on the orientation of this 
direction with respect to the crystallographic 


axes. 


The crystals chiefly used are quartz and 
Rochelle salt; the latter shows a much greater 
piezo-electric effect, and is utilised in micro¬ 
phones, etc., but the quartz has the advantages 
of greater stability and smaller response to 
changes of temperature. Quartz belongs to 
the trigonal system of crystals, and usually 
occurs in the form of hexagonal pyramids, 
and the line ZZ (Fig. 16.4) is known as the 



principal axis and any parallel direction defines Fig. 16.4. 

an optic axis; no electric polarisation is pro¬ 
duced by mechanical stresses along this direction. A hexagonal cross- 
section of a quartz crystal obtained by taking a plane perpendicular 
to the optic axis is shown in Fig. 16.5, the axes XfiX<i an 
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^ 30^3 passing through the corners of the hexagon being known as 
the electric axes, whereas the axes etc., which are normal to 

the faces of the crystal are referred to as the mechanical or third axes. 

applied to the quartz specimen in the direction 
OX^ (Fig- 16.6), equal and opposite charges are developed on 
mces AB and DC, and are expressed by the law ^= 0 - 1677 , where P 

is the total electric charge developed in coulombs per square metre, 
and 7) IS the applied mechanical 
strain. A tensile force applied along 
the third axis y 3 'Oy 3 produces charges 
of the same sign on corresponding 
faces as a compressive force along 
the electric axis X^'OX^, and the 
magnitude of the charges will be equal 
if the mechanical stresses are the 
same in the two cases. The law for 
the “converse** piezo-electric effect 
is expressed by e=2*I5x lO-^^jr, 
where e is the strain in X^OX^i 
direction, and X is the applied electric 
field (in X^OX^ direction) given in 
volts per metre. 

The mechanism of the operation 
of a crystal in an oscillatory circuit 
is very similar to that of a tuned electrical circuit, such as is shown 
in Fig. 16.7, where K represents the capacitance between the electrodes 
of the crystal when quiescent, and the inductance Lj, capacitance Cj 
and resistance R-^ represent respectively the electrical equivalents of 
the effective mass, resilience and frictional loss of the crystal when in 
vibration. If the appropriate frequency of supply is applied between 

a and b the reactances of 
and Q will together be equal 
to that of Ky and thus form a 
parallel resonant circuit. Li 
and Cl can also form a series 
resonant circuit, the frequency 
being slightly lower than that 
of the parallel resonance which 
is quoted as the fundamental 
frequency of the crystal. The 
“Q” (see p. 234) of a vibrating 
quartz crystal* may be between 




B 







Fig. 16.6. 

10,000 and 15,000, which is much larger than can be obtained with 


any ordinary tuned circuit. This high value of where 

/ IS the resonant frequency, arises from the fact that its effective mass 
(A) is very large compared with the frictional loss (/?j). The method of 


The of a quartz crystal used in an electrical wave-filter may be 10® or 

c Van Dyke by carefully etching the surface of crystal to remove 

sunace cracks and by suspending it in a vacuum obtained a “Q” of 6x 10®. 
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incorporating such a crystal in a valve circuit for the purpose of generat¬ 
ing ultrasonic vibrations is shown by the simple Pierce circuit in 
Fig. 16.8. It is “tuned-grid-tuned-anode” arrangement, using a 
triode in which the former part is supplied by the crystal itself, the two 
portions of the circuit being coupled electrostatically by the plate- 
grid electrode capacitance which, if necessary, may be increased by 
the insertion of a very small capacitance C between grid and plate. 

Suppose there is a small change 
in the grid voltage, then since this 
provides the electrostatic field across 
the crystal it will give rise, as a 
result of the “converse” piezo¬ 
electric effect, to a small change in 
the dimensions of the crystal. The 
“direct” effect will now operate 
and affect the potential of the grid, 
which in turn will produce a change in the anode current, and hence 
in the anode potential, if the impedance of the LC circuit is high at 
the resonant frequency of the quartz. This change in anode potential 
is communicated to the grid by virtue of the inter-electrode capacitance 
and provided the phases of the various changes are favourable the 
"converse” piezo-electric effect will operate in the sense of maintaming 
the elastic vibrations of the crystal. The response, as measured by 
the “Q” of the crystal at resonance is extremely high, 
frequency of the oscillations in the circuit will correspond to tna 




* + 
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Fig. 16.8. 


of the natural frequency of the crystal, even if the tuned plate circuit 
is slightly off-tune; the frequency of a crystal oscillator is, m 

consequence, extremely stable. . 

The modes of motion of a quartz crystal may be quite compl^aie , 
for even if only the three basic types of motion are considered, viz- 
extensional, flexural, and shear, there is the possibility of coupling 
between these various types. In practice the resultant 
bar or plate is almost completely determined by its dimensions and 
specific type of wave generated, and is little influenced by the drivi g 
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Odd Flexure 


system, if the latter is only loosely coupled to the crystal. An example 
of how this intra-type coupling can occur is given by Fig. 16.9 which 
shows the motions of a thick vibrating bar and the similarities between 
even order shears to odd order flexures and of even order flexures to 
odd order shears. 

When it is required to radiate sound waves from as large a surface 
as possible, as, for example, in submarine detection work, use may be 
made of the fact that the velocity of sound in steel is approximately 
equal to that in quartz. By sandwiching a mosaic of quartz crystal 
plates between two thick steel plates, to which the crystals are cemented, 
the equivalent of a single oscillator is obtained whose frequency will 
be given approximately by cjlt, where t is the total thickness of the 
sandwich and c is the velocity of sound 
in the steel (or quartz). This type of 
transmitter was first described by Langevin. 

A quartz crystal oscillator provides a 
most valuable means for calibrating test 
oscillators by using the harmonics of the 
crystal, which will be excited at the same 
time as, but to a much weaker intensity 
than, the fundamental. The output of 
the test oscillator, e.g. signal generator, 
is fed into a small coil as loosely coupled 

as possible to the inductance L of the r--- —» 

tuned-anode circuit of the crystal oscillator \ Even Shear / 

(Fig. 16.8) and the frequency adjusted *“-' 

until there is zero beat note with a par¬ 
ticular harmonic; this condition being 
detected by a third loosely coupled circuit 
containing headphones. If a large number 
of higher harmonics are required care has 
to be taken when increasing their inten¬ 
sity that the safe current through the 
crystal is not exceeded, otherwise it will 
be fractured. 

Fig. 16.9. End motions of a 

Magnetostrictive generators Vibration"”"'" 

This class of supersonic source is depen¬ 
dent upon the change in length of a rod of ferromagnetic material 
when placed in a magnetic field acting parallel to its length. This 
phenomenon was first recorded by Joule in 1847, and is a small 
effect, as will be seen from the graph (Fig. 16.10); in the case ol 
nickel for small flux densities, the change in length is proportional 
to the square of the flux density. Since the change of length is 
independent of the direction of the magnetic field, it is necessary 
to polarise the specimen so that if subjected to an alternating 
magnetic field the rod will alternately lengthen and contract, i.e. 
Will give rise to waves of compression and rarelaciion in the 
surrounding medium. If the frequency of the alternating magnetic 
field is the same as the natural frequency of the rod. then resonance 


E ven Flexure 


^ Odd Shear ^ 
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will occur, and the amplitude of vibration of the specimen will be 
much in excess of that due to an equal static field. The material 
usually employed is nickel, which shows a contraction with increasing 
field strength, or permalloy which exhibits a corresponding elongation. 
Invar, nichrome, and monel metal are also employed. In practice, 
rods are not employed because of the energy loss due to eddy currents 
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in the solid material, and the specimen is usually in the form of a 
thin tube, a bundle of finely laminated wires glued together, or a 
composite cylinder made up of layers of thin metal foil separated 
from each other by thin layers of paraffin-wax. 

The use of a magnetostrictive element in an oscillatory circuit is 
due to Pierce (1925), and a circuit typical of his design is shown in 

Fig. 16.11. The specimen nickel tube 
SS is clamped at the centre and around 
each half of the cylinder are wound 
two coils G and P, which are respec¬ 
tively included in the grid and plate 
circuits of the valve V. The specimen 
is polarised by a suitable steady current 
passed through the winding MM, C 
is a small variable condenser to intr^ 
duce extra coupling between the grid 
and plate circuits if necessary, and A 
is a direct current meter to indicate 
the onset of oscillations in the circuit. 
The mode of action of the circuit is 
Fig. 16.11. dependent on the successive operation 

of the “direct” and of the “inverse 
magnetostrictive effects. The “inverse” effect refers to the change 
of magnetic flux through the specimen when its length is changedt 
and in consequence of which an E.M.F. will be induced in any coil 
surrounding it. Hence, if any fortuitous change of plate current 
occurs, the magnetic field within the coil P will be altered corre¬ 
spondingly, and will lead to a change of length of the specimen on 
the right-hand side of the clamping point, and this change will be 


D. C. Suppig 
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transmitted to the left-hand portion of the specimen. The “inverse” 
effect now becomes operative, and the E.M.F. induced in coil G will 
modify the grid potential of the valve and so react upon the anode 
current. If the phases of the changes are correct, then the amplitude 
of the oscillating current will build up and the vibration of the 
specimen will be maintained. 

The natural fundamental frequency of the longitudinal vibrations 
of a rod of length / is given by 



where E is Young’s modulus of elasticity and p is the density of the rod 
which gives a frequency of 25 kc.p.s., approximately, for a nickel rod 
of 10 cm. length. Higher frequencies up to 60 kc.p.s. can be obtained 
with shorter specimens, but with these it becomes increasingly difficult 
to excite their fundamentals, and although recourse may be made to 
excite the harmonics of rods this involves a big loss in intensity. 
Magnetostrictive oscillators are 
particularly advantageous at 
the low ultrasonic frequencies 
when a considerable output 
can be obtained without the 
danger of fracture of the oscil¬ 
lating element as exists with 
the quartz crystal. One par¬ 
ticular form of magnetostric¬ 
tive oscillator is shown, in 
section, in Fig. 16.12, where 
the “element” isa tube formed 
of layers of nickel foil, which 
are electrically insulated from 
one another by thin layers of 
paraffin-wax to reduce eddy- 

current losses. The winding Fig. 16.12. 

upon the tube in this instance 

has been made in toroidal fashion, and the end plate transmitting 
the magnetostrictive oscillations into the surrounding medium is 
suitably cemented to the tube. 

By taking care in only lightly clamping a nickel rod or tube at its 
centre, Knight has obtained values of “Q” in excess of 30,000 for this 
form of magnetostrictive oscillator. Such vibrators may be used in 
the manner of a quartz crystal in an acoustic interferometer (see later) 
and they have also been employed as filters. The temperature st.ibiiity 
of a magnetostrictive oscillator approaches that of a qiian/ cry .ta! i\ 
two metals having opposite temperature coefficients arc combined, 
one as a rod fitting closely into a tube of the other. 

An electromagnetic sound generator 

Another type of high frequency sound generator which should be 
mentioned is a modification of a dynamic loud-speaker a.nd it has been 

w.M.s.—22 
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developed for the purpose of flocculating suspended matter in smoke 
and fogs. The vibrator (Fig. 16.13) consists of a solid cylinder of a 
metal, e.g. duralumin, which should have both a “high electrical 
conductivity” and a low internal damping. The manner of supporting 
the bar at its centre has a great influence on its efficiency as a sound 
generator, for lateral contractions must necessarily accompany the 
longitudinal vibrations of the rod and any tight clamping at the centre 
will produce considerable damping and hence mechanical losses. In 
order to overcome this difficulty the supporting thin metal “web” 
extending radially from the cylinder at its mid-section was separated 
by rubber shims from the metal housing in which it was clamped. 
The presence of radial motion reduces the resonant frequency of 

a cylinder from 
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Fig. 16.13. Sound generator, showing 

construction. 
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the latter expression being 
due to Rayleigh (“Theory 
of Sound," p. 252, Vol. 1). 
£, CT, and p refer respec¬ 
tively to Young’s modulus, 
Poisson’s ratio, and the 
density of the material, 
and / and a respectively 
to the length and radius 
of the cylinder, / being 
assumed greater than 2a. 

Chree has shown that 
the boundary conditions 
which are necessary to 
allow ngkl clamping at 
any point on a free-free 
bar are only possible if 

where ^ is a root 


of the equation 7 i(.y) —0. The first two roots of this equation give 

^ 0-589 and 1-696 respectively, and for such cases the rod may be 

supported rigidly at its centre of gravity. Hillary W. St. Clair, m 
America, has constructed an electromagnetic sound generator con¬ 
forming with the above requirements and he remarks on its low 
damping. Fig. 16.13 shows the original form of generator made by 
St. Clair in which the electrical oscillations are initiated by an electro¬ 
static pick-up formed by the end of the vibrator, acting as the moving 
electrode, and a fixed electrode suitably insulated from the 
pole of the magnet. This fixed electrode is connected to a hign- 
voltage supply, i.e. of the order of 300 volts, by a two megohm 
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resistance, the alternating voltage across which is amplified and phase- 
shifted by a preamplifier which, in turn, provides the input to an 
amplifier feeding the driving coil of the generator. This self-exciting 
system, whereby the vibrator itself controls the electrical oscillations 
which drive it, was found to be necessary owing to tne very sharp 
resonance of the metal cylinders and the loss of amplitude that would 
result from a very small drift from the resonant frequency, as is likely 
to occur with a separately controlled oscillator. 

Ultrasonic wave-length measurements 

These measurements are noteworthy for the application of optical 
experimental technique to acoustical measurements, which is made 
possible because of the shorter wave-lengths in the ultrasonic region. 

The acoustic interferometer 

This instrument was originally devised by Pierce for experiments 
on gases, and has been widely used in various modifications for both 
velocity and absorption measurements. It consists essentially of a 
quartz crystal P (Fig. 16.14) maintained in vibration by a suitable 
oscillatory circuit, the linear dimensions of the vibrating crystal being 
sufficiently large compared with the ultrasonic wave-length to ensure 


To 

Electrical 
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Standinq wave sustem 

^ J 
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Fig. 16.14. 


that plane waves are generated. Parallel to the vibrating face of the 
quartz is a movable reflecting plate /?, which is attached to a micrometer 
screw, so, in fact, the set-up is similar to that of the Kundt’s tube with 
the added refinements necessary for measuring shorter wave-lengths. 
In this case the existence of a standing wave-system is detected by the 
quartz crystal itself, use being made of the changing phase of the 
reflected waves reaching P as the reflector is moved backwards and 
forwards. The reaction of the reflected waves on the source will be 
a maximum when the out-going and returning waves at the crystal 
face are 180 degrees out of phase. As the reflector is moved, this 
reaction will vary, and the effect may be likened to a changing load on 
an electric motor; furthermore, it may also be indicated in a similar 
manner by a current-measuring instrument, the meter in this case 
being included in the plate circuit of the transmitting valve. Fig. 16.15 
shows the type of record which is obtained by plotting the readings of 
plate current against the position of the reflector; in practice, the value 
of the maximum current readings will decrea.se with increasing distance 
of R from the source, due to sound absorption in the intervening 
medium. Although the wave-length is small, by observing a large 
number of internodal distances, a high degree of accuracy may be 



ULTRASONICS 


340 

attained. In order to calculate the velocity of propagation of the 
ultrasonic waves it is necessary to know the frequency of the source, 
and this may be found by a standard electrical wave-meter method. 
From observations on the decrement of the current maxima, mentioned 
above, it is possible to evaluate the coefficient of sound abso^tion 
(p. 281) for the medium, the interpretation of results, however, is not 
easy. A method developed by Richardson using a hot-wire to explore 
the stationary-wave system may simplify the procedure, although the 
effect of the probe itself adds a complication in a system of small 
dimensions. 

The sonic interferometer has been used with both liquids and gases 
and up to frequencies of 20 Mc.p.s. with quartz oscillators, and it 
permits sound velocities to be determined absolutely to an accuracy 
better than OT per cent., although the measurement of absorpti^ 
coefficients is considerably less accurate. Great care has to be 
exercised, however, in interpreting results obtained with the inter¬ 
ferometer, for although the reproducibility of results may be oi a 



high order, the sound field pattern may be very complicated, ovnng, 
for example, to various parts of the oscillator not vibrating in pha^ 
with each other. Furthermore, absorption measurements may be 
“entangled” with heating effects especially if waves of appreciaWe 
amplitude are employed to increase the magnitudes being measure , 
a recent adaptation of radar pulse technique, whereby the 
amplitude can be used but persists for only a short time, pronuses 

overcome this difficulty. 

The interferometric method has also been employed with liquias, 
mentioned above, and measurements performed over a wide 
temperature; one particular variation in technique which m^ be me 
tioned is the use of charcoal powder to show up the standing wa 
pattern. If only a small quantity of liquid is available, 
interesting modification in procedure, based on an analogous 
in light namely, the determination of the refractive index . 
parent solid from the measurement of the shift of interference fnug » 
due to the introduction of the specimen in the path of one of the in 
ferine light beams. The schematic arrangement of apparatus lor 
sound experiment is shown in Fig. 16.16ff, and is the shift of the no 
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planes due to the substitution of the liquid under test for the oil in 
the bakelite cell. 


Let 

v,=velocity of waves in the liquid, 


II 


Aj=wave-length ,, „ liquid, 

and 

yy yy yy Oil. 


Vi V Ai Vt 

Then if / is the frequency of the source -r=/=^ or y- ——say. 

Ai Ao Ag Vo 

Now the number of waves in the thickness d of oil =•?-, 
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Fig. 16.16. 

the decrease in the number of waves due to the substitution of 
the liquid for the oil is given by 

.jdd d(\i ,\_df 

Now the shift of the nodal planes is measured in the oil and will 
be given by Ax=NXoy 

i.e. 

Ai fi 

d 

Since and is known, the value of Vj may be calculated when 

^ has been found. This method has also been adapted lor the measure¬ 
ment of the velocity of sound in thin solid plates. 
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The acoustic grating 

Another interesting and valuable linkage with optics technique is 
the suggestion, first made by Brillouin in 1925, that the periodic 
variations in density which are produced by progressive ultrasonic 
waves when passing through a liquid should endow the latter with a 
structure which, when irradiated by light, would give rise to a diffrac¬ 
tion pattern. The problem, which is analogous to the Bragg experi¬ 
ments on X-ray diffraction by a crystal, is treated simply by regarding 
the light rays as suffering reflections at the parallel planes corresponding 
to the compression wave fronts (C,C, Fig. 16.17) of the sound wave; 

R^R denote positions, of maximum rarefaction at the instant considered, 
and A, is the wave-length of the ultrasonic waves. 

If monochromatic light of wave-length A^ is incident at an angle / 
to the direction of propagation of the sound waves, then the path 



s 

Fig. 16.17. 


difTerence between successive reflected wave fronts is given by 

2F7V-2A, sin 0, 

where 0=^(9O—/) is the angle between the direction of sound propagation 
and the normal to the light rays. The condition for equality of phase in 
the light reflected along a particular direction defined by & is given by 
2As sin 0=±wA„ where m is necessarily restricted to unity owing 
to the sinusoidal variation of density considered. 

In the simplest case, therefore, two diffraction maxima will be 
observed, one on each side of the central undiffracted image, and it 
evident from the above relation that A, must be very small, i^- ^ 
source of sound of high frequency must be employed in order to obtain 
a measurable separation. Thus, with sodium light, A, must o 
the order 10“^ cm. for 6 to be as large as 2°. Furthermore, provide 
that the frequency of the ultrasonic source remains constant, then the 
above theory is independent of the progression of the wave fronts. 

The experimental technique is simpler for standing waves than tor 
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a progressive system, where some form of stroboscopic illumination 
has to be employed. 

Debye and Sears, and others employing a standing wave system, used 
an apparatus similar to that shown diagrammatically in Fig. 16.18, the 
liquid cell being illuminated by parallel light in a direction normal to the 
direction of propagation of the sound waves. The positions of maximum 
density in the liquid are indicated (but not to scale) by dotted lines in the 
diagram, and their “lengths’" normal to the plane of the paper con¬ 
stitute the lines of the grating. If the emergent light from the cell is 
focused on a screen it will be seen to exhibit diffraction lines evenly 
spaced about the central image of the slit. 

Another interesting application of optical procedure is the use of a 
solid prism, e.g. of metal, immersed in a liquid to refract an incident 
ultrasonic beam. The technique used by Bez-Bardili follows that of 
Bar and Meyer, who used an opaque screen studded with evenly 
spaced pin-holes in front of a light source, to project beams of light 
parallel to the fronts of the sound waves passing through a liquid. 
Each pin-point will give rise to a set of diffracted images, the separation 
of which gives the wave-length of the sound waves in the liquid. In 



Fig. 16.19 is a prism of aluminium immersed in xylene and the 
incident beam is seen to be incident upon the prism from a north¬ 
westerly direction and the refracted beam is directed to the east. By 
measuring the angles of incidence and refraction Bez-Bardili was able 
to determine the refractive index of the aluminium with respect to 
xylene and hence the ratio of the sound-wave velocities in the two 
media. Since the velocity of wave propagation in the xylene is 
obtained from measurements on the diffracted images of the pin¬ 
points, it follows that the velocity of sound in the aluminium is 
calculable. Typical figures obtained at 20"" C. for the sound velocity 


w m w 

in xylene at the frequencies stated were: 

Frequency (cycles/sec.) 5'23xlO'^ 8’52x lO" 

Wave-length (cm.) 0 0255 0 0160 

Velocity (metres/sec.) 1,300 1,360 

From measurements using an aluminium prism the following 
figures were obtained: 

Frequency (cycles/sec.) 5'23xlO'’ 8.52 10 

Refractive index (= sin//sin r) 0-227 0 217 

Velocity of ultrasonic waves 
using value obtained for 

xylene (metres/sec.) 5,880 6,150 
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The acoustic grating method has been adapted to the examination of a 
transparent solid by creating a three-dimensional grating, and the experi¬ 
mental technique is rather similar to that followed in the X-ray analysis 
of crystal structure. The cube of transparent material is subjected to 
ultrasonic waves in three directions perpendicular to the faces of the 
cube, and corresponding systems of standing waves are set up which 
provide diffracting elements for light transmitted through the specimen. 
Now the separation between successive positions of maximum density 
in a standing wave-system is a measure of the wave-length of those 
particular types of waves, and so of their velocity which, in turn, 
is related to the appropriate modulus of elasticity of the medium 
(p. 38). It follows, therefore, that the light diffraction pattern 
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obtained will yield valuable information about the elastic constants 
of the material. 


Transverse waves in plates, etc. 

Fig. 16.20 show the sound distribution pattern obtained with sheets 
and rods of materials lightly covered with fine sand when excited 
transversely by contact at a suitable point with a magnetostrictive 
oscillator (a nickel rod). The nodal lines are produced by interaction 
between the direct waves and those reflected from the edge of the 
plate. The velocity C, of these transverse waves is given by the 
product of frequency and inter-nodal distance and the velocity o 
longitudinal waves (C) may then be deduced using a formula due to 
Lamb, viz.: 
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—^--C, which reduces to C 

1 .. 


Ct 

IttK 

A 


■\/3AO , 27tK . ,, 

--— when IS small, 

771 A 


cf. unity. K is the radius of gyration of the cross-section of the plate, 
and i is its thickness. 





I ig. 16.20, Standing-\va\c paticrns set up in sheet and bars by tr.ins\LTse hieli 
Ircqucncy vibrations. («) Brass bar 0 102 cm. thick. (/>) Brass plate " T vtn tliiek 

and (c) Polystyrene bar 0 65 cm, thick. 


From Fig. 6.20, for the brass plate of thickness 017 
wave-length was 2 05 cm. Hence, since the frequeiu 
striclive oscillator was 18,750 c.p.s. the velocity o\ 
18,750x2-05 3-8 x 10‘cm., sec. 


c’l ■ '0 ncasured 
•he magncto- 
iiansverse waves 
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Ultrasonic lenses 

♦ 

A disadvantage in using ultrasonics for commercial purposes is 
the poor efficiency of the energy conversion, and there is therefore 
considerable interest in methods of concentrating the high frequency 
radiation into a small volume where required, usually in a liquid 
medium. Spherical mirrors, as might be expected (Fig. 16.21), have 
been used to focus these ultrasonic beams and an improvement on 
this procedure has been the use, by Gruetzmacher, of the vibrating 
quartz element itself to focus the rays by shaping it in the form of a 
concave mirror. An easier way of achieving the same objective is to 
adapt the contact lens technique, as employed in optics with respec 
to the human eye, and use a piano-spherical or plano-cylindnca! lens 
of a suitable material which is placed in direct contact with the vibrating 
quartz. It is highly desirable to minimise any loss in transference oi 
ultrasonic energy from the crystal to the lens and so the material chosen 
for the latter should have an acoustic impedance as nearly equal to e 



Fig. 16.21. 


quartz as possible (see p. 241). Aluminium and glass come 
this category, and furthermore the velocity of sound in these ma _ 
is greater than 5x 10'‘ metres per sec., so that their acoustical . 

indices (as measured by velocity of sound in lens 
of sound in surrounding medium) are very high if immersed in a q 


medium. . 

The loss associated with the transmission of ultrasonic waves 

the boundary of two materials differing in acoustic 

reduced by the insertion of plane parallel plates of a material po 

an intermediate value R of acoustic impedance, i.e. Ri>R>^ 2 -^ 

the suffixes 1 and 2 refer to the two materials to 

problem is analogous to the optical one whereby reflection tro - 

is reduced by coating it with a transparent thin film of cryolite. 

Now it was shown by Rayleigh that for perpendicular 
fraction fF, of incident sound energy which is reflected at the i 
between two media is given by the equation: 
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where t/g is the thickness of the second medium, 
that IVr—O when 



It becomes evident 


n being any integer 0, 1,2, etc. Under such conditions the plate is 
acoustically transparent for the particular frequency of sound wave 
associated with the wave-length A, and the phenomenon is analogous 
to the corresponding optical reflection at a thin film. The acoustical 
case did not receive experimental attention until the generation of 
wave-lengths comparable with small values of d was common, and the 
first experiments with ultrasonic waves were not carried out until 
1925 by Boyle and Lehmann, who used a torsion pendulum to measure 
the energy density. Incidentally, by employing a fixed thickness and 
varying the frequency of the source until maximum sound is trans¬ 
mitted a convenient means is provided of determining the velocity 
of sound in the material. Any ambiguity due to uncertainty in n is 
avoided by a previous approximate calculation of the velocity; this 
method was originally suggested by Rayleigh. 

On further reference to the expression (1) it is seen that the trans¬ 
mission through the second medium is zero, i.e. is a maximum, when 



A /2//-I-1 

27tV 2 



where «=:0, 1, 2, etc. Use is made of this effect to restrict the propaga¬ 
tion of ultrasonic energy to one direction by mounting the generating 

quartz crystal on an air cushion of thickness ^/—where C is 

the velocity of sound in air and / is the frequency of oscillation. 

A mathematical consideration of the problem of the transmission 
plate inserted between the two media to be “matched” indicates that 

R~VRiR 2 for maximum transmission (cf. optical case fi = Vfxifj,.,). 
A further improvement is effected by increasing the number of insertion 
plates and if R, R\ R’\ etc., represent the impedances of the various 
intermediate layers then it is found that together with Ri and R.^ they 
should form a geometric series such that the quotient is given by 

, where there are — intermediate layers. Finally, the trans¬ 
mission will be further increased if the thicknesses of the re^peccivc 
plates satisfy the conditions for a minimum value of If i;i expicssioi; 
( 1 ). 


Fig. 16.22 shows the use of a piano-cylindrical ponidhyl rncth i- 
crylate lens (radius of curvature 14 mm.) suspended in p;tra!>m to focus 
ultrasonic radiation from a quartz crystal. The ;:\i of the lens is 
parallel to the central beam of light used to projeci he striae set up 
by the standing ultrasonic wave system. 



348 


ULTRASONICS 


‘•'1 V *'-l 


The use of ultrasonics 

So far, the subject of ultrasonics has probably appeared to the 
reader as merely a natural extension of the frequency range of audio- 
acoustics, but it has a greater significance, for further consideration 
wilt indicate that at the higher frequencies the periods of vibration of 
the waves actually become comparable with the periods of the molecules 
of the medium. The experimenter in the field of molecular physics, 
previously restricted to the use of light or of intense electric fields as 
instruments of investigation, is thus provided with a new and powerful 
“mechanical tool.” A particular field of enquiry, leading to valuable 
information about the constitution of complex molecules, is provided 
by the study of the specific heats of gases, especially in regard to 

the relative importance of the 
vibrational and rotational fre¬ 
quencies of the molecules. 
The approach to the solution 
of this problem lies in the 
investigation of the velocity 
(and absorption) of sound in 
a gas at different frequencies 
and temperatures, and should 
become evident after the 
following considerations. 

In a polyatomic gas the 
atoms in a molecule may 
oscillate with respect to one 
another, and even the whole 
molecule may be rotating 

about one or more axes. Such 

energy of motion is known as 
the internal energy of the mole¬ 
cule, and it follows that in 
collisions between complex 
molecules there is liable to 
be an interchange between 
the internal and translational 
energies. Now there is a 
theorem in statistical mechan¬ 
ics, due to Boltzmann, known 
as the principle of cquipartition of energy, which states that in a system 
consisting of a very large number of particles in motion the averse 
energy of each degree of freedom of a particle is the same. The num e 

of degrees of freedom correspond to the number of coordinates require 

to define the position of a particle, so that a molecule of a 
gas which possesses only translational energy is said to have 3 
of freedom. According to the kinetic theory of gases, the aver g 

translational energy of anv molecule is where T is the 

2 A / h of 

absolute temperature. R is the gas constant, N is the^ num er 
molecules per gramme-molecule, and k is Boltzmann s cons a 



\J. Si i. Ins/, 


Lig. 16.22. 
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It follows that the mean kinetic energy for each degree of freedom 

3 kT 

and hence for a gas molecule possessing n internal 
degrees of freedom, the total average energy per molecule is 

/O I \ 

change of this average energy per molecule for one 
'degree absolute change in temperature will therefore be given by 

and hence for molecules by It follows that the 

specific heat (per gramme-molecule) of a gas at constant volume 

and since the corresponding specific heat at constant 

pressure for a perfect gas Cj,=c„+R, then But the 

ratio of specific heats is defined by y=—, and therefore 

In the case of a gas known to be diatomic, such as hydrogen, 
the value of y found by experiment is ], which would make n—2. 
In the early days of atomic theory this result was interpreted as meaning 
that the two atoms were arranged in a dumb-bell type of structure, 
permitting of two axes of rotation, but for a completely satisfactory 
explanation the classical system of dynamics has had to be discarded 
in favour of the quantum-dynamics. 

Now returning to the question of the interchange of translational 
and internal energies of the complex gas molecule, it should be con¬ 
ceivable that the exchange will take a finite time, dependent upon the 
different vibrational degrees of freedom. Furthermore, it should be 
evident that when this “relaxation time,” as it is termed, for a par¬ 
ticular degree of freedom becomes comparable with that of the rapid 
oscillations of pressure in the supersonic wave, then these internal 
molecular motions will be unable to follow completely the adiabatic 
changes of temperature. In other words, c„ assumes a value less 

than and ultimately, as the ultrasonic frequency is indefinitely 

increased, approaches the value (for a perfect gas) of %R. It follows 

that y=^^=l+^^ will increase at these critical frequencies, and 

correspondingly also the velocity of sound (v) since 


‘’=\/y-. (P- 38). 


From measurements of this change of velocity with frequency it 
is now evident how a measure can be obtained of the relative con¬ 
tributions of the translational and internal energies of the gas molecules 
to the specific heat of the gas. This sound dispersion was lirst found 
experimentally by Pierce using his acoustic interferometer, and his 
results showed that the velocity of sound in carbon dioxide increased 
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from a value of 258-8 m. per sec. at 42,000 c.p.s. to 260-2 m. per sec. at 
206,000 c.p.s. 

Again, in the case of a liquid, by measuring the velocity (v) of ultra¬ 
sonic waves in the medium, a value of the adiabatic bulk modulus 

{K„) may be found, since where p is the density. If the 

isothermal modulus Ki is found by a static experiment, the ratio of the 
specific heats of the liquid may be evaluated. , 

When the ultrasonic waves in the liquid are propagated with con¬ 
siderable intensity, the medium becomes heated, but what is perhaps 
a more important consequence is the formation of bubbles of gas or 
vapour within the fluid, due probably to the high particle accelerations 
in an ultrasonic field. This effect is known as cavitation^ and it is 
the agency upon which a number of processes or phenomena are 
dependent, such as the emulsification of one liquid in another. Wood 
and Loomis showed, for example, that intense ultrasonic radiation 
transformed immiscible liquids like water and mercury into quite 
stable emulsions. This process of ultrasonic emulsification has been 
applied to the quality improvement of such industrial products as 
photographic plates. Ultrasonics have quite a reverse 

dispersed systems in gases, e.g. mist or dust, and the passage ot the ig 

frequency waves through these aerosols, as they are termed, tends to 
bring about the coagulation of the particles. The Phenomenon 
(Fig. 16.23), as pointed out by Andrade, results from the 
spheres at rest in a vibrating medium mutually repel one another 
their line of centres is parallel, but attract if it is normal, to the vibration 
vector. This force of repulsion or attraction vanes, directly as ine 
square of maximum velocity of the vibrating fluid, and inversely 


(distflocc)*^ 

The latest types of electronic calculating machines incorporate a 
new method of storing information, which depends upon 
ultrasonics and the conversion of alternating E.M.F.s into sound 
and vice-versa. The information to be stored is applied, in the 
of electrical pulses, to a quartz crystal situated at one end ot a si " , 

length glass tube containing mercury, in which high frequency ^ 
waves are generated by the vibrating crystal. These waves are 
by a second quartz crystal, situated at the other end .icp/ 

column, and are transformed back again into electrical 
amplified, “cleaned,” and again applied to the “sender -- 

The different numbers and instructions, represented by various p 
of signals, are thus continuously circulated around the _ 

the use of the ultrasonic transformation is to slow down the circu » 
for the pulses would travel too rapidly in an “ all-electric circui - . 

information which is required to be transferred to the operating ^ ^ 

of the calculating machine may be extracted from the 
at will when the corresponding signals are leaving "lercury ' 

Each mercury tube can deal with 16 numbers of 10 decimal places. 

circulating behind one another. imon the 

One further application will be mentioned, and medium 

fact, already stated (p. 106), that sound waves travelling m on 
will, in general, suffer appreciable reflection on meeting 
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medium. Suppose now that this latter medium exists as a flaw, 
i.e. a hollow, crack or foreign impurity, in the first medium which is 
the material under test, then it follows that the intensity of the trans¬ 
mitted beam through this material will be reduced. Hence by using 
some means of observing the reduction in intensity of the incident 
ultrasonic beam, it is possible to test the degree of homogeneity, for 
example, of a metal casting. The use of ultrasonics in depth finding 
has already been mentioned, it will suffice to say here that magneto- 
strictive transmitters are usually employed, and it is the time interval 
between the transmission and the return of the reflected signal which is 
observed. 

Recent work in liquids and solids 

Viscous and shear elasticity measurements in liquid have recently 
been made by Mason and his co-workers in America using crystals 
(quartz and ammonium dihydrogen phosphate) vibrating in shear. 
When a crystal is vibrating in a purely torsional mode at a high 
frequency all the motion is tangential to the surface and highly 
attenuated viscous waves can be set up in the surrounding fluid medium. 

It may be shown that the propagation constant l where 

J is the frequency of vibration, and and p are respectively the 
viscosity and density of the fluid medium. In the case of carbon 
tetrachloride, for example 1-595 gm./c.c. and 7 ? O-OI poise approx.), 
calculation shows that at 14 kc.p.s. the attenuation is 2,700 nepers/cm., 
so that the shearing stress becomes inappreciable after a few thousandihs 
of a centimetre from the crystal surface. Although such high attenua¬ 
tion of the waves prevents the examination of their wave propagation 
properties, yet they produce a loading effect on the vibrating crystal 
which can be measured as an increase of the resonant resistance and 
a decrease of the resonant frequency of the crystal from its value in 
vacuum. It should be noted that only a small quantity of fluid is 
required to make such measurements. For very viscous liquids the 
resistance component of the viscosity becomes progressively larger than 
the reactance at high frequencies, which maybe explained by assuming 
the liquid to possess a shear electricity as well as a shear viscosity. 

An interesting effect which was initially predicted from the quantum 
theory of liquids by Landau and Tisza, and subsequently verified 
experimentally by Peshkov, is the fact that waves can be propagated 
through helium II, the low temperature phase of liquid helium with 
two distinct velocities. The ordinary pressure wave has a velocity of 
approximately 240 metres/sec. and may be transmitted and detected in 
the usual way. The other wave motion, termed the '‘second sound,” 
is essentially the propagation of a temperature wave, whose velocity 
is strongly dependent on temperature, having a maximum value ai 
1*6° K. of about 20 metres/sec. This wave is generated by iTicans of an 
alternating current heater and detected thermally, foi > x.imple. by a 
phospher-bronze resistance thermometer. 

The absorption in amorphous solids and single crys'. tls is generally 
less than that in liquids, but the presence of anisotrop\ brings about 
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an increased absorption in solids. This increase is due to two distinct 
processes: (I) the scattering of the waves in the Rayleigh manner, the 
magnitude being proportional to the inverse fourth power of the wave¬ 
length, i.e. to the fourth power of the frequency; and (2) the thermal 
relaxation losses consequent upon the inhomogeneous heating and 
cooling of the substance during the passing of the sound wave. In the 
range above one megacycle the general features of absorption in poly¬ 
crystalline materials are explained by the Rayleigh formula, which, 
however, fails when the acoustic wave-length becomes of the same order, 
or less, than the size of the grains of the material. 

The mechanism of the second type of absorption has been simply 
explained by Zener, who considers the thermal conditions operating 
during the transverse vibrations of a reed. In bending the outer side 
of the reed becomes cooled and the inner is heated, a state of affairs 
which is reversed in the other half of the cycle. For very slow vibra¬ 
tions this transfer of mechanical energy into heat can take place 
reversibly, and under such isothermal conditions there is an absence 
of internal friction. The same result will occur at very high frequencies, 
where the mechanical vibrations are too rapid for heat transfer to take 
place and the conditions are adiabatic. It is evident that at frequencies ■ 
between these extreme limits, however, there will be a loss of energy 
due to a transfer of heat. Zener has derived an expression for the 
thermoelastic “ Q ” of a reed vibrating transversely in terms of the 


thermoelastic relaxation time 





Q”= 




where / is the frequency of vibration, and Eg and Eq are respectively 
the adiabatic and isothermal values of Young’s modulus. T^ relaxa¬ 
tion frequency may be calculated from the expression/o=^ 2 » where 

D is the coefficient of thermal diffusivity of the material and d is the 
thickness of the reed in its plane of vibration. For an aluminium reed 
of thickness 10“ ^ cm., the value ofis 1*6 Mc.p.s. 

In making tests on solids over a frequency range it is desirable for 
the same specimen to be employed throughout. One method whicn 
has recently been employed by Parfitt is to measure, by a form m 
condenser microphone, the amplitude response of a rod lightly clamped 
at its centre, when excited electrically at its fundamental and overtone 
frequencies. In this manner the twelfth harmonic of a fundamenta 
frequency of 5 kc.p.s. has been obtained. By applying a range o 
frequencies in the neighbourhood of each resonant frequency an 
measuring the responses, a response-frequency curve may 
from which the “ Q ” of the rod can be calculated (see p. 235). It foUow 
that 1/“Q” will be a measure of the internal damping of the specime 
at the appropriate frequency. Resonance methods are, of course, less 
accurate when the damping is large. 
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Ultrasonics in nature 

^though ultrasonic sound is above the audible range of the human 
being, yet many animals are obviously sensitive to these high frequency 
vibrations and it has been reported from America that they have been 
utilised as a means of protecting reservoirs from pollution by sea gulls. 
Most interesting experiments have been performed in America by 
Pierce, Griffin and Galambos, and by Hartridge in this country, in 
connection with bats, whose abiUty to fly at speed in and out of trees 
in darkness has always been somewhat of a mystery. The bat appears 
to make use of audio-location akin to the technique of radar. In 
other words, by sending out pulses of ultrasonic waves the bat is able 
to locate an object in its path from the time and direction of the echo 
received. 

Three distinct types of sound emitted by bats have been recognised; 

(1) A signalling tone of about 7,000 c.p.s. which lasts for 0-25 sec. 
or less and may be repeated over and over again. It can be produced 
with, or independently of. the ultrasonic tone. 

(2) The ultrasonic cry, which ranges from 30 to 70;kc.p.s., but usually 
lies between 40 and 55 kc.p.s., and may be emitted as a single pulse, 
lasting 0*10 to 0*15 sec., or as a sequence of such pulses. A bat may 
produce 5 to 10 ultrasonic cries per second when at rest preparing for 
flight, but the rate is increased to 20 or 30 per second in flight through 
unobstructed space. When, however, obstacles are in its immediate 
path the bat increases the rate to 50 or 60 per second for short periods 
which drops back to 30 when the obstacle has been successfully 
negotiated. 

(3) A rather feeble click, which is always accompanied by the ultra¬ 
sonic tone; when the bat is in flight the rapid repetition of this click 
becomes recognisable as a buzz. 

A frequency of around 50 kc.p.s. for the ultrasonic tone is about the 
optimum value to be expected from purely physical deductions, for, 
although the intensity of sound reflected back from a small object 
increases with the frequency of the waves, the effect of attenuation also 
increases, but with the square of the frequency. This limitation of 
resolving power of the acoustical system is analogous to the case of 
the optical microscope in which the advantage gained in resolving 
power by using the shorter wave-lengths of the ultra-violet are finally 
limited by their increasing absorption in the material of the optical 
parts. The bat has a potential power for resolving objects in its 
neighbourhood which is comparable to that for radar, since an ultra¬ 
sonic frequency of 50 kc.p.s. corresponds to a wave-length of 0-7 cm 
whereas for radar the operation frequency of 30,000 Mc.p.s. means a 
wave-length of 1 cm. In addition, by virtue of its two ears as receivers. 
It has an additional advantage of stereophonic perception. The 
mec^nism of the generation of these waves is not yet fully understood, 
but Hartridge comes to the conclusion that it must take place through 
the nose, which is also used for breathing. He assumes that the bat 
breathes only slowly, say 2 or 3 times per second, and that it phonates 
during both expiration and inspiration just as a skylark appears to 

W.M.S.—23 
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sing continuously and a cat purr during the complete breathing cycle. 
The various arguments involved cannot be considered here, but there 
remains one further point of interest, namely, the possibility of the 
returning echo overlapping with the emitted sound. This may beavoided 
if the duration of each cry is reduced as the object is approached, 
which may conceivably occur if the rale of production of tones increases 
as already stated. The problem of direct sound reaching the ears of 
the bat is apparently avoided, in one group of bats by the shaping of 
the snout to give rise to a well-defined beam in a forward direction, and 
in the other type by the existence of what is known as the tragus in 

front of the external 
auditory meatus and 
which would appear to 
function as a screen to 
the direct sound. The 
possibilities of obstacle 
detection by ultrasonic 
means are being 
thoroughly investi¬ 
gated with respect to 
providing a means of 
guiding blind people 
and as an aid to road 
transport in foggy 
weather. 

Submarine detection 


[Forki-r an,! ■Kudrudv. qj. (jepth-finding ultra- 

Lig, 16.2.^. Standing wave system in an enclosed air j^onic apparatus has 
column, resonating at 220 Kc s marked, on the walls . r^r thp Inra- 

of the glass lube, by double lines of coagulated r r [ 

particles of MgO smoke. tion Ol iisn Stioais. 

Small fish may even be 

killed in a strong ultrasonic beam. It appears that dolphins are sensitive 
to high pitched notes for they have been observed to disappear from the 
proximity of a ship when its ultrasonic echo-sounding apparatus has 
been switched on. 

A marked biological action has been observed when living specimens, 
plants and various organisms, have been subjected to ultrasonic radia¬ 
tion. and in this direction an interesting application is its use for the 
destruction of bacteria in the sterilisation of milk. The bacteria cells 
in a fluid medium explode quickly on exposure to ultrasonic radiation 
and the antigens, normally difficult to extract, are liberated. 
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More Exact Expression for the Period of a Simple Pendulum 
Rewriting equation (2.15) 

ysinff.(Al.l) 

The first integration of this equation may be made by multiplying each 
side by ddt. 


Then J dd.dt= — ^pin d.dd 

or i0*=^cos0+C.(A1.2) 

■ 

If the initial condition is 0=0 for 0=a, where a is the angular 
amplitude at ^=0. then on substitution in (A1.2) the value of the con- 

in A A * ia n » aK A ^ a. _ 


stant is seen to be —^ cos a. 

Equation (A 1.2) now becomes 

i 02 =^(cos 0—cosa) . . . . 

or / f ^ ■ ■ ■ 

VCOS0—COSa / 

0 

But cos 0= 1 —2 sin''*^» hence (A1.3a) may be rewritten as 


(A1.3) 


(A1.3rt) 


"(I 


sin'*^—sin^ ^ 


=Vj 


(A 1.4) 


In order to integrate this equation the following substitution is 
made, viz. sin ^=sin^sin^, a justifiable procedure as 0 is never 

greater than a. Then it follows that '\/sin'^^—sin^ ~:=sin^ cos 

^ ^ ^ 

=/?cos^, say, where is a constant for a limited motion. Further- 
more by differentiating the expression sin 2 =sin^sin<^ it is easily 

verified that = and on substitution in (A1.4) the 

\z/ VI—/3^sin^0 

the following expression is obtained. 

/vi -^2 . 
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Now d=a at /=0 and 0=0 at where T is the periodic time of the 
motion. 

Hence corresponding limits for integration of L.H.S. of equation 

(A1.5) will be given by sin^=l, i.e. ^=2’ B=a, and sin ^=0, 

i.e. (t>=0, for 0=0. 

Equation (A1.5) now becomes 


- < / 


d4> 

IT sin^^ 


(A1.6) 


The expression under the integral sign is known as an elliptic integral 
and it may be evaluated by means of mathematical tables of such 
integrals. For example, if a is as large as 20°, then j8=sin 10°=0 I736 

and T is found to be 6-331-• For very small angles sin ^=0 and 

s 

on simplification equation_(A1.6) yields the approximate formula, 

already proved, r=27r\/-=6-283 \/-. Hence the error for such 

S S 

a large angle of swing as 20° is less than one per cent. 

An approximate solution of equation (6) which suffices for most 
purposes, is derived by expanding the integrand as a series and inte¬ 
grating term by term. 


Thus 


u 

7’=4 VpJ, (l +1' sin^^ sin< . . )d4, (AI.7) 


Considering only the first two terms of the integrand equation 
(A1.7) becomes 

0 


T-Wi 




(A1.8) 


If a is small and is in radians the above expression assumes the simplified 

form T~2-n .(AI.9) 

In practice, due to damping, the angular amplitude falls from to an, 
say, while n periods are being observed and if a^—a„ is small expression 
(A1.9) may be written as 


. 


.10) 
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Damped Harmonic Motion 


In discussing simple harmonic motion the non-existence of any 
frictional forces was presumed, a state of affairs which is highly 
improbable in nature. Work has to be performed in overcoming 
any frictional resistance and so the original store of energy in the 
vibrating system becomes gradually dissipated as heat in the surround¬ 
ing medium. As a consequence the amplitude of the vibrations will 
decrease continuously until the motion ceases This decay of amplitude 
is known as damping and the motion is referred to as damped harmonic 
motion. A pendulum vibrating in air is only lightly damped, but in 
water the damping would be considerable, and in treacle it might not 
even oscillate but merely return to its rest position after an initial 
displacement. Unlike the frictional force between two solids, the 
friction experienced by a body moving in a fluid medium is dependent 
upon the fluid contact area but independent of the nature of the surface 
of the body provided it is smooth. For low velocities the frictional 
force opposing a solid body moving through a fluid may be taken as 
approximately proportional to the first power of the velocity. Hence 
if R be the frictional force per unit velocity the resistance force 

experienced by a body moving with velocity ^ is given by 

Equation (13^?) now becomes modified as follows: 

dx 

.... 

where S is the restoring force per unit displacement. 

This equation is conveniently written as 


. (A2.1) 




(A2.2) 


R S 

where r—-^ and s~ r-z. 

M M 

This second order differential equation may be solved by trying 
as a solution. 

On substitution and the roots of the quadratic 

r /r^ r /r^ 

are Ai= “ 2 + 4 “-^ ^ 2 = “ 2 ~V 

The general solution of the differential equation is given by the sum 
of the two separate solutions corresponding to the roots Aj and Ao, i.e. 

.(A2.3) 

where Ai and A 2 are constants which can be evaluated from the 
defining conditions of the motion. Hence on substitution 


wC-s., 


2 


x=e 




-\-A9e 


(A2.4) 


For any particular system the physical nature of the resulting motion 
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will depend upon the relative magnitudes of r and 5, i.e. 



respectively. 

Four different cases may be recognised. 

(1) /?^0, i.e. frictional resistance is absent, this case corresponding 
to the S.H.M. already considered. The solution (A2.4) above 
reduces to 

x=Aie^'^ .... (A2.5) 

wherey^V—1. 

If the exponential terms are replaced by their trigonometrical equi¬ 
valents equation (A2.5) may be rewritten as 

x—Ai (cosVj.r+y sin'v/ 5 . 0 +^ 2 (cos Vs.t—jsin Vs.t) 

cos V^.r+Z) sin Vj./.(A2.6) 


where C and D are constants. 

This solution may be rewritten in a number of alternative ways, as 
follows, since from (A2.6) 


C 


D 


whence 


,v=v O + Z)^,^7=^^ cos .... v-f 


sin \/s.i^ 


(«) 

ib) 

(c) 

id) 


x^Aq sin (Vj./— a), where tan a= 
.Y=/lo sin {Vs.t-\-P), where tan 
x=Ao cos {v\y.r+y), where tan y= 
.V—/lo cos (\—e), where tan e = 



(A2.7) 


An is a constant equal to and therefore involving Ai and /l 2 * 

The period T,, of this undamped motion is given by 


In 


To= . 


(A2.8) 


V 5 


(2) ^-^5, i.e. the damping is small. Hence following (A2.4) the 


solution becomes 


rt 

A 

r yV.. 

x—e ^ 


_rt 

=e 2 

C cos \/ 

or x=AQe 

-- . { 

2 sm 

where tan a=—^ 

and ^0 


A-AoC 




.(A2.9) 
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Itt 

represents a simple harmonic motion, of period T= / ^ 2 ,in which 

the amplitude of motion decays exponentially with time. It is evident 
that both the damping and period decrease as r becomes smaller. An 
expression for the variation of period with damping in terms of the 
undamped period (ro), is easily deduced from the expression for the 

R T T 

logarithmic decrement (S) given on p. 222. Since 
follows that 


47r*_ r2_47r2 

n 4“r„2 


482 

- 4 -r ^ 




1 + 




( 1 s^\ 

1 +g^j approximately. 


X 



Timt (arbitrary units). 


Fig. A2.1. 

^•2 

(3) This is the case of over-damping or aperiodic motion 

and the solution of the equation becomes 


x=A^e\~ 4 . 


(A2.10) 


Both exponential indices are seen to be negative and ii is easily 

cix 

verified that ^ is always negative and never changes sign. Fig. A2.1 


shows a plot of displacement against time for the particular case where 
the initial displacements are equal, i.e. A^^ A.,^A. The rate of decay 
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becomes more rapid as r diminishes and is most rapid in the limiting 
case, viz. ^ 

(4) This case, known as critical damping^ is of practical 

import^ce since the displaced system comes to rest in the minimum 
j r ^ solution of the equation of motion is indeterminate if 
derived from the above working, ue. But the general solution 

must contain two arbitrary constants so the substitution x=ue 2 is 
tried as a solution, where u is an undetermined function of t. Substi¬ 
tution in (A2.2) leads to the equation -^^=0, which on integration 

giN^s the solution + where Q and are arbitrary constants. 

Hence the solution of the general equation in the case of critical 
damping is 

_ r/ 

2 .... (A2.11) 

The expression in the bracket increases with time but at a slower rate 
than the decrease in displacement due to the exponential factor. 


APPENDIX 3 

Linear Damped Harmonic Motion and its Representation by Means of 

a Logarithmic Spiral 

Simple undamped harmonic motion has been shown to be represented 
by the projection of the uniform circular motion of a particle on a 
diameter of the circle. In the case of small damping, since the 
amplitude of motion is continually decreasing it is natural to presume 
that the reference circle of S.H.M. will be replaced by a reference 
spiral, which by the nature of the constancy of the ratio of successive 
amplitudes to one another is logarithmic in type. 

A geometrical feature of the logarithmic spiral is that the angle 
vPR in Fig. A3.1) between the radius vector (OP) and the tangent 
(Pv) drawn to the curve at any point P is a constant and is equal to 

(^+ 5 ) in Fig. A3.1. 

The problem is to show that the projection 2 of P on the axis of 
reference Ox represents a linear damped harmonic motion, when the 
particle P moves with a variable speed along the spiral such that the 

angular velocity a>^=:^^of the radius vector is constant. 

Let V be the velocity of P at a particular instant then its components 

along and perpendicular to the radius vector are given by —^ 

respectively. 
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But 2 -|-^=constant, i.e. tan 0=constant, and hence 


dt ^ dr ^ a ^ 

^ dt 


(A3.1) 


Integrating this equation, 

log/■= —C<^+'4.(A3.2) 

The constant A is evaluated by applying the initial conditions that at 
r=0, r=rQ and ^==0, when it follows that A^\og /-p. Hence equation 
(A3.2) becomes 

r—rQe~^‘^ . (A3.3) 


dt 




,'R 


. 


Fig. A3.1. 

To find the acceleration of the projection Q it is noted that its displace¬ 
ment OQ=x=r cos<i>\ 

the velocity of Q=^=(cos sin 


= (cos . C-{r sin 

= —ATcoC—(r sin <^)w . 


(A3.4) 


since from (A3.3) 


d4> 


d<f> 


. . . . (A3.5) 

The acceleration of Q will be given by the second derivative of a: 
hence from (A3.4) 

d^x ^ dx • jdr ^ , 

sin <f>j-oj^r cos (f> 

d^x j ^dx dr ^ f / a ^ 

i.e. ■ ■ ' (A3.6) 


Substituting for sin^.^^ from (A3.4) and (A3.5) the above equation 
on rearrangement becomes 

^+2<oC^+t«‘‘(l+C>=0 . . . (A3.7) 
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The coefficients of .v and ^ in the above equation are constants, hence 
it may be written in the form 


which IS immediately identifiable as the general form of equation 

^2 

representing a lightly damped harmonic motion, as 


APPENDIX 4 


Forced Vibrations 


Consider the equation Mx-^Rx-{-Sx~F sin ft which represents the 
motion of a system under a maintained external periodic force of fre- 

quency ^ (see p. 221). Rewrite this equation as X'\-ax-\-Px—A sin ft 

and try as a solution x—B sin (//—^). 

Then ;v‘=^cos {ft~(f>) and x= ~Bf^ sin {ft—(j>). Substituting in the 
original equation 

-BP sin (/i'-.^)+aB/cos {ft-<l>)+PB sin (ft-<l>)=A sin ft 
or B{—p sin// cos <^+/^ cos ft sin ^+a/ cos ft cos ^+a/ sin// sin 

sin ft cos /3 cos ft sin (l>)=A sin ft. 

[A-\rB{p cos <A—a/ sin cos ^)] sin ft 

-\-B[—p sin 4>~af cos 4>+p sin cos//=0 

which is satisfied for all times provided coefficients of sin// and cos// 
vanish. 

When the coefficient of cos ft is equated to zero 

p sin <l>—af cos 4>^P sin <^==0 

j _ a/ . _5/_ 

tan <p—p_p, sin y/^p_pY-\-a'^p 

(^~P) 

and on equating the coefficient of sin ft to zero it follows that 

ft A _ 

jS cos ^+a/sin ^—/^ cos 


or 


whence 


where 


x= 


tan 


af 


P-f 


(A4.I) 


The denominator of this expression is a measure of the magnitude 
of the mechanical impedance Z of the system which may be written in 
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complex notation (see p. 378) as Z=ZiH-yZ 2 where the real partZi is 
known as the mechanical resistance and jZ^ as the mechanical reactance 
(cf.. corresponding electrical quantities). 

In an electrical circuit it should be noted an impressed E.M.F. 
E sin ft would give rise to a current 


i— 


£sin 


. . . (A4.2) 


which is analogous to the mechanical case if it is noted that i corresponds 
to X, and 


x^J 


. A cos {ft~<l>) 

^(^_/2)2+„2y2 - 


A cos 

Fcos (,/>—<^) 




fY 


. (A4.3) 
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Coupled Vibrations 

Any mechanical vibrating system will communicate its motion to a 
varying extent upon any other such system in contact with it. Two 
separate systems which are linked together in some manner so that 
neither is able to perform it own natural or free vibration without 
being affected by the other are referred to as a coupled system. When 
only a slight mutual interference exists 
between the systems they are said to be 
loosely coupled, but when their influence 
upon each other is considerable, the con¬ 
dition of coupling is said to be tight or close. 

A simple illustration of a coupled system 
is provided by two simple pendulums A 
and B (Fig. A5.1) suspended from the same 
wooden beam M, which is capable of acting 
as a weak link in transmitting energy 
between the pendulums when set into 
vibration. If A and B consist of heavy 
lead balls at the ends of two cords, each 
about 2 yd. long and 12 to 18 in. apart 
then, on moving, say, A perpendicular to 
their common plane of equilibrium, it will Fig, a5.i. 

be found that after a somewhat longish 

time the pendulum B begins to show appreciable movement. This 
rate of energy transfer is increased by tightening the coupling between 
A and B, for example, by attaching a thread TT and weight W 
(shown dotted in Fig. A5.I), and the lower the points of attach¬ 
ment of this thread the closer is the degree of coupling. It will also 
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be noted that as the amplitude of B*s motion gradually builds up, 
that of A correspondingly decreases until this pendulum is momentarily 
at rest in its undisplaced position. The transfer of energy now takes 
place in the opposite direction, and the amplitude of 5 gradually 
diminishes to zero, while that of A correspondingly builds up again to 
a maximum. This cycle of events would be repeated indefinitely in 
an undamped system, but in practice, of course, the successive maximum 
amplitudes gradually get smaller as indicated in Fig. A5.2. 

This energy interchange between the pendulums will involve some 
change in their natural or free periods, for each is now loaded to a 
certain extent due to the presence of the other, and one way of regarding 
the action is from the aspect of forced vibrations in which the resonator 
has a strong reaction upon the exciter. It is shown later that if 



Fig. A5.2. 

and ^2 are the free frequencies of A and B respectively, then the coupled 
system will possess two frequencies Ni and N 2 which are given by 

,— =• and N 2 = ,— = for the particular case where ni=f72=^y 

' V\-K ' VT+K ^ 

K being the coefficient of coupling. N-y and N 2 are thus respectively 
greater and less than the natural frequencies of the component systems, 
and hence their superposition will give rise to “beats” as made evident 
by Fig. A5.2. The frequency of the “beats” is given by 

Afj-Arj=„r—-7=i=l. 

lV\-K V\+k\ 

which reduces to tiK for very small values of Kj thus verifying a 
statement made above that the rate of energy transfer, proportional 
to the frequency, is smaller the looser the coupling. On the other 
hand, the frequency of the beats will increase with the tightness ot 
coupling. . - 

Two further examples of coupled systems are shown in Fig- Aj>-J 
a and the former indicates how two electrical circuits can coupled 
together by means of a condenser C, the larger this capacitance tne 
weaker being the electrical linkage between the circuits. The 
example is a device known as Wilberforce’s spring, indicated by o 
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and fixed at the upper end T, It is essentially a system having two 
degrees of freedom, one of which is associated with a to-and-fro 
rotational motion about the vertical axis and the other an up-and- 
down motion. Now if a coiled spring, i.e. one in which the turns 
can no longer be considered as flat, is stretched, then a small torque 
is also simultaneously exerted, and vice-versa. Hence, on the release 
of such a spring the subsequent motion will depend upon both Young’s 
modulus and the modulus of rigidity of the material of the spring. 
By adjustment of the two screws and it is possible to vary 
the moment of inertia of the suspended system B about the vertical 
axis of symmetry, until finally the period of vibration for rotational 
and up-and-down motions are approximately identical. When this 
is the case and the spring is set into up-and-down vibrations its motion 
will be found to gradually change until only a rotational motion occurs, 
and this in turn will give way to up-and-down vibrations, and so on. 
The sole coupling is brought about by the above-mentioned fact that 
torques and pulls are not inseparable in the case of an inclined spring. 




Fig. A5.3. 



//; B H2 



Theory of coupled vibrations 

As a first approximation the loading of one of the component 
systems (A or B) is to be regarded as being equivalent to an added 
force due to the mass acceleration of the other. Furthermore, damping 
or frictional forces are neglected. 

Then if nti and m 2 and yi and y 2 are respectively the masses and the 
instantaneous displacements of the component systems it follows that 

. . . (A5.1) 

and . . . (A5.2) 

where and ^2 are the respective restoring forces per unit displacement 
and M is the “coupling mass” between the two systems as defined by 

the coefficient of coupling K. viz. -. This expression is 

m^m2 

analogous to that employed for electrical circuits, i.e. where 
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Lj and are the respective self-inductances of the component circuits 
and M their coefficient of mutual induction. The electrical equations 
corresponding to (A5.1) and (A5.2) are {q and c being the electric 
charge and capacitance respectively) 


' dt^ ° - dt^ dt^ 

Returning to equations (A5.1) and (A5.2) and differentiating each 
twice it follows that 



u . . . 

(A5.3) 

and 


(A5.4) 

If and ^ 2 =^ are the natural frequencies of each system when 

free then equations (A5.1), (A5.2), (A5.3) and (A5.4) may be rewritten 

as follows: 

, A/ , n 

(A5.5) 


d^y^ Md^i _ 

dt^ +/«, dt^ +C«, >-2 0 . . . . 

(A5.6) 


. . . 

dt* nil 

(A5.7) 


dy Mdy. dy, 

dt* ' dt* ' ^ dt^ 

(A5.8) 

Substitute 

in (A5.7) the value of from (A5.8) and 

then the 


value of -^r (A5.5). The following equation is obtained: 


(I (A5.9) 

If it is now assumed that the coupled system takes on a S.H.M. 


I • ' ‘ 


(A5.10) 


motion of frequency A^=^, then 

2rr 

^'+^’'>’ 1=0 and . . 

From (9) and (10) it follows that 

and .. /V 

In the particular case where n^=:n^=n, (A5.I I) becomes 


(A5.I2) 



APPENDIX 5 


367 


Hence the two frequencies satisfying (A5.12) are 


and Ar,=g. 


where 




n 


and No= 


n 


vT^ " V\+K 

It would seem, therefore, that each particle of the complex system 
can be excited at both frequencies simultaneously, and hence the 
resultant vibration can be expressed as sin f^jZ+sin i 22 ^ 

assuming for simplicity unit amplitudes for each vibration. It follows 

that >»= 1^2 cos sin which indicates a rapid 

( N -f- N \ 

——■“) in which the amplitude varies at a 


slower rate given by the frequency 



A, B, 



Fig. A5.4. 



The above results may be conveniently applied to the system of two 
pendulums {A and B) in Fig. A5.4, each pendulum now possessing 
the same natural frequency n. If pendulum B is momentarily displaced, 
A remaining stationary, then the immediate motion of the system may be 
regarded as equivalent to the two partial motions shown in right-hand 
part of Fig. A5.4. In the symmetric N.^ mode the pendulums vibrate 



Fig. A5.5. 
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in phase with each other, i.e. the restoring force is less than for either 
vibrating alone, and hence Nz<n. On the other hand, for the anti¬ 
symmetric mode the pendulums are out of phase and tend to act 
against each other so that the restoring force is increased; con¬ 
sequently for this mode Ni>n. It follows since Ni>N 2 that the 
anti-symmetric will gain on the symmetric mode, and when it has 
advanced by tt radians the state of affairs will be as given in Fig. A5.5, 
where pendulum B is now momentarily stationary. The phenomenon 
will be repeated again and again until the damping of the system 
brings the motion to rest. 

An interesting example of the superposition of two modes of 
vibration, as above, occurs in the case of the “excited” helium atom. 
The actual state of this atomic system can be regarded as the sum of 
the symmetrical and anti-symmetrical modes of motion of the two 
electrons of the helium atom. 
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Relaxation Oscillations 

When a linear vibrating system possesses a negative damping 
coefficient it is evident from an inspection of equation (A2.1) and its 
solution, that its amplitude builds up to an infinite value, the sign of 
the exponential coefficient now being positive. Such a condition is 
physically untenable and in actual practice there is always a limit 
above which the damping assumes a positive value. In other words, 
the damping is non-linear in character and for a system of one degree 
of freedom the simplest way of expressing the equation of motion is 




(A6.1) 


where A/, 5, x and t have their previous significance and Ri and R 2 
two resistance coefficients. It follows from the above equation that the 
damping is momentarily zero when the amplitude Xq attains a value 

given by Ri—R^Xq^^O or Xq=\/ for values of amplitude 

greater or less than Xq the damping is respectively positive or 
negative. Hence when the displacement (x) is zero the system is 
unstable and the displacement increases aperiodically until it reaches 

the value \/ at which point the damping changes sign and 
eventually the system returns lonards its origin. 

Rewriting equation (A6.1) and substituting >'=-= 

v'i 


X — 


Ri-R 2X^\. . s 


M 




or 




(A6.2) 
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Now the natural frequency of the undamped system is given by 


S 477 


where Tq is undamped period, therefore equation (A6.2) 
may be written as 


y-^(\-y'‘)y+o>a‘y=Q. 


(A6.3) 


r„ 


Furthermore, if the time is expressed in units of ^ then t the new 

time scale is given by t= ~ where t and Tq are measured in seconds, 

J_o 

277 

and so equation (A6.3) now takes the form 

<^-aii^y‘)t+y=o. 


dr 


dr 


For the cases where a—is very small, i.e. <<1, -7^+v=0, 
and hence y=A sin t is a particular solution. The motion is thus 


approximately harmonic of natural frequency ~ and hence 


x=A \/sin tyo/=A'o sin wq/, and .x^a'qojo cos<uo^. Hence the 
^2 

maximum negative damping force, which occurs when a'^ 0, is given 
by /?iXn,ax=^iA'o‘*>o' Now the maximum value of the restoring force 
is therefore the ratio 


Maximum negative damping force _ /?i.Voa>o Rx 
Maximum restoring force Mxqoj^^ Mu)q 


The final amplitude Xq attained by such a vibrating system of small 
a may be deduced by equating the energy introduced into the system 
by the negative damping force during the middle part of the “oscilla¬ 
tion path" to the energy dissipated by the positive damping force at 
the ends of its path. Expressed mathematically it means 




where 4 sin t, and the result obtained can be shown to give 
A^—4 or numerically a'o' = 2^ i.e. 2a,,. 


Among the examples of relaxation oscillations in mechanical 
systems quoted by Pohl are the flapping of a flag in the wind, the 
scratching of a knife on a plate, the heart-beat, the aeoluin harp, etc., 
while in electrical systems such oscillations are the basis of the action 
of the multivibrator, the blocking oscillator, the neon-lamp flashing 
circuit, etc. Reference is made to the latter (on p. 261) in connection 

w.M.s.—24 



370 


APPENDIX 6 


with the time-base of a cathode-ray oscillograph, and the approximate 
period of these oscillations, or flashings, may be deduced as follows. 
Using the notation on p. 261, the potential difference V between the 
condenser plate at any instant t after discharge of the neon lamp is 




given by {y~yE)={E—VE){\—e~CR)^ where C and 7? are respectively, 
the E.M.F. of the electric supply, the capacitance and the high resistance 
in the series circuit. K£ is the potential difference across the neon 
tube when the discharge ceases and if Ks is the sparking potential of 
the gas then the discharge will recommence ts seconds after the 

completion of the previous discharge where /s— (C/?). logg( £_ • 

Neglecting the time of discharge (// in Fig. 13.28) then it follows 
from the above analysis that the period of these neon lamp relaxation 
oscillations is proportional to the product of capacitance and resistance. 

By the analogy of R and ^ of a mechanical system with R and C 

respectively of the corresponding electrical system, then it follows that 

the period of the relaxation oscillations of the mechanical system is 

R c 

proportional to In this case a>>I and the assumption or a 

harmonic motion is no longer justifiable, and the motion, in fact, will 
contain a large number of higher harmonics as exemplified by the 
multivibrator (see Problem). 

Suppose a small harmonic E.M.F. be injected into the multivibrator 
or similar relaxation oscillator circuit, and also let the frequency oj, 
of this source be approximately equal to n times the fundamental 
frequency of the oscillator where n is an integer. Since these relaxation 
oscillations contain a large number of harmonics it follows that the 
//th harmonic will become excited by this external A.C. source and 
consequently the other harmonics also will be “pulled-in.” The 
whole relaxation oscillation will therefore be excited at a frequency 
which is a sub-multiple of the injected frequency. This phenomenon 
forms the basis of automatic synchronisation and is known as “fr®" 
quency demultiplication” or “sub-harmonic resonance”; values of 
n up to 200 have been realised. 

Now the period of the mechanical relaxation oscillation has been 


R / S 

shown to be proportional to ^ and since 


and Rx may 


a 

be associated with /?, it follows that the period is proportional to —- 

The outstanding features of relaxation oscillators as compared with 
ordinary harmonic oscillators may be summarised as follows: 
{a) the period is determined by a relaxation time or time constant 
which is dependent only on elastic and resistance forces, {b) the wa^- 
form, especially on the steep “relaxing” part, contains a large number 
of harmonics of appreciable magnitude, and (c) the amplitude does 
not exhibit the phenomenon of resonance so that a relaxation oscillation 
may easily be brought into synchronisation with an external periodic 
force over a frequency range equal to an octave. 
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Fourier Analysis 


Ohms law of acoustics states that all musical tones are periodic 
functions and that the ear recognises pendular vibrations alone as 
simple tones. Furthermore, it points out that all varieties of tone 
quality (or colour) are due to particular combinations of a larger or 
smaller number of simple tones of commensurable frequencies, and so 

musical tone (or a composite mixture of musical tones) 
should be capable of being analysed into a sum of simple tones. The 
tone having the lowest frequency is termed the fundamental and the 
other components are known as overtones. 

The theorem which is at the basis of all wave-form analysis is that 
due to Fourier, who discovered it while working on the mathematical 
theory of heat conduction although Lagrange had almost anticipated 
It earlier when investigating the problem of vibrating strings. Now 
any periodic function of time, say/(/), is understood to mean one which 
• repeats itself in successive equal intervals of time. This time interval 
i^s known as the periodic time T, and the above condition implies that 
j\n=J{t+nT) where n is any positive or negative integer. 

Fourier s Theorem shows that any periodic curve, however com- 

phcated, can always be reproduced by compounding a definite series 

of simple sinusoidal curves having frequencies in the ratios 1 2 3 etc 

times that of the given curve. Hence the resultant displacement v 

ot any particle in the wave represented by a complex periodic vibration 
IS given by 


(A7.1) 


y=fit) = AQ-yai cos (aj/-f^j)+a 2 cos ( 2 aj/+^ 2 )+ 

a, cos {rojt . . . 

or y=AQ-\- AI cos Hit -f -^2 cos cos (ra»/). . . 

f sin w/ 4-52 sin 2aj/ +...+5^ sin (ra>r) . . (A7.2) 

where >4i=0icos|i, ^ 27 =^ 3^2 005^2, etc., 5i = —£iisin^i, sin 

etc.. ^ 1 , ^ 2 . etc., are phase angles, and A,, A,, ..., B,, ..., etc' 

represent the amplitudes of the various fundamental and harmonic 

terms, the fundamental frequency being given by Ao is a constant 

term and represents the mean level of the ordinates eg a DC com 
ponent in the case of electrical waves. The various amplitudes may 
be either positive, negative or zero, and so it is possible for either all 
the cosine or sine terms to be absent. If all the cosine terms are absent 
the function is said to be odd and the origin may be chosen so that 

wave-form on opposite sides 
of this origin will then be reversed (see Fig. Al.la). On the other 

hand If no sine terms appear the function is an eve// one and it is 

possible to choose the origin so that/(0=+/(-/) for all values of t. 

oHgiMRg^ aT 16) symmetrical about the ordinate at the 

of evaluating the amplitude coefficients mathematically 
indicated below, but it should be pointed out that except for 
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comparatively simple wave-forms the process is a difficult one, and 
mechanical devices known as “harmonic analysers” are employed. 

The choice of a sine wave, say, instead of a saw-tooth wave, as the 
basic component of any wave-form is due to a number of considerations, 
two of which may be mentioned here, viz. {a) that the sine function 
always occurs in the mathematical solution of the differential equations 
representing the vibratory motion of mechanical systems, and (Z>) that 
it is the simplest periodic function which fulfils the condition that 
itself and all its derivatives should be continuous. 




Fig. A7.I. 


A given curve is only capable of Fourier analysis if it conforms with 
the two following restrictions: 

(a) That the ordinates of the curve are finite, t.e. do not assume 
an infinite value as at A in Fig. and 

{b) That the curve is single-valued, i.e. it progresses always in the 
same direction and therefore does not exhibit any re-entrant portion 
as at B in Fig. Kl.lb, Interpreted in terms of sound waves these 
restrictions mean that a particle cannot undergo an infinite displace¬ 
ment, and secondly, that it cannot suffer two different displacements 
at the same time. 

Evaluation of amplitude coefficients 

If the two sides of equation (A7.2) are supposed to be identical for 
all values of r, then they must remain so when each side is subjected 
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to the same operation, unless this process should render the series 
divergent. 

Integrate both sides of(A7.2) with respect to / over a vibration 

of period T=—. It follows that all the terms on the right-hand side 


are zero 




i.e. 


i 


f{t)dt 


It is evident that Aq is the aver¬ 
age value of /(/) over one cycle 
and represents the “mean height” 
of the curve during this period; 
if Aq is zero the curve must be as 
much below as above the zero line 
during a cycle. 

In order to evaluate the amp¬ 
litude coefficients use is made of 
the so-called orthogonality of 
sinusoids, which is the collective 
term for sines and cosines. If 
the product of any two sinusoids 
of different frequencies is integ¬ 
rated over a complete cycle, then, 
according to this property, the 
integral will be zero. Expressed 
algebraically:— 

T 


i: 
I 


sin /n(cot) sin n(w/),dt—0 


m 4^/t 


cos /n(oj/) cos n(wt).d/=0 


nt 4 n 


i'r 

and I sinf}i{wf)cosn{wt).dt~0 
0 

m=/i 
or m ^ n 


where m and n are integers. 
But f sin’^/Hta 


I 


(A7.3) 



{A7.4) 


(A7.5) 


Hence if both sides of (A7.2) are multiplied by cos r.{ojt) and integrated 
for a complete cycle (0 to 7’), all terms on the riehi-hand side are 
zero except that containing A^. It follows therefore'' that 


i 
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Similarly, by multiplying all terms by sin r(o}t) and integrating over a 
complete cycle the coefficients of the sine series may be determined, thus 


J'(t) sin r(a}t).dt 


{MJ) 


Example of Fourier analysis 

By way of applying the above analysis the case of a periodic wave of 
rectangular shape will be chosen, the importance of this form of wave 



Fig. A7.3. 


being its use, amongst others, for testing the frequency response of 
electrical apparatus. Then it is evident from the square wave shown 
in Fig. A7.3 that 


and 


Hence 


>’=/(0= from t=0 to 


y^JV)=—a from /=2 to t=T. 

T 

-^ 0 —jJ' — adt=0 

I 

2 f2 2 

Ar=Y\ <icosr(cof)d/—j,j acosr(w/)d/ 

2 


. (A7.8) 


and 



=0 for all integral values of/• . . • (A7.9) 


r 



=—[1—2 cos Trr+COS Zirr] 

TTr ^ 


=—[1—cos ttH for all integral values of/■ (A7.I0) 

771 ^ 



APPENDIX 7 


375 


r even, 8^=0 | 

/■ odd, B,= — I. 

nr ’ 

The complete Fourier series is therefore 

4a 

y=f{t )=—(sin sin 3a»rH-| sin 5a>/+ ...) 

TT 



Fig. A7.4. 

Curve 5 in Fig. A7.4 is obtained by combining the first five terms 
of this expression (A7.12) and suggests that quite a large number of 
terms are required to obtain any high degree of approximation to the 
given wave-form OABtt when it contains sharp discontinuities as in 
the case of the square wave. 


(A7.11) 


(A7.12) 



Fig. A7.5. 


The above analysis has been concerned with a periodic wave-form, 
but in practice the generation of such waves is usually limited to a 
small train, and the limiting case is when this train is reduced to a 
single wave or puhe, as it is termed. Such a pulse is shown in the 
upper part of Fig. A7.5 which might represent, for example, the sound 
wave of a pistol shot. Since this wave is non-periodic it cannot be 
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represented by the ordinary Fourier series, yet it may be expressed in 
terms of what are known as Fourier’s integrals in which the com¬ 
ponent frequencies differ by infinitesimal amounts. The lower curve 
of Fig. A7.5 indicates the continuous form of the frequency spectrum 
obtained by such an analysis of the pulse. 

It should be noted that Fourier analysis is not capable of direct 
application to light waves since their shape cannot be observed directly. 
However, the lower curve of Fig. A7.5 is very similar to the intensity- 
frequency curve of the continuous spectrum from an incandescent 
solid, and it consequently suggests that white light might be con¬ 
sidered as a succession of random pulses which are Fourier analysed 
by the prism. 

Further it should be noted that to form a pulse having a finite 
time of duration, waves of different frequencies are necessary. Further¬ 
more, these different waves must annul one another at all times except 
for the duration of the pulse, and the shorter this time interval the 
greater will be the number of different frequencies required. If a 
curve is drawn showing frequency against pressure amplitude in the 
pulse, Av '\s taken to represent the difference in frequency of the two 
points on the curve having amplitudes one-half of the maximum; 
the corresponding time interval is denoted by At. It may be shown, 
even for those cases where the starting and stopping of the pulse is 
not abrupt, that the following relation is approximately true, viz. 
At Avt:^ I. During speech the duration At of a particular consonant 
may be of the order of one-fifth of that for music, hence the corre¬ 
sponding Av is large and the sensation of an associated definite pitch 
is lost. 
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Non-linear Systems 


• 

Distortion of a signal in its passage through a practical communica¬ 
tion channel may arise either from the frequency selectivity or from 
the non-linearity of the component systems. Non-linearity implies 
that the level of the output signal is not strictly proportional to that 
of the input, and when the applied signal is of a complex nature then 
frequencies, additional to those of the signal, are introduced. The 
thermionic triode valve is an example of a non-linear device for grid 
input signals of appreciable magnitude, although for very small 
voltages they may be regarded as having a linear response. The 
current-potential characteristic for crystal detectors, metal-oxide 
rectifiers and thermionic triode valves may be expressed in the form 
/=fcV’^, where for a triode valve n usually lies between I'5 and 2-5, 
depending on its geometrical construction. Hence, if F, is the standing 
voltage due to the steady grid and anode potentials the anode current 
/=/:(Kj-l- 2 ’£| sin wiO", where sin tu^r, £3 sin a> 2 ^, etc., refer to the 
various E.M.F.s applied simultaneously (or alternatively to the com¬ 
ponents of a complex wave-form). 
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Assuming n—1 as a fair approximation and considering only two 
applied E.M.F.s it follows on expanding the above expression that 

sin2 sin^w^t 

-\-2V^Ei sin ~\-2V^E^ sin 

+ 2 £‘i £2 sin sin w^t) 

I I ^ 2 ^ £i"Cos2toir £ 2 “ cos 2aji/ 

I 2 ^"2 2 2 

+2K,£i sin u}^t-{- 2 VsE 2 sin m-j 

+£i £2 cos (oil—a^a)?—£ i £2 cos (aji+ajg)^! . (A8.I) 


It is evident from the above analysis that the two impressed voltages 
have given rise to a current comprising six different alternating com¬ 
ponents. Two have the same frequencies as the input voltages, two 
of double these frequencies and the other two components have 


respectively the summation 


2tt 


and difference 


( 


OJ 


OJ. 


) 


Itt 


frequencies. 


OJ 


In the modulation of broadcast radio waves ^ could refer to the 

Ztt 


CUo 


carrier frequency and ^ would be a pure tone sound frequency modu- 

lating the carrier wave, and as a consequence of the non-linear action 
of the transmitting valve there will exist the two so-called side-band 

frequencies and as explained by the above equation. 

Ztt Ltt 


Sometimes, in order to economise power, one side-band is suppressed 
by a rejector filter, while in commercial radio-telephony only one side¬ 
band is transmitted, but such a procedure requires in reception a local 
oscillator to supply the suppressed carrier frequency. Other non¬ 
linear devices which may be mentioned are transformers with cores of 
variable permeability as used for frequency multiplication and in 
voltage regulators, low-pressure gas discharge tubes used for 
“triggering” purposes, etc., and in acoustics the ear is a notable 
example of a non-linear device as made evident by the aural detection 
of sum and difference frequencies and harmonics when two pure tones 
of suitable intensity are impressed upon the ear. In such mechanical 
systems the displacement -q of the non-linear element may be expressed 
generally as ri=af-\-hp, where / is the actuating force, and if two or 
more harmonic forces are simultaneously impressed upon the element, 
the resultant motion will include the various frequencies as given in 
equation (A8.I). 

Alternatively it should be noted that the restoring force £for a given 
displacement .v of a non-linear mechanical system may be expressed 
generally as £^£ 0 +/f.v-fwhere Fq, A and B are constants. It 
follows that the restoring force changes in magnitude if the displacement 
changes only in sign. In these asymmetrical vibrations, as compared 
with those of a corresponding linear system, the fundamental frequency 
becomes slightly reduced and the mean position of vibration is 
displaced. 
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Complex Quantities 

A complex number is a quantity z of the form z—x^jy^ where x 
and y are real numbers, and J=V~i is an operator (see below) which 

acting upon a vector advances its phase by turns it through 

90° in an anti-clockwise direction; jy (or often merely y) is termed 
the imaginary part of the complex number. These numbers obey 
the ordinary laws of algebraic addition, etc., and also y^= —I. It 
follows that two complex numbers Zj and z^ are only equal when 
their real and imaginary parts are separately equal. The geometrical 
representation of this complex notation is given in Fig. A9.1, where the 
position of the point P (representing z) with respect to the origin O 
is attained by a displacement ON along the real axis X combined with 
a displacement NP along the imaginary axis T, perpendicular to OX. 
If the complex number is expressed in polar form (see Fig. A9.1), it is 
evident that /■= where /“COS d=x^ r sin d—y and 6 is the angle 

the radius vector r makes with the .r-axis, so that z—r (cos B-\-j sin B). 

This figure is known as an Argand 
diagram, named after its inventor, 
and in it r (always taken as positive) 
expresses the magnitude of z. This 
numerical value of z is known as 
its modulus and is written |z| or 
mod. z. The angle B is termed the 
argument or phase of z, and whereas 
the modulus is unique the argument 
of a complex number is not, since 
the value of z is unaffected by the 
substitution (B-h27rn) for 6, where w 
is an integer. These complex quantities are usefully employed in 
dealing with harmonic waves or vibrations, which involve sine or 
cosine functions, for the trigonometrical forms may be transformed 
into imaginary exponentials and the subsequent computation is con¬ 
siderably simplified. From the identities e^^’=coswt-yjs\nwt and 
e-J‘^‘=cosojt—j sin cut^ it follows that the general displacement 
expression for a progressive wave, viz. r)=a cos {{kx—o)t)-\-^) may 
be regarded as the real part of It is found 

more convenient to employ the negative sign and rewrite the equation 
as where B=ae~j* will be in general complex. Since 

only linear equations are involved and the complex function is a solu¬ 
tion, it, and not merely the real part, may be used in the analysis of 
the problem. Care must be taken, however, in the use of complex 
quantities in non-linear expansions, as for instance in the calculation 
of the instantaneous power developed in an electrical circuit. In 
this case, if the current and voltage are expressed in complex notation 
by /—and v= respectively, then it must be 

noted that the instantaneous power is not given by IF,— real part 



N Real Axis 
Fig. A9.1. 
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but by }Vi=rca\ part(/„,e-'(«''-^i>) x real part(i*„,e/‘“''-*3>). 
As an example of their application to a vibrational problem the case 
of a forced vibration will be investigated by imaginary exponentials. 
Equation Mx Rx ~\-Sx—Fcosft may be written as Mz ~\-Rz -\-Sz=Fe‘f‘ 
and z=Ae^‘ is an obvious solution, which on substitution gives 

A — ^ 

{~MP^JRf+S) 
so that 

and 
Hence 


FeiJi 


URf-W^S] 

z^jfz. 

Fe^‘ 

Fetf‘ 




where 


|z|=v 


2 


and 


tan <^= 


Mf-j 

R~~ 


Hence (cf. eqn. (20), Chap. 13.) 

;i:=real part of z 

f 

= 2^05 

where, as is common practice, the modulus sign ofZ has been omitted. 
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Fermat's Principle of Least Time 

This principle, due to Fermat (1667), although usually applied to 
the propagation of light waves, is equally true for waves of any kind. 
It is applicable to a medium with a varying index of refraction, or to 



P* 


Fig. A 10.1. 

the case of a ray crossing the boundary separatmg two media of 
different refractive indices. Expressed mathematically the principle 
states that the true ray path APB (Fig. AlO.l) between any two points 
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A and B will be such that the time for the disturbance to traverse the 
path will be a minimum, or, more strictly, an extremum since in certain 
cases it may be a maximum. A simple illustration due to Sir W. R. 
Hamilton (1833) is worthy of mention. “If an eye is placed at the 
interior but not at the centre of a reflecting hollow sphere it may itself 
be reflected in two opposite points, of which one indeed is nearest to 
it but the other on the contrary is the furthest, so that of the two 
different paths of light corresponding to these two opposite points 
one indeed is the shortest but the other is quite the longest of any.” 

Let V be the velocity of propagation of the disturbance (e.g. light or 
sound) at a point P in the path, then the total time for the disturbance 
to travel from /4 to 5 is 

(AIO.l) 



In the case of a light wave ^'=—^ where r is the velocity of light m 

vacuo and // is the appropriate value of the refractive index at P for 
the particular wave-length of light considered. It follows from 

1 

(AIO.l) that T=:— nets, the line integral nds is termed the optical 

^ J A J A 

length of the path between the two given points. 

If a neighbouring path AP'B is considered, very close to the natural 
path APB, and the time taken for the new path time is x-fr/T, it follows 
from Fermat’s principle of least time that 


8r=|,8(JV/j)=0.(A10.2) 


In order to apply Fermat’s principle to find the correct path of a 
disturbance in a particular problem, the procedure is to calculate the 
times needed for the disturbance to pass between the two given points 
along any two paths very close together. In the -expression for the 
difference of these times the second order or higher terms are neglected, 
and the natural or correct path is defined by equating the remaining 
terms to zero. 

As a particular application Fermat’s principle will be used to derive 
Snell’s law of refraction for a light (or sound) ray at the boundary 
(Fig. A 10.2) between two media of refractive indices tty and n 2 , 
and corresponding velocities of propagation \\ and Vg. It is evident 
from the diagram that the difference in times of the two paths AOB 

and AO'B is given by ) approxi- 

\\ Vg V Vi Vg / 

mately, neglecting higher powers of 00\ 


By Fermat's principle 8t=0, 
which is Snell’s law. 



sin i sm r ^ sin / Vj nz 

-—0, or—="“==:r’ 

\\ Vz sin r Vg 


Equation (A 10.2) is of the same form as the mechanical law which 
determines the path taken by a mass particle in moving from one point 
to another under the action of conservative forces. In this example 
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5 , 


Fig. A10.2. 


the true or natural path is defined by the line integral of the mometuum 
over the path, and the principle of hast action as it is termed, states 


that 8 



=0, where m is the mass and v the velocity of the particle. 


APPENDIX 11 

Note on Diffraction—Cornu's Spiral and Fresnel's Integrals 

Diffraction by a straight edge. Let C represent a long, narrow slit 
(Fig. All.l) which is the source of cylindrical waves, and suppose 
TM represents an opaque plate with a straight edge at T, parallel to 
the slit and situated in the path of the diverging waves. C is joined by 

p 




a straight line COJ^ to any point P on the screen PN, O being on the 
cylindrical wave-front touching the straight edge at T. 0 is a point 
chosen on this wave-front at a short distance S from O and a straight 
line is drawn connecting Q and P. From the geometry of the figure 
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C2 

it follows that to a first approximation By Huyghens* method 

of wave construction, each point on the surface XJTOQS is to be 
regarded as a secondary source of waves, and furthermore, suppose 
that the vibration of the particles on this surface is given by 

y=A sin For a strip of width 8s at Q the amplitude contribution 


to the effect of the wave at F will be given by 8y=B. 8s sin 

where B includes A and assuming that the amplitude is proportional 
to Sj" and the phase is retarded by {p-\-A)IX. It is also tacitly assumed 
that the obliquity factor and the decrease of amplitude with distance 
from the source (pp. 127,129) may be neglected, assumptions which are 
justified by results. 

Hence the resultant amplitude of the vibration at P due to the whole 
wave-front is given by 




(All.I) 


i 

where OS=-\-Ss and OT= —St> 

Since A is different for each point on the wave-front it is convenient 
to rewrite equation (A11.1) as follows: 





^5sin cosi 









Bcos Qi J" s.n( ^ )ds. 

(A1I.2) 

This equation may be rewritten as 






• 


(A 11.3) 

where 

/?cos0-5j^-' 

7 * 

)ds 



and 

sin(Y^ 



(A1I.4) 


Equation (A11.3) indicates that the resultant vibration at P will 
have the same period as the incident wave but a different phase constant 
and amplitude. The intensity of the vibration at P being given by 
(amplitude)^ will be [from (A11.4)], 




W: 


cos 



2 

+ 




(A 11.5) 
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But A=S^I2p and so 

R^= 


=b{ I 


cos 


© 


j.r+:r 


< / ‘*5 . (TTS 

I ‘ i I _ \pX 


or 




COS 


© 


I 


sin(=^Wv 


K] 

'] (A 11.6) 


where v is a new variable chosen so that s=v\J It follows that 

and r/s= Now A is small and so if s=Ss it 

S /2^ 

follows that — will be very large and may be taken as oo 

without serious error. 

Rewriting equation (A 11.6) as then 


-j" 


cos 


and y~j^ 


sin(^lc/i- (A11.7) 


Fig. A 11.2. 



where a* and y are known as Fresnel's integrals. These integrals have 
been evaluated in the form of infinite series and so the value of R'^ 
for different positions of P may be calculated with t!ie reip of the tables. 
If y as ordinate is plotted against x as absciss t a curve (see Fig. 
A11.2) known as Cornu’s spiral is obtained, and this provides a 
fascinating geometrical method of solving diffraction problems. 
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Some properties of this curve will be briefly mentioned. The slope 

, Sin 

of the curve is given by ^ 

ax 7TV^ 

QOS-=r 


7T 

=tan ^v^and so when v’* increases 


z. 

by 4 the tangent of the curve comes back to its initial value. Each 
point on the spiral curve corresponds to a particular value of v. 
Again, if / denotes distances measured along the curve, 




77V 


2 \ -1 


2 /J 


i 


77 V 


cos(^)i/v=^/v, i.e. /= v, 


and so if d is the angle made by the tangent to the .v-axis, 

_..2 ^^2 

, or 0=represents the intrinsic equation 




of the curve. The curvature of the curve is defined by -=^=7^4 

f) a! 

and so changes sign at the origin where it has a zero value. It also 
lollows from the above that the difference of v between any two 
points on the curve is equal to the length (/) of the curve between 
these points. Again the coordinates of the end points J of the spiral 

are respectively ( + J, -f-^) and (—J, —J) so that 07=^ represents 
the contribution to the amplitude of one-half of the wave-front. 


APPENDIX 12 

Energy of a Simple Harmonic Oscillator 

It has been shown (p. 42) that for a particle executing S.H.M.:— 
Total energy of motion = Maximum value of kinetic energy of oscillator 

= Maximum value of potential energy of 
oscillator 

Hence lor a displacement x the potential energy is given by 
and the kinetic energy of the oscillator in passing through this dis¬ 
placement is given by Since the potential energy 

for a given frequency is proportional to x^y then the curve representing 
potential energy against displacement will be a parabola. These 
facts are exhibited in Fig. A12.1. 

This graphical representation of the energy of a simple harmonic 
oscillator is of significance in atomic theory, when considering the 
relative probabilities of finding an electron at various displacements, 
when vibrating in a particular quantum state. On the above classical 
theory the maximum displacement of an electron oscillator will 
definitely occur whenever the potential energy equals its total energy. 
This definiteness is lost, however, in wave mechanics, and in the lower 
quantum states there is a fairly large probability that the electron will 
exceed the classical amplitude. 
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Energy of a vibrating string. The displacement of a vibrating string 
in which a standing-wave system exists is given on the usual notation by 


7)=2a sin 

the amplitude factor being 2a sin 


sin . . . . (A 12.1) 

27r'^), where/* is the frequency and A 


is the wave-length. 

If m is the mass per unit length of the string, then, for vibrations of 
small amplitude, the kinetic energy dE of an element of length dx is 
given by 

dE=m.dx^=2a^m{2TTny sin^ 


^277/*'^^ .cos^ 27Tnt.dx. 



Hence the K.E. of one vibrating loop is given by 

A 


Stt 


'n^ahn\ sin=* 

J 0 


at any instant t. 


27Ty} .cos^ 27Tnt.dx=47T^n^ahnX.cos^2TTnt, (A12.2) 

A 


Now at values of t—Oy y, T, etc., in which T is the period, the dis¬ 


placement is zero, and the P.E.=0; so that the energy is wholly 
kinetic; i.e. the total energy, i.e. maximum kinetic energy of the loop. 
Is obtained by putting /=0 in the cosine term, which becomes 
^TT^n^a^mXy and for N loops, ^Va^mNX. The length of the string 
in vibration is AA/2, hence the energy of vibration is 
M=mNXf2 being the total mass of the vibrating string. 


w.M.s.— 25 
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Correction of “Standing-wave” Formula for a Phase Change 

on Reflection 

Referring to Fig. 6.19 on p. 107, let S be the phase change due to 
reflection at P, then the resultant displacement at a point x along the 
tube will be given by 

T 7 =a sin (w/—sin {co/+A:(x + S)} . (A13.1) 

Suppose now that new zeros of time and position are chosen so 

that .Vi=.v +2 substitution for .v and / in (A13.1) 

it is found that 

= sin —A:.Vj)+/( 3 sin (w/i-f/r.Yi) . (AI3.2) 

This expression is of the same form as (1) on p. 106, and it is seen that 
the effect of the phase change kh is merely to shift the whole of the 

g 

standing-wave system a distance y away from the origin. Hence, if 

the position of the standing-wave system with respect to the specimen 
is obtained and compared with that when the specimen is replaced 
by one of infinite impedance, it follows that the magnitude (from the 
standing-wave ratio) and phase of the reflection coefficient become 
known. From these data the acoustic impedance of the specimen 
may be evaluated (see Appendix 30). 


APPENDIX 14 

Vibrational Modes of Some Mechanical Systems 

A consideration of the vibrational modes of a system is of great 
importance in other branches of physics besides acoustics; for example, 
in the theory of the specific heats of a solid the thermal vibrations are 
supposed to result from many simultaneous modes, whose phases 
have a random distribution to one another. 

{a) One-dimensional system. Standing waves are produced when a 
string fixed at each end is set into vibration and, moreover, it may 
vibrate in two or more modes simultaneously, the criterion for the 
existence of any particular mode being that the total length / of the 
string should contain a whole number n of half-wave-lengths (A/2), i.e. 

^=^2 expression will also be valid for an organ pipe 

open at both ends. In this latter case the vibrations are longitudinal 
and it follows by differentiation of the above expression that the number 
dn of vibrational modes in the wave-length range A to \-\-dX is numeri¬ 
cally dn=2l.~. The corresponding expression for the transverse 

vibrations of a string is doubled, viz. i//z=4/.p, since the vibration of a 
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string in any direction intermediate to two directions at right angles 
to its length may be resolved vectorially into the sum of two per¬ 
pendicular vibrations. Each of these vibrations is counted as a separate 
mode for it is independent of the other both in phase and in amplitude. 

(b) Two-dimensional system. Let OCDE (Fig. A14.I) represent a 
membrane of rectangular form which is rigidly fixed at its periphery 
and in which a wave is travelling with velocity v in the direction ON. 
Dx and Dy are the lengths of sides of the membrane, and AB and 
represent adjacent positions of a wave-crest at any time /. The 
direction of travel of the wave makes angles a and j8 with the x and y 
axes respectively. If the membrane is subjected to equal tension in 



Fig. AI4.1. 


all directions, then the velocity of wave propagation v may be taken as 
constant in any direction of travel. The conditions for a standing- 

wave system are evidently ^=«/> and where and 

~T ~T 

are whole numbers. Hence —^^=ttp and - and since 


Dy 


2 cos a 

cos’^a-f cos2/S=I, it follows that 

I "<i _ ^ 

\/ n 2 ' r\ 2 ~~ \ 


A 

2 cos ^ 


=/^> and since 


/ _2 

Z)/"*"/)/~A.(A14.1) 

The membrane is now said to be vibrating in its mode 

indicating that it is in its fipth mode along the .v-axis and itsV//? mode 
along the y-axis. 

(c) Three-dimensional system. Consider now a box of sides 
£L, and in the direction of the perpendicular axes v, y, z respectively! 
Then, assuming rigid walls, the conditions for a standing-wave system 

are easily seen to be —and = 


A 

2 cos a 


=n 


and 


2 cos fi 


A 

2 cos y 
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where y is the angle between the direction of the wave and the z-axis, 
iXr is an integer and the other symbols have their previous significance. 
Since cos^a+cos^/3+cos^y=l then it follows that 


/ 71 2 72 2 

A /-lILl j. 




2 

A 


(A14.2) 


If V denotes the frequency corresponding to the wave-length A then 
vX=c and (A14.2) may be written 




\ /'"i 

2\/d 




D 2 


nr 




(A14.3) 


It is interesting to note that the system of standing-waves given by 
this expression may be divided into three groups, viz. 

(i) Oblique waves defined by n.r+O, and n^4=0, and these 

are formed from eight travelling waves which suffer reflection from all 
the six walls. 

(ii) Tangential waves which are built up of four travelling waves, 
and these suffer reflection from four walls and are directed parallel 
to the other two. e.g. if n.—O but n^ and ny are not zero, then the 
tangential waves will move parallel to the xy walls. 

(iii) Axial waves consist of two travelling waves propagated parallel 
to one axis and only striking two walls, e.g. if n_^=t=ny then a z-axial 
wave is indicated. 

An inspection of equation (AI4.3) suggests that each characteristic 
frequency in a rectangular box or room behaves as a vector having 

and hence may be represented by 


CTl 

components 


cn 


and 


cn 


2d; 2d; 2d; 

one point in a rectangular lattice in frequency space. The lattice 

C C A ^ 


spacings in the at, y, z directions would be 


2D: 2D 




respectively. The “volume occupied in frequency space** by one 
point is consequently a rectangular parallelepiped of volume d 

with the point located at the centre. The direction of the vector 
joining the point to the origin thus gives the direction of the standing 
wave and its length is a measure of the wave frequency. 

This conception of a “frequency lattice*’ has found application in 
the problem of finding the number and type of normal modes having 
frequencies in a given frequency range. For consider the volume of 

1 4 TTP^ 

an octant of a sphere of radius »/, it will be given by 

It follows that the number of frequency points within this volume, 
i.e. the number of modes having frequencies less than or equal to v. 


7TV 


will be 


6 8^ (D.D,D;). This approximate result 

was obtained by Lord Rayleigh and others when deriving the laws 
governing electromagnetic radiation and was expressed in the form 
that the number of frequencies less than v was 

3c® 


. (AI4.4) 
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The number of vibrational modes with frequencies between v 
v-\‘dv is obtained by differentiating the above expression whence 


and 


(A14.5) 


—c 


since c=vA and dv=^nrdX. 


As an example of the use of the foregoing analysis in room acoustics 
consider a rectangular enclosure 10x20x40 metres and suppose 
v=300 c.p.s. and dv—\0 c.p.s. It follows from substitution in 


S Vibration Mod9 


§ 

O 





1 


425 


10 20 
Vibration Frequencies, in cycles per sec. 



42-5 


Fig. AI4.2. Spectrum of resonant frequencies from 4*25 c.p.s. (fundamental) to 

42*5 c.p.s. in the rectangular auditorium. 


(A14.5) that the number of vibrational modes between 300 c.p.s. and 
310 c.p.s. for the above enclosure is approximately equal to 2550. 

The more exact expression for n{u) may be shown to be given by 


, V xDyD ttA « Z) _ 


(A14.6) 


where A is the area of the wall surfaces and D is the total length of 
the edges of the room. The first three terms are mainly due to the 
oblique, the tangential and the axial waves respectively, while 0(r) is 
an irregular step-function whose effect is to give a "stepped” nature 
to the curve connecting the number of eigen-tones against the corre¬ 
sponding frequency. 


APPENDIX 15 

Mean Free Path of Sound in a Rectangular Room* 

Instead of mirror images of the source of sound in the room, images 
of the room are used in conjunction with the original source 5, as in 
Fig. A 15.1 a and b, in which the dimensions are shown, the former 
being a plan; actually the image rooms occur in three dimensions. 

Consider any "ray” of sound SC projected in an upward direction 
at an angle Q to the vertical and 4> to the .v-axis which coincides with 
the dimensions a at floor level. 

After the source has emitted sound energy for t sec. the ray will 
be \t in length, v being the velocity in units of length per second. The 
number of encounters per second with any pair of opposite walls will 
be the component of v perpendicular to those walls divided by the 
distance between, and is actually the number of impacts per second 
within the room on those walls. 

• Bate and Pillow. Proc. Phys. Soc., 59, 535. 1947. 
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The number of impacts with the walls will, therefore, be 

(a) ^ ^ (s) ^ walls parallel 

to the >’ 2 , .vz, and xy planes respectively. 

Assume 47r« units of sound energy to be emitted from S in 1 sec., 
then the number projected in the (0, direction in the element of 
solid angle sin d.dd.d(l>'wi\{ be n sin 6.d6.d<l> per see., so the total number 
of impacts will be 

f rr I* n 

|- sin6/cos^+ ^sin0sin^+^cos0jsin0.^/l9.(/^ (AI5.1) 
abh 


— 7fnv-p-, /I being the total area of the walls and K the volume of 
the room. 



(^) (b) 

Fig. AI5.1. 


The total distance traversed by all the units in 1 sec.=47r/i.r, so that 
the mean distance traversed between impacts 



This result is independent of the position of 5, and is therefore the 
mean free path. 

The same result is obtained in the case of spherical and cylindrical 
enclosures; for their calculation the reader should consult the original 


paper. 


APPENDIX 16 
Spherical Waves 

A spherical wave is one in which any of the characteristics displace¬ 
ment Tj, excess pressure SP, condensation s, etc., of a sound wave is a 
function of the radius r, which will be the distance measured to the 
wave-front from the source of origin. 
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Fig. A16.1 shows a spherical wave system consisting of alternate 
spherical regions of compression (C) and rarefaction {R) emanating 
from the source S. In the ideal case this generator would consist 
of a small elastic sphere ABCD (Fig. A16.2) which is alternately com¬ 
pressed and dilated at a definite frequency so that the excess pressure 



Fig. A16.2. 


ip) at any instant is given by p==p^s\n a>/, where is the maximum 
excess pressure and ~ is the frequency. 

In a plane progressive wave the particle-velocity and the excess 
pressure are everywhere and at all times in phase with each other, 
but in the case of a standing-wave system there is a phase difference 

of ^ind in consequence no transfer of acoustic energy takes place. 
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Analogies which immediately come to the mind of the radio engineer 
are the corresponding cases of a correctly terminated (or infinite) 
transmission line in which no energy is reflected back, and one which 
is of a suitable length to obtain electromagnetic standing-waves. In 
the case of a diverging spherical sound wave the particle-velocity u 
will be of the form (see p, 413) 

Air A 

sin A:(r—c/)-|-^cos/:(/•—c/) . . (A16.1) 
whereas the excess pressure 

A Ir/^ 

p—p—p~ sin k(r—ct) .(A16.2) 

Now equation (A 16.1) may be rewritten as 

u=A's\n[k(r—ci)-\-B] .... (AI6.3) 

where A'=i;\'\+kh\ 0=tan-'-;?-, and 

r- kr A 


It follows that near to the source the particle-velocity is ~ ahead of 


the excess pressure, but as r increases they come more nearly into 
phase, a condition which is to be expected at very large distances when 
the wave-front becomes planar. 

From (A16.1) and (A16.3) it follows that 



(A 16.4) 


which approximates to the expression for plane waves, /7=/3CWnia« 
at large distances from the source. It follows from equation (A 16.4) 
that the amplitude of the particle-velocity, w^ax, will increase, at a 

given point for a wave of given amplitude, as the frequency 

the source decreases ; this fact is of importance in the design of velocity 
microphones. 

Returning to the example of the pulsating sphere it is evident that 
since the motion of any point on the sphere is strictly radial, then the 
sound intensity at a point will be unaffected by the insertion of a 
baffle board BB (Fig. A 16.3) surrounding, but not touching, the sphere 
in a diametral plane. Similarly at a point to the left of BB the 
intensity will remain unaltered by the presence of the baffle. Further¬ 
more, if the motion of the right-hand half of the sphere be reversed 
(Fig. A 16.4) no essential difference will be noted at Pu and it is evident 
that a close approximation has been obtained to the case of an 
oscillating flat disc, of diameter small compared with A, set in a baffle 
board (Fig. A16.5). This problem was investigated by Lord Rayleigh 
and applied to the practical sound generator, viz. a loud-speaker 
membrane in a large baffle board. By using the latter device the 
output of the source is approximately doubled, since by virtue of being 
situated at a small distance (compared with A) away from the plane of 
the baffle it gives rise to an image source (see p. 98) of the same 
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frequency and phase as itself. The reason for the doubling, of course, 
arises from the fact that the radiation is limited by reflection to one 
hemisphere only. 

If the baffle board is removed then it is evident that a movement of 
the diaphragm in one direction will simultaneously give rise to a com¬ 
pression in front of it, and a rarefaction in its wake. In other words, 
a pressure difference will exist in the air at the two surfaces, which 
tends to become equalised by a flow of air round the disc. Hence 
some of the energy of the membrane will be employed in imparting 
kinetic energy to these air streams and less will be radiated as sound 
waves. This fact is well illustrated by the case of an oscillating 
sphere (Fig, A16.6a) on which all points have the same mutually 
parallel velocity, H say; the two extreme positions of the vibrating 
sphere are shown dotted. Now the velocity H of each point on the 
sphere is the resultant of a tangential (T) and a radial (R) component 



Fig. A16.3. Fig. AI6.4. Fig. A16.5. 


as indicated in Fig. A16.6^. The radial components may be associated 
with a non-uniform pulsating sphere while the tangential components will 
give rise to an oscillation of air (Fig. A16.6c) round the spherical surface, 
which van Urk and Vermeulen have indicated is analogous to that in 
an organ pipe closed at both ends and of length 77 x radius of sphere. 

Besides vibrating membranes exposed on both sides to the propa¬ 
gating medium, tuning-forks and vibrating wires are other common 
examples of double sources (or doublets), which are the acoustic 
analogy to magnetic and electrostatic dipoles (p. 412). Fig. 7.5 
shows the approximate sound field due to a vibrating tuning-fork, 
and it is evident how the placing of a card in the positions indicated 
will help to reduce the interference from the out of phase sources of 
the doublets. 

The velocity potential (p. 411) at a point P distant r from the centre 

of a doublet is proportional to , where B is the angle between the 

line joining the two component sources and the line from P to the 
mid point. Furthermore, if S is the strength (see Appendix 21) 
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of the double source then the rate of emission of energy is 

2 247r 

where and for a single source the rate is Hence the 

... OTT 

power radiated is in both cases proportional to pc, but whereas for a 

double source it is cc~ in the simple source it is ocp. Hence the 

doublet becomes more efficient as a radiator than the single source 

as the frequency increases. In both cases, however, it is evident 

that it is only with fairly rapid changes of motion of a body that 
appreciable acoustical energy is produced in the form of sound waves, 
just as in the analogous electrical problem of the radiation of electro¬ 
magnetic waves. 





APPENDIX 17 

Transmission of Energy by Longitudinal Waves in Fluid Media 

There is obviously a limit to the maximum energy which may be 
transmitted by longitudinal waves through a liquid, and it is imposed 
by the condition that a pressure amplitude p greater than the static 
equilibrium pressure Pq will result in a negative pressure, i.e. a tension, 
in the region of the minimum of the alternating cycle. This condition 
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1 2 

will be given by P„^p but ^= 2 ^> where W is the mean power 

transmitted across unit area and R is the acoustical impedance of 
the medium. 

P ^ 

Hence IV an expression which is independent of the frequency. 


For air at 20° C., ^ ^ 

= l-2A'lf' per cm.^ 

while for water (near surface) at 20° C., 

10*2 

^max= 2 ^ 10^ ~^ ^ X 10“^A:1F per cm.=^. 

The amplitude a corresponding to the breakdown excess pressure P 
is given by wa=^27Tfa=v=^=^ or a=~.^, 

i\ 1\ IttJ R 

where J is the frequency. Calculation shows that for ordinary 
frequencies the amplitudes required for breakdown are quite large, 
as, for example, at 256 c.p.s. the critical amplitude at the surface of 
sea-water is 0 004 cm., but at 25,600 c.p.s. it would be 0 00004 cm. 
The smaller critical amplitude at higher frequencies accounts for the 
streams of bubbles observed to rise from the pressure anti-nodes in a 
standing system of ultrasonic waves in a liquid, due to the escape of 
dissolved gases at the times of low pressure. Even in the absence 
of these gases the energy of the high frequency vibrations is sometimes 
sufficient to vaporise the liquid so that vapour bubbles are seen to 
appear. 
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Acoustic Impedance of Pipes 


The following theoretical treatment is after the method suggested 
by Irons, and it is assumed that 

(i) the cross-sectional area S of the pipe is uniform and <<X^, 
A being the wave-length of the sound waves; 

(ii) the fundamental acoustic equations are applicable, and there 
is no particle displacement in directions perpendicular to the axis 
of the tube, i.e. the walls of the tube are rigid; 

(iti) both the particle displacement rj and the excess pressure dP 
are everywhere analytical functions of time and space, so that we can 
interchange the x and t derivatives; 

(iv) the particle-velocity rj and condensation s are both small; and 

(v) dissipation of energy due to viscosity is neglected. 


The equation for propagation of plane waves in the direction of 
the ,x-axis is 


dt^ dx^ 


(A18.1) 


where c is the velocity of propagation. 
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The waves are assumed to be simple harmonic in type of frequency 


OJ 


^ and hence r)=feJ<^* 

Ztt 

where/is a function of x to be determined. 
From (1) and (2) it follows that 


(A 18.2) 


dhr) 1 dhj dh) cu 


dx^ c^'dt^ dx^' c 


^=0 


(A18.3) 


The solution of this equation is 


. . OJX , „ ojX 

v=A sin-f-B cos — 

c c 


so that the complete solution of (A18.1) is 


/ j • , , , 

7 ?=I /! sm—- +5 cos— 1 


■) 


(A18.4) 


c c / 

Now the particle-velocity at time i at any point P (Fig. AlS.lfl) is 
given by where tj is the particle displacement at P, and 

hence the corresponding volume current 

ST^—Sjaj7)=Sj(J^A sin^+B . (A18.5) 


(a) 


X:0 




— 

h - r - 

— 

LS 

' 7 ^ 7 

, ^ ^'11 

^7^- 



TJ 




(b) 


Listening Tube 

Fig. A18.I. 

The excess pressure at P at time t is expressed by 

AP=Ks= — c^p^=—cpa}^A cossin(A18.6) 

where K is the bulk modulus of elasticity, s is the condensation and p 
the density of the medium. 

The impedance Z of the pipe at P to the passage of sound waves, is 
therefore, by definition. 


Z= 


AP 


_ _ 

Volume current Sv S 


^ (dX „ . WX 

A cos- B sin — 

_ c _ 

A sm- \-B cos — 

c c 


(A 18.7) 


Now if Zq and Z/ are the terminating impedances at x—0, x=l 
respectively, and these values are substituted in equation (A 18.7), 
the following relations are obtained: 




APPENDIX 18 


397 


" s LbJ’ 


and 


Z,= 


jpc 


A cos sing) 

A sin +B cosQ 


. (A 18.8) 


•’'{fi 


cos 


Eliminating A and B from these equations 


Z/= 


Jpc 


_ o)/ Jpc . a>/ 

Zo COS-Sin — 

CO c 

^ . Ui! jpc col 

Zn sin — +=^ cos — 


(A 18.9a) 


Alternatively 


Z.= 


wl pc . toi 
jZ, cos - - ^ sm - 

S ^ . col , . <X>1 

-Z/ sm —\~j cos — 

pc c c 


. . . . (A 18.9^) 


If the pipe is stopped at x=/, i.e. it is a closed end, then Z/-^co, since 
the volume displacement is negligible, however large the excess pressure. 
It follows, therefore, from (A18.9a) that 

^ .Oil . jpc Oil * 

Zo sm —cos —=0 
c S c 


i-e- Z^,= _^cot^'.(A18.10) 

If the other end x—0 is open, then Zq— 0, since a small excess pressure 
gives rise to a large volume displacement. 

Hence from (A18.10) cot so that the possible stationary modes 

of vibration in the open-closed pipe are given by (2»i — 1) ^, where 

w is any integer. Now and A,„ being the frequency 

and wave-length respectively of the mth mode of vibration, and so 
it follows that 

.(AI8.I!) 

In the case of the open-open pipe Z/—0, and this condition implies, 
from equation (A 18.9a), that 

Oil jpc . Oil ^ 

ZqCOs -^ sm —=0, 

C C 


ue. 


Z„=^tany.(A 18.12) 
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But Zo=0 also and therefore tan —=0, and the possible stationary 
modes of vibration are given by, m being any integer, 



—niTT or 

Jf 


m 


2 / 

m • 


(A18.I3) 


Measurement of the “conductivities” of orifices. The method to 
be described is that used by Robinson and it is dependent upon the 
theory developed above. 

Consider a tube (Fig. A18.1A) terminating at the left-hand end in a 
loud-speaker unit and at the right-hand end in an impedance Zg. 
A listening-tube is inserted at the point P so that the main tube may be 
considered to be divided into two parts /' and / as shown. Let Zi 
and Zi' be the impedances presented at P when looking into the right- 
and left-hand portions respectively. 


It follows from the previous analysis that 

wl 


JZ 2 cos 


Zi= 


pc . 0)1 

T F 


S ^ . 0)1 . 0)1 

-Z, sin —-f-/cos— 

pc ^ c ^ c 


. . (A18.I4) 


and 


^1 = 


, 0)1 pc . 0)1 

jZ^ cos-^ sm — 

^ ^ c S c 

S ^ . 0)1' . to/' 

-Z, sin- \-j cos— 

pc c c 


. (A18.15) 


The impedances Z^ and Z/ are obviously determined by the values 
of the lengths and /,' and the end impedances Z^ and Zg'. Under 
certain circumstances the loud-speaker will give rise to a standing- 
wave system and this state may be attained by suitable adjustment of 
the positions and magnitudes of Zg and Zg'. 

Suppose that initially the right-hand end of the tube is closed by a 
rigid stop and that / is varied until the point P is judged to be a position 


of minimum pressure, then / must equal ^ where n is an odd integer. 

But looking towards the right at Py it follows from equation (A18.96) 
that 

/Z, cos 

c 


Zr = 


0)1 pc 0)1 

yZgCos —sin — 

S ^ .Oil . 0)1 

-Zg sin —hv cos — 

pc ^ c ^ c 


. 0)1 pc . 0)1 

J F 

S . 0)1 , J Oil 

-sin —h4- cos — 

pc c Z 2 c 

=—^ cot — since Zg^oo. , . (A18.16) 

Sc ^ 
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Now /= 


nX 

T 


by adjustment, and hence on substitution 



271 nX _ 

T’T~ 




In order to obtain complete silence in the microphone at P it is 
nec^sary to have means of varying the end impedance Z,', and this 
IS effected by adjusting the position of a plunger in a side tube T near 
me loud-speaker. When this adjustment is made it implies that 


The unknown impedance is now substituted for the rigid end 
Zg and, with the left-hand side setting unchanged, the length / is 

IT A s**ence IS obtained at P. When this condition has been 
attained it follows that Zi=0 and so from equation (A18.9/)) 


tol pc 
yZ^cos— 





(A18.17) 


Fig. A18.2r/ shows a particular form of impedance consisting of 
wo pipes of different diameters. Si and S., respectively, joined together 




Fig. A18.2. 



j* Considering the section AB, whose end impedance at B is 

I follows that since /, is adjusted for silence, then 

Hence from equation (AI8.9/>) 


yZg cos 




C 



or 


Z.= 


jpe 


tan 


UJi 


C 


. . (A 18.18) 


Now considering the length BC, its end 
^ is a rigid end. 

Hence from equation (A18.9a) 

Zssm’^^+Jfcos‘^^=0 or Z„ 

C Og c 


impod.incc since 


cot —(A IS. 19) 


V. 


c 
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But Z2=Z5+Zorifice since the impedances are in series. The 
impedance of an orifice, however, where K is the conductivity 

A 

of the orifice (see Helmholtz resonator), so it follows that 


Jp^ '7 '7 '7 jp(^ * . jpc ^ 0)L 

y —^orifice—^2 ^ tan-l““c^ cot - 

A Oj C *32 C 


i.e. 


U) 1 ioh 

p-=-^ cot —: 
Kc Oo c 


1 Oi/j 

tan —- 


(A 18.20) 


2 *^1 C 

In Fig. A 18.26 the impedance of the orifice at B is in parallel with 
the tube impedance of BC and in this case 

Zo Zb Zorifice 
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Equation of Continuity 


A special case of this equation has already been encountered on 
p. 67, viz. equation (8), which was derived on the assumption that the 
total mass of fluid between two planes parallel to the wave-front 
of the propagated plane wave was constant at all times and for any 
part of the medium, provided it does not contain any source or sink. 
The equation is of general application to other transport phenomena, 
e.g. transfer of heat or electricity, and infers that the quantity concerned 
is uncreatable and indestructible. 

If the fluid is confined within a tube whose cross-sectional area A 
is a function of x then equation (9) on p. 67 becomes 

.(A19.1) 


This result follows from consideration of the fluid contained between 
two planes, parallel to the wave-front, i.e. perpendicular to the tube 

axis, at x and a: + 8.x. At a particular instant due to the passage of a 

\ 

respectively, and suppose and Vj are the values of the enclosed 
volume in the corresponding undisplaced and displaced positions of 
the planes. Then it follows, if represents the cross-sectional area 

at -T, etc., that 


Sx and 




Ar-{- 


j9+2Ve.r 




whence 


K.- +(^^),] 8.x= l^(A..v)S.r, 
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neglecting second order terms. Hence to required degree of approxi¬ 
mation the condensation 

Vu AJx 

It is proposed now to obtain a more general expression for the 
equation of continuity and for this purpose the elementary box, 
Fig. A19.1, with centre Q, coordinates x, y, z, is supposed stationary 
while the fluid medium flows through it. Let the average components 
of velocity flow at P be w, v and w in the direction of the coordinate 
axes Xf ^ and z respectively. Then if p is the density of the fluid 
at Q at time t, it follows that the rate of increase of the fluid mass 
within the cube due to the x component of velocity is given by 

i-e- -?^.Zxhyhz. 



the total rate of increase of mass within the cube due to components 
w, V and w is 


But the rate of increase will also be given by 


(A 19.2) 


|?.8.v8y8z . , 

Equating these expressions 

I S(pv) , ,, 

dt' I 5.Y dy ' dz '• 


(A 19.3) 


(A19.4) 


which holds for any deformable continuous medium. It should oe 
noted that for an incompressible fluid ^—0, and furthermore, if this 


W.M.S.—26 
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incompressible fluid is homogeneous everywhere p is constant, and 
equation (A 19.4) reduces to the form 

dx cy dz 

^ simplifies to p^ if u^<<p^, i.e. 

if i ^<<i ^ 

pdx^^udx' 

Since, for the most intense waves the ear can tolerate, the fluctuations 
in p about po are only about I in 10^ it follows (see Fig. A19.2) that the 
above condition is fulfilled for sound waves in air. 



(A19.5) 


Hence equation (A 19.4) may now be written as 

e?• ■ ■ 

Alternatively, since 

P=Po(I+^) and|^=p„^ and therefore p„^+pg+g+^’)=0, 


dy 

or to a sufficient approximation as Pq-^p to within 1 in 1000, 


^,du 

dt ^.v ' dy ^ dz 




(A 19.6) 


In the case of an incompressible fluid this equation becomes 

du dv , dw ^ 

The general equation of heat conduction, etc. 

The mass flow of equation (A 19.6) is now replaced by 
which are respectively the heat flows per unit area per second in the 
X, y and z directions, and the amended equation is 

av ■ dy 
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where d is temperature, p is density and c the specific heat of the medium. 

but qx——K^^ q^=—K^, where K is the coefficient of 

thermal conductivity; 

. K (d^e , d^e , 8^e\ ee 

*• pc\dx^'^8y^~^dzy ~dt • • • 

K 

— is generally written as where h is known as the coefficient of 
thermal diffusivity. 

When steady heat flow conditions have been established. ^=0 


(A 19.7) 


and equation becomes 
F^d=0. 


d^d . d^d d^e 


dt 



j=0, or, as it is generally written. 


The above equation is attributed to Laplace and is probably the 
most important partial differential equation of applied mathematics, 
and the function 6 may represent other quantities than that of the 
temperature of bodies in thermal equilibrium. For instance, 6 may 
stand for the electrostatic potential in free space, the gravitational 
potential in regions outside that occupied by attracting matter, or the 
velocity potential in the irrotational motion of a homogeneous liquid. 
Hence the problem of determining the distribution of electric intensity 
within a region under defined boundary conditions becomes synony¬ 
mous mathematically with the task of ascertaining the temperature in 
a solid whose boundary surface is maintained at a constant tem¬ 
perature. The reader is directed to mathematical treatises for the 
solution of Laplace’s equation.* 

Again attention should also be directed to the universal nature of 

I P)(i 

equation (A19.7), viz. which deals with heat flow in the 

variable state. 

Analogous problems are, (a) the diffusion of a substance in solution 


1 ^ 

which is governed by the equation where K is the coefficient 

r j* • K dt 

of diffusion (in cm.^ per sec*) of a homogeneous medium and n 
represents the concentration of the solute at any point (in gms. per 
c-c.), and {b) the distribution of potential {V) (in volts) along an insulated 
electrical transmission line or cable. In the latter case the equation 

simplifies to where R is the resistance in ohms per unit 

is the capacitance in farads per unit i 'r jr'i. rhi- p;ir- 
ticular analogy between heat flow and electrical currcnl.'ui'Iiscd 
to solve heat conduction problems by means of clccfric'cin;uit theory, tJ:c 
the heat resistivity corresponding to the inverse of the iln-nnai conduct¬ 
ivity and the heat capacitance to the thermal capacit y tpc, \‘. here c k Ilic 
specific heat of the material). It may aKt' be nattlioned tliat Tiic 

* Modern Analysis, Whittaker and Watson (C'.nbnd 'e University Press); 
ector Methods, Rutherford (Oliver and Boyd); /'/■e M('''^:r”uii'us of Physics and 
^Ministry, Margenau and Murphy (Van Nostrancl), eic 
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temperatures at dififerent depths within the body of a semi-infinite 
solid whose plane face is subjected to a periodic fluctuating temperature 
show amplitude values and phase lags identical with those of the 
electric currents within the body of a conductor carrying an alternating 
current. This latter effect is the well known “skin-efect” phenomenon 
of electrodynamics and is governed by the equation, for the case of semi- 

infinite solid, of where /x and o- are respectively the permea¬ 

bility and electrical conductivity of the medium. 

When the dimensions of constrictions, valves, etc., of a tube in 
which a sound wave is being propagated are longer than the wave¬ 
length of the sound, then the system becomes analogous to the electrical 
transmission line, otherwise the resemblance is to an electrical circuit 
of “lumped” constants. 

Equations of motion. These are deduced by equating the resultant 
force acting on a small element of fluid to the product of the mass of 
the element and its acceleration in the direction of the force. 


42: 



Consider the medium confined within the cube (Fig. A 19.3), at the 
centres of theyz faces of which mean excess pressures p and 
are exerted. 

The net instantaneous force acting on the element at Q in the x 
direction will be 

\^p—{p+^-^^~^hyhz=-^.SxhySz. 

It follows that the equation of motion is therefore given by 

-^.SxSySz^p.SxSySz.^. . . . (AI9.8) 

The acceleration ^ is expressed as the total derivative in consequence 
of the lapse of time and of change of position of the fluid element, but 
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du_du . 8u , du , du , , 

and these last three terms are negligible if 

the particle-velocity is small compared with the wave-velocity. 

Hence equation (A19.8) may be written 

du 1 dp 

8r~-p£ .(A19.9) 

Now equation (10), p. 67, gives Ks^Ap, where Ap is the excess 
pressure, K is the bulk modulus, and s the condensation. It follows 

that here ^ so equation (A19.9) becomes 

8t D ‘ dx 


Similarly 


and 


dv 

Ft 

dw 


dt 


P 

K ds^ 
p '^y 
K ^ 

P ‘ dz 


(A 19.10) 


Differentiating the equations of motion with respect to .v, v and z 
respectively and adding 


d^u , dh> , dhv 

-TTT-^.-r 


K( d^s I 


dxdt ' dydt ' dzdt 
By differentiating the equation of continuity with respect to / 

d^s 


(A19.il) 


dt^~^ dxdt ' dydt ' dzdt 
Combining equations (A19.il) and (A19.12) 

dh K(dh , d'^s . d'^s 


d^u , d^v , d^w ^ 

"I .>1^“P ^ ^— u 


(A19.I2) 


dt^ o Kdx^'^dy^ ' dz 


S O^S \ 

.2 ' } 


(A19.13) 


which is the wave equation expressed in terms of the condensation and it 
gives the velocity of propagation 

In the case of a fluid in which so-called body forces cannot be 
neglected, the above equations (A19.10) of motion require modification. 

P of such a force is that due to the gravitational attraction 

ot the earth. In the general case the body force is assumed to have 
components X, Y, Z respectively in the directions of the coordinate 

Ihe magnitude of the forces exerted will depend on 
the volume or mass of the element, the amended equations will be 

du ds 

Ps, 


dv ^ Jds . 

. 


ds 

^ dt ^dz ^ 

The above equations are usually known as Ijiler’s hydrodynamical 

equations. 
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Elasticity and Viscosity 


Bulk-modulus of elasticity of a solid. Consider a unit cube of an 
isotropic solid subjected to a uniform pressure P on each of its faces, 
and let the contraction of each side be denoted by a. It follows that 
the decrease in volume is given by I^—(1—a)^=3a approximately, 

p 

and hence the bulk-modulus k=-:^. 

3a 

Shear-modulus of elasticity of a solid —the equivalence of a shear to 
a combined extension and compression. 

Reference to Fig. 5.6 on p. 61 suggests that the application of a 
shearing force to the upper face ab of a solid cube, the lower face cd 
being rigidly fixed to a plane, results in one diagonal of the face abed 
(or a parallel plane) increasing and the other decreasing in length. 
In Fig. A20.1 the angle of shear, By is shown greatly exaggerated and 



6/2 a 






effectively the angles aea and bfb' may be each taken as 90\ the 
remaining angles of triangles aa'e and bbf being 45° each. It follov^ 

from the geometry of the figure that bb'=V2fb' and db~df=V2y 
since the cube has sides of unit length. Hence the extension strain 

along the diagonal db=^^=^^.-^=^y for be is of unit length. 

cto v2 V2 2 


In a similar manner the compression strain along the diagonal 


i.e. a simple shear of magnitude B is equivalent to an extension and a 
compression at right angles to each other, each being of magnitude 2 * 


The converse statement is also true, viz. that a simultaneous extension 

and compression, at right angles to each other and of equal magnitude, 

are equivalent to a simple shear. The effect of applying tensile and 

compressive forces^ F' and F respectively, along the direction of the 

diagonals so that aa'=bb\ is seen in Fig. A20.2 which on inspection is 

0 

seen to conform with Fig. A20.1 if d'e' is rotated through an angle 2 
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and d' and c' made to coincide with d and c respectively. The magni¬ 
tude of F may be obtained by resolving the stresses T and T of Fig. 5.6a 
along the diagonal direction ac. Since abed is a cube it follows, by 
taking moments about any corner a, say, that T=T\ and hence 

F=2rcos45®=V2r. This compressive/orce F acts over the area 


db^ i.e. \/2 units, and hence the compressive stress— 


V2 


= T, 


Similarly the tensile stress corresponding to the force F' is also equal 
Thus the normal tensile and compressive stresses which require 
to be applied to produce the same shear have precisely the values of 
the tangential stresses they replace. 


Reference Books on Elasticity 
Prescott, J.: Applied Elasticity. Longmans Green, 1924. 

Love, A. : Mathematical Theory of Elasticity. Cambridge Univ. Press. 
Newman, F. H.. and Searle, V. H. L. : Properties of Matter. Arnold, 1948. 



Fig. A20.3rt. 


Propagation of a longitudinal plane wave in an isotropic solid medium 
of infinite extent 

Consider a portion of the infinite medium in the form of a unit 
cube of the material (Fig. A20.3a) whose faces abed and ef^h are acted 
upon by total applied normal stresses to produce relative length 
changes in the direction of the three coordinate axes of e^ — e‘^^ 

^^-=0, and e^—0 respectively. Such a state id ad'airs wrmld result 
from the passage of a plane wave in the diicdic-n of the .v-ax;s. the 
wave-front being parallel to the plane YOZ. L.t C he the efiective 
modulus of elasticity for the type of deformation co.^sidered, and iet 
It be further assumed that G may be expressed in terms of the bulk 
modulus K and the shear modulus {i.e. rigidity modulus) n. 
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It will be shown now that the state of strain envisaged in the problem 
may be regarded as being attained by the compounding of three 
separate stages as follows: 

(1) A uniform compression (Fig. AlOM) in which 
the suffixes indicating that the stresses act normally to the respective 

faces, such that the corresponding strains are equal, viz. 

i 

where is the total contraction per unit length in the x direction. 
Hence by definition 



. . (A20.I) 



(2) A compressive stress Xx applied in the x direction and a tensile 
stress Yy in the y direction such that X^=—Yyy and correspondingly 

ey——ex=~~^. Such a combination of stresses has been shown 

2e' 

to be equivalent to a simple shear of magnitude 

Hence from definition of rigidity modulus, 

Xx=-Yy=n.^e'^ .(A20.2) 

(3) Similarly a compressive stress Xx and a tensile stress combine 
to give a simple shear of magnitude in the xz or a parallel plane. 

Evidently —Z^, e,= —-j, and it follows that 

Xx= -Z^=n. .(A20.3) 

From (A20.1), (A20.2), (A20.3) the total applied stress is 

K=3X,,=eUK+in) .... (A20.4) 
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Consequently the effective elastic modulus (G) for the plane wave type 
of deformation considered is 


X 




The corresponding wave equation is therefore 


K-\- 




^er- 


(A20.5) 


where $ is the displacement in the .v direction and p is the density of the 
medium. The appropriate velocity of propagation r= \ 



K 


In a fluid medium it is the time rate of change of strain which is 
fundamental, and the classical coefficient of viscosity (ji) corresponding 
to the rigidity coefficient (n) is defined by considering the relative 
motion of two parallel planes in the fluid. If these planes are distant 
apart and move with relative velocity Su then the relevant tangential 

stress {Xy) in the x direction is given by Xy=—p^y the negative 

sign being taken since the force exerted by the medium is always 
opposite to that of the velocity of the surface with respect to the 
medium. Xy signifies that the force acts in the a direction on unit 
area, having its normal in the y direction. 

By considering the forces on an elementary cube it is shown in 
treatises on hydrodynamics* that 


du 4 p d'u 1 _f\ 


(A20.6) 


dt 3 p ‘dx^ ^p dx 

which is an extension of the equation developed on p. 406 and is a 
simplification of the generalised Navier-Stokes equations. The 
attenuation of a plane progressive wave through the fluid medium 

may be deduced from the above equation as nepers per cm., 

i-e. it is proportional to the square of the frequency (/). 

This predicted frequency variation of attenuation is verified by 
experiment, but in the case of gases and liquids of low shear viscosity 
the discrepancy between the calculated and absolute values is large. 
In order to explain this discrepancy it is suggested that there are two 
''^^osity coefficients, so that by analogy with equation tA20.5) the 
effective viscosity coefficient is taken as (/-I-'/a) where / is termed 
the compressional (or volume) viscosity coefficient, fhe energy 
dissipation due to this coefficient arises from what is known as thermal 
relaxation, i.e. the incomplete establishment of thermal equilibrium 
in a system. The absorption of energy may often be a hundred times 
or more than that due to the effect of heat conduction or of the ordinary 
viscosity coefficient. For polyatomic gases under standard conditions 
the time lag in the energy transfer between the internal vibrational 
degrees of freedom and the external iranslaiional degrees of freedom 

e.g. Fundamentals of Hydro- and Aero-Mechan.rs, Prandt), I ., and Tieljens, 

G. (McGraw-Hill, 1934). 
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may be of the order of 10“5 sec., i.e. anomalous energy absorption will 
be evident at frequencies in the neighbourhood of 100 Kc. per sec. 
The observed velocity dispersion arises from the fact that the ratio 
of the principal specific heats of a gas is a measure of the completeness 
of the excitation of the internal degrees of freedom. 
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Velocity Potential and Spherical Wave Theory 


Velocity potential 

The theory of plane sound waves has so far been developed in 
terms of the displacement (t^) of the particles of the transmitting 
medium [or of the excess pressure {p) or condensation (j) of a 
gas], but in many acoustic problems it is most convenient to make 
use of a function known as the velocity potential. As its name suggests, 
the velocity of the medium at any point is deducible from the function 
in the same manner that the force in a conservative dynamical system 
is obtained from the potential energy, but it must be emphasised that 
the velocity potential itself is not a potential energy. In employing the 
function, denoted by it is assumed that the motion of the fluid is 
irrotational^ i.e. that the flow is streamline so that eddies are absent 
and the curl of the velocity, viz. Juds round any closed contour, is zero. 

The fluid-velocity at any point of the medium will be normal to that 
member of the system of surfaces, <^=constant, which passes through 
the point, i.e. the stream lines will cut orthogonally the surfaces 
<^=constant. If u, v and u- are the rectangular components of the 

fluid-velocity, then it follows from the definition of <l> that 


r=—and w= — ~. The use of the negative sign in these 

expressions emphasises the analogy with gravitational and electrostatic 
potentials, but it should be noted that some writers, e.g. Rayleigh, 
Stewart and Lindsay, use the positive sign. 

A simple source is conceived to be a point in the medium from which 
is emitted a volume of ^Trm per sec., where m in hydrodynamical 
analysis is usually defined as the strength of the source (cf. p. 418). 
This volume is often correspondingly termed the output but in acoustics 
it is the quantity which writers usually call the strength. Corre¬ 
spondingly a sink refers to a point where inward radial flow takes place 
continuously, i.e. it is a negative source. 

If a source and a sink of equal strength m are situated at an infini¬ 
tesimal distance 5/ apart the combination is termed a doublet^ or 
double source. Let S/ tend to zero when m tends to infinity in such a 
manner that the product wS/, which defines the strength p of doublet, 
still remains finite. The positive direction of the axis of the doublet 
is given by that of the line 8/ drawn in the sense from —S to 
referring to the sink and source respectively. This idea of a doublet is 
analogous to the magnetic or electrostatic dipole, and it may be applied 
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to the solution of such problems as that of a vibrating membrane 
open to transmitting media on both sides. Although modern practice 
is for sound generators and detecting devices to be “one-sided,’* yet 
the conception of the doublet is extremely useful in such problems as 

finding the magnitude of the scattering effect of obstacles in the path 
of sound waves. 


Calculation of velocity potential (^). At a point due to a simple 
source of strength m. Dealing with the two-dimensional case the flow 
of fluid per sec. across a closed curve surrounding the source is given by 

Inm, But at radius r the radial fluid-velocity is hence the rate 

of flow across a circle of circumference r is 

— 27Tr^=2nm .(A2I.I) 

The integration of this equation gives 

<^=constant-/n log/• .... (A21.2) 

The curves of equal <l> are therefore concentric circles. 

In the three-dimensional case it is 
evident that equation (A21.1) becomes 

~4TTr^~^=47rm . (A21.3) 

whence on integration (assuming <i>—0 
at infinity) 

. . (A21.4) 

The velocity potential distant r from a 
sink of strength m would be 


^ = — “ . . (A2I.5) Fig. A21,I. 



Potential at a point due to a doublet, i.e. a so-called double source. 

In Fig. A21.I the axis of the doublet of strength m is in the sense 
~~S to +5 and its length is assumed to be 21. 

Let SP^r.^ and then 





m (/'.> - /',) 
— = nr— - - 

r-i r^r.. 


since / is 

doublet. 


_2/n/cos 6_p. cos 0 


2 


h2 


^A2].6) 


very small and rp^^r^r^. p. is ktunvn as the strength ol the 
An alternative expression for <l>p is easily seen to be 


. —m ,m , d /m\ ., / 1 

where SI is infinitesimal distance between - S' a’lcl r S". 


. (A21.7) 
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The velocity component of the fluid at P is easily deduced, along 
the radius vector as ^ & 

_^^_ 2/i cos 6 
dr r® 

and perpendicular to the radius vector (in the sense of 6 increasing) as 

— i sin 6 

r dd~ 


(A21.8) 


(A21.9) 


The close similarity of the above with corresponding formulae in 
electrostatics and magnetism should be noted. 

In the case of sound generators it is evident that on the average a 
single radiator is better than a doublet of equivalent strength, for in 

the latter case the radiation is zero when 6=^. 

The wave equation expressed in terms of the velocity potential. The 
importance of the velocity potential in acoustics is that when this 
function has been determined all the other important characteristics 


of a wave are easily deduced from it. 

d<f> 


Since etc., and by 

dt p ox 

definition the particle-velocity —it should be easily verified that 

dt^ P-^s=pj-^. 

Consider now the case of a plane wave travelling in the direction of 
the A'-axis. Then employing the usual notation it follows that the 

continuity equation ^+^=0 becomes 

df dx 

1 d^ d^ 

-2 ^/2 


1 dp 


=0 


d^ ^dU 
or ^ 


(A21.10) 


... a/2 dx^ 

The most general form of this d’Alembertian wave equation will 
evidently be 

.(A21.il) 


Spherical Waves 

In the case of spherical waves diverging from a point then 
r^=x^-\-y^-\-z^, where r is the distance from the central source expressed 
in terms of the a, y, z coordinates of any point on the wave-front. 
It follows that 


Hence 


^ _ d<l> dr _ X d<l> 

d'x~^'^^F Fr^ 


dx^ dx \ dx/ 

_i a.^ , ari d^idr 

r a/-+^arLr arJa.Y 
r dr~^ rlr dr^ r^ dri 


(A21.12) 


. . (A21.13) 
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and similarly for and 

oy oz^ 

Therefore 1 ^^1 

r dr r Lr dr^ dr J 

_2 d<l> d^^ 

r dr^ dr^ 

~7 .(A2M4) 

The wave equation thus becomes 


^ .(A21.15) 


(A2I.16) 


or the symmetrical form (r being independent of /) 

.d%r<l>) _d^(r^) 
dr^ dr'^ . 

eauadnff^thp^^f/^°^J^ verify this result by an alternative proof, viz. 
the diff^rpn growth of the mass of fluid in a spherical shell to 

the shell fluid flux across the inner and outer surfaces of 

The solution of this wave equation is 


^=7^i(''-cO+^F2(/-+c/) .... (A21.17) 

right-hand side representing a divergent wave, for 

remain I* ^ must increase by ct for its value to 

the pent sod the second a convergent wave focusing on 

wave j disturbance. It should be noted, however, that this 

an extend inwards to r—0, where it would assume 

imnliec . ^^^^V^sr waves on a membrane) and this restriction 

P nat the dimensions of the source itself must be considered. 

Because of the factor - the amplitude of spherical disturbances, unlike 

distance from the source even with zero 

wave« r!h"’ * 1 ."®^ change shape, however, as do cylindrical 

case nf Ih^e-dimensional analogue of circular waves). In the 
of soiin»? k generator it may be shown that an issuing pulse 

behind .. beginning but no ending, thus leaving a “wake’* 

of vuQT * ’.''^uich mathematical analysis indicates is the general feature 

Con.-H dimensions, 

is S H diverging wave and assuming the disturbance 


c/)=y cos k(r 

Where A:=^, then the particle-velocity 


(A21.18) 


u=—^~— 
dr r 


sin k{r — ct) 



cos k{r - Cl) (.\2I.I9) 
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The second term of the expression will decrease more rapidly than 
the first as the wave spreads out, so that the particle-velocity u will 

become x-, and the kinetic energy of the wave motion per unit 

volume will follow the inverse square law, viz. x^. 

It follows that the expressions for the excess pressure and conden¬ 
sation are respectively, 

p=p^=^~^^^s\nk{r~-ct) . . . (A2I,20) 

and 5=1 sin *(/•-«) . . . (A21.21) 


In the case of the converging wave 

—^ sin A:(/'-l-cO—^ cos k{r-\-ct)=A' sin [/:(/•+ 


where 


tan s=~— 

rk rc 


sin A:(/'-|-c/) . (A21.22) 


The reader should verify that for this wave the particle-velocity 
undergoes a total phase change of n with respect to the condensation 
in passing through the focus. 
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The Theory of the Acoustic Horn 


An acoustic horn is not an amplifying device for it does not contain 
a separate source of power, but it provides a means of more effectively 
matching the relatively high impedance of a small metal diaphragm 
to the low impedance of the outer air into which the sound is 
propagated. In effect the horn is an acoustic transformer and its 
performance will depend upon its shape, the best form being found to 
have an exponentially diverging cross-section. 

In the simple theory of the horn developed below it is tacitly assumed 
that the fundamental acoustic equations for small displacements and 
small particle-velocities are applicable, and that the diameter of the 
horn at any point is small compared with the wave-length of the sound 
to be propagated. This last restriction implies that the phase is 
approximately uniform over any section perpendicular to the aws -v 
of the horn (Fig. A22.1). Furthermore, it is assumed that there is no 
transverse particle displacement or. in other words, that the walls of 
the horn remain rigid. 

By considering the equilibrium of the mass of the gas confined 
between two planes at .r and .r-f-S.r (Fig. A22.I) it follows that the 


continuity equation (p. 401) is valid, viz. s=—-^^{Ari) where A is 

A, OX 

the area of cross-section of the horn at .v, t] is the particle displacement 
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and s is the appropriate condensation. Hence the excess pressure 

- ^ -(^7^) .... (A22.I) 

where /l is the bulk modulus and p the density of the medium and c is 
the velocity of propagation of sound. 

From (A22.1) by differentiation it follows that 


a^__£Va/ 

a/2 Adx\ 


(A22.2) 



But the equation of motion of the small prism of pas considered will 
be given by combining equation (A 19.9) with the relation u 

i.e. 

^bt^~ dx . 

Combining equations (A22.2) and (A22.3) 


(A22.3) 


* bp f A~\ 

A bx\p bx) ^ L ,'lr .vo.vj 


or 


^ P _, „2^P a 


a/2 ^ bx^ 


(log A) 

bx bx 


(\22A) 


which is fundamental horn equation expressed in Ui Ui^ of the excels 

pressure. ^ * 

I of the exponential horn the area ol‘section \ aries according 

^ '4=v4oe"’-*^, wherS A^ and ni are constants, 

equation (A22.4) now becomes 


b'^p 


a/) _ 1 b -p 


(A22.5) 


If the pressure varies harmonically with a frequency 


kc 


\.c. 


77 Z\r 
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on substitution equation 

(A22.5) becomes 

.... (A22.6) 

The solution of this equation is 

_mx _ _ 

Px=e ^ A^cos^^ A:^—^,x+^2sin ^ .x| 

By a suitable change in the origin of x this may be put into the form 

_mA: _ 

P^=Ae ^cos^k‘-'^.x Ml, ^ and ^ are aU real] 

P=Ae ^ 

^ ntx _ _ _ 

=Be ^ [cos(^w/— 

where A=2B .(A22.7) 

expression represents an outgoing wave and 
the sepnd term an incoming wave. In the case of a long horn the 

^flecUon from the end may be neglected so that the solution (A22.7) 
may be reduced to 


fn.x 

p=Be . . (A22.8) 

The attenuation of the wave indicated by the exponential factor is 

due to a lateral release of pressure brought about by the widening 

section, since the theory has tacitly assumed no viscous dissipation of 
energy. 


O) 


The phase-velocity defined by seen to vary with the 

frequency and thus the exponential horn shows sound dispersion. 


Furthermore, the velocity approaches an infinite value for 

for a frequency /o=^ “2^^^* critical frequency is known 

as the cut-ofif frequency (cf. analogous electromagnetic wave-guide) 
and implies that the horn will almost cease to radiate below this 
frequency, although the amount of energy transmitted rises very 
rapidly above this frequency. In other words, the exponential horn 
behaves as a high pass acoustical filter, the particle-velocity and 
pressure becoming 90° out of phase below the critical frequency, as do 
the current and voltage in the corresponding electrical filter. The 
specific acoustic impedance of the horn at the throat (considering only 
the outgoing waves) will be given by where 
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“(«) == * follows from (A22.8) that 
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x=0 

/?=real part 


where 5 is a constant, 




Aa 


“e cloff frequln4.‘° ^<=^Pe«ively at 

Now since |^=-^ ^ it is easily deduced that for/>/„ 


Consequently 

Z 


and hence 


»-^vFfn. 


(A22.9) 


and 


'=-i>c(j).(A22.10) 

l4=sin-»(^_).(A22.il) 

The power (IV) radiated from the throat, if «„ denotes the appropriate 

velocity amplitude, will be expressed by IV=:jti„^.A„pc 1—(^y. 

An inspection of the above results reveals that above the cut-off 

the impedance, Z=V^= + A'^ has a constant magnitude pc, 
to th ^^*hcal frequency, however, the horn acts as a pure reactance 
to ^Ik source and the outgoing energy becomes reflected back 

AmJk • absence of energy transference is further 

pnasised by noting that for/</i the characteristic wave impedance 
comes purely imaginary, and in the ideal horn there is attenuation 

no phase shift. These conditions receive important applications 
in wave-guide attenuators. 


APPENDIX 23 

Radiation from an Acoustic Source Vibrating HarnLO'*;-'^- ffy 

conr^ Siiigle source. The case dealt with matheiratir.(;I>' i . <;v; -simple 
thp ^^^^isting of a sphere vibrating harmonl. .niw [Ik- ..>::ius rf 

small compared with the wa*. icr.'iiu . --t •; ■ >'k. 

^hen the wave-length is niuc/i groatc«- ' i, jar dimer 

I'^diating body then, provided al* i j ^ ! .'enis of the latter 
Ph^se, the radiation will be e'incit independent of the 
Pe or the radiator. Hence, for exam]) e. W e open end of any 
w.M.s.—27 
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wood-wind instrument may be regarded as a simple source of strength 

equal Xo where B is the cross-sectional area and U is the average 
particle-velocity at the open end. Now the rate of working per unit 
area at a distance r from a simple source, i.e. the power transmitted 
through unit area, will be given by (p. 414) 


dW 

dt 


= up=A^ sin k(r—ct)~{-yz cos /:(/*—sin /:(r—c/)j 


pc.A^kH. . 

= ^p 2 —1^1—cos lk{r—ci) 


kr 


sin 2k{r—ct)\ 


(A23.1) 


The average power 


.(A23.2) 


Now the strength S of the source is defined by its maximum rate of 
emission of fluid, i.e. by S=47rrQ^UQ^ where Wq is the amplitude of the 
particle-velocity at the surface of the simple source. 

It follows from equation (A2I.19) (p. 413) that 

477-/'o^w=47r/*o2.^ sin k{r—ct)-\-^ 2 , cos k{r~ct)^ 

= ATTA[krfi%in k{r—ci)-\-cos k(r—ct)] . . (A23.3) 

Hence, as r is made very small 

S~47rrQ^UQ—47TA .(A23.4) 

The average power of the source per unit area at radius r, combining 
equations (A23.2) and (A23.4), is therefore 


dH^ pcA^k^ pcS^k^ 


dt 


2r2 3277^2 


. . . (A23.5) 


and the average total power of the source 

_ dW_pcS^k^ 

^ ' dt'' 877 


. . . . (A23.6) 


(b) Doublet (or double source). As already stated (p. 410), an 
acoustic doublet consists of two small simple sources each of the same 
numerical strength (5') but opposite in phase and separated by a 
vanishingly small distance SI. Hence, defining the effective strength 
by S=S'8k the velocity potential at a point distant r from the doublet 
(p. 412) will be given by 

— ^^s/^F cos k{r—ct) '\ 




] = (A23.7) 


since 


a A S S' 

-^,= —cosdy A=-t- and A =-t-. 

cl 477 477 


It follows that 


<l.=Ak cos . (A23.8) 
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and hence the particle-velocity (in a radial direction) is given by 

cos 6>[(p-^)cos k(r-ct)+~ sin A:(/--cO](A23.9) 

and the corresponding excess pressure Pf at r is 

^ d4> pckA cos 6\sizik{r—ct) , 

-[- - -A:cosA:(r~c/)J (A23.I0) 

The energy radiated per unit area per second in an outward direction 
defined by 6 will therefore be 


pckA^cos^Ol, . sinA:(r—c/)l 

u,pr^~ - - -cos k(r—ct) - ^ 


X cos kir-cl)+^ sin Ar(/--cf)] 

Hence average power per unit area 

pck*A^cos^9 pck*S^cos^d 
“ 2r^ ~ 327r2/-2 (A23.ll) 

It follows from this equation (as pointed out on p. 394) that the 
doublet becomes more efficient as a radiator as the wave-length 

decreases. It should be noted that the/rawjvez-je component 

of the particle-velocity in the field of a doublet will be given by 

I 

r dd' 
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Larmor's Derivation of Radiation Pressure Formula 

The pressure exerted by light waves incident upon a surface was 
predicted by Maxwell in connection with his electromagnetic theory 
of light, and it was subsequently verified by Lebedew, Nichols and 
Hull, and others. The phenomenon is a universal property of wave 
motion and the following proof due to Larmor has general application. 
He supposes a reflecting surface to be moved normally to meet the 
incident waves and as a result the reflected train of waves (cf. Doppler 
effect) will be of shorter wave-length (or greater frequency) than the 
incident train and may be shown to possess a greater activity {i.e. 
energy outgoing per second). This energy increase is presumed, 
therefore, to be due to the moving mirror doing work ai urot i.ho 
pressure of the waves. 

Let sin A:(x-|-vO represent the displacement d :- i'> ■ J ' 

wave train travelling with velocity v in the neyothc di cction /Joiig tk - 
-v-axis, a, k and t having their usual signifienn-.^ i.' die reiketor is 
moving from the origin with velocity tin e * ['osit:oii at time t 
will be given by x—ut and the reflected train may be represented by 
Vr=Or sin kr{x~vt) where the suffix r refers to liie values of the various 
quantities for the reflected train. The resultant displacement at the 
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surface of the reflector must be zero at all times, e.g. at x—«/, then 

’?+^r=0. 

Hence it follows that 

a sin k{x-\-vt)-\-ar sin kr{x—vt)=0 

but x—ut’, 

.*. nsin/:/(w-fv)+^7/-sin/:^/(w—v)=0 . . (A24.1) 
This relation must hold for all values of t and so 

+G,.(A24.2) 

k{v-\-u)=kr{v—u) .(A24.3) 

2 ^ 2'7r 

Now k—~^y kr~^ where is the wave-length of the reflected 

A A^ 

train, hence from (A24.3) it follows that 

^=4^=".(A24.4) 

V+W A rtr 

where rtr refer to the frequency of the incident and reflected waves 
respectively. 

At constant amplitude the energy E per unit volume of a wave train 
is proportional to the (f^equency)^ i.e. E=pn^ and Er~pnr^ where 
Er refers to the reflected train and is a constant. Hence from (A24.4) 


and 


2E 




(A24.6) 


(v-«)2 . • • • 

Let the energies conveyed per second per unit cross-sectional area, 
i.e. the activities^ of the incident and reflected trains be denoted by 
e and er respectively, then e=(v-\-u)E and e,=(v—w)£’^. It follows, 
therefore, from (A24.5) that 

l'= (llff').(A24.7) 

e \v—u/ 

But the work done per second against the radiation pressure Ps is 

Alternatively the pressure may be expressed in terms of the lot^ 
energy density in front of the reflector, viz. E-\-Ery and from (A24.6) 
and (A24.8) it follows that 

.(A24.9) 

For a reflector at rest, i.e. as ^-^0, then (A24.8) becomes 

p,=2E .(A24.10) 

Hence in this case the radiation pressure is equal to the total energy 
density of the radiation in front of the reflector. In the case of radia¬ 
tion enclosed within a chamber the pressure exerted on the walls, being 
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equally distributed in all directions, will be equal to one-third of the 
energy density. 

If /'max and Mmax refer respectively to the maximum excess pressure 
and particle-velocity in a sound wave, then pTmx~pcUra&%> where 
p is the density of the medium and c is the velocity of sound. Also 

thereforeor 


Ps 

/'max 


^max 

C 


(A24.il) 


For a perfectly absorbing surface the reflected wave is absent and 
A24.10 becomes Ps=Ey where E corresponds to Ej (p. 43). In a more 
rigorous analysis than that of Larmor, Rayleigh* deduced the 
expression R,=(y-1-1)£ for the mean pressure acting on a disc set 
normal to the axis of a tube and situated at a node. Whereas 
Rayleigh had considered the sound wave confined within a tube, 
Brillouint and Langevin later assumed the sender and receiver to form 
a standing wave system in an infinite medium and deduced Ps=2E. 
The two formulae for Pg will thus only give numerical agreement under 
isothermal conditions, i.e. when Boyle’s Law (y=l) holds. Radiation 
pressure measurements are usually performed in the “free” gas 
conditions of Brillouin when they are independent of the equation of 
state of the gas. 


APPENDIX 25 

Transverse Sound Waves Propagated in Rigid Tubes 

In the measurement of acoustic impedance by the standing-wave 
method Hartig and Swanson found difficulty, after a certain impressed 
frequency, in obtaining uniformly spaced nodes and antinodes. This 
effect, which had previously been reported by Davis and Evans in 
England, was attributed to the existence of “transverse” sound waves 
analogous to the electromagnetic waves of a dielectric wave-guide. 
In the electrical case electromagnetic energy cannot be propagated 
down the guide in the zero mode (0, 0), excepting that the pipe contains 
an insulated conductor within its interior. This limitation does not 
exist in the acoustic problem and L. Brillouin was the first to suggest 
the employment of a balanced sound generator, i.e. an “acoustic 
dipole,” to eliminate the 0, 0 mode. It should be noted, howe-er, 
that the theoretical study of the normal modes of vibration of the - r 
within a cylindrical tube had been partly considered earlier by Duhar.iej 
(in 1849) and dealt with more fully by Rayleigh about 25 years later. 

The experimental verification of the theory has only been possible 
within the last decade, and Hartig and Swanson in their work first 
considered the internal normal transverse oscillations w.'nch are not 
dependent on z, which is measured along the tube axis. At the walk 

*Phii. Mag., 3. pp. 338-346, 1902. 

t Rev. d'Acoustique, 5, p. 99, 1936. 
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of the tube. viz. r—R, the particle-velocity -~~0 and the solution of 
the general wave equation for cylindrical coordinates 

/■ rr J cd^^dz^ dt^ ‘ ’ 

^ distribution of excess pressure analogous to the voltage 

distribution of the so-called H type electromagnetic wave in a cylindrical 
guide. 

It is hoped that these “transverse” waves will provide an accurate 

nieans of investigating the acoustic impedance of materials for angles of 
incidence other than normal. 


APPENDIX 26 
Reciprocity Theorem 

The reciprocity theorem is yet another law commonly met in electrical 
network theory which has important counterparts in acoustical and 
mechanical systems. The theorem is applicable to an electrical 
system which is devoid of internal sources of energy, its circuit elements 
must also show complete reversibility, and strict linearity must exist 
between the currents and E.M.F.s. If these conditions are satisfied 
by the network, then it may be shown that an E.M.F. placed in branch A 
produces the same current in branch B as it would in branch A, if it 
were placed in branch B. The theorem may be more generally expressed 


fn — n 


/n * n 


^ Er,: Lr = E E'' 


/M=l 


1 


L' 


where the two sets of E.M.F.s (E) are all harmonic, of the same 
frequency, and act in n points of an invariable network to produce 
the respective current distributions, i.e. E„’ and give rise to C 
and respectively. 

In a mechanical system comprising moving parts having mass, 

■ . j resistance, reciprocity exists if the system 

IS invariable and conforms to the same restrictions as for the electrical 
case, stated symbolically 

.=F'i''.v,'+F'2'V+. . . . 

where forces F„' and Ff give rise to displacements x„' and x„' 
respectively. It is often more convenient when using electrical 

circuit analogies of the mechanical system to replace the displacements 
by velocities. 


Electrical-mechanical system. An extension of the reciprocity 
theorem is its application to interconnected systems such as the 
mechanical and electrical types discussed above. The validity of this 
extended use is dependent upon the linearity and reversibility of the 
interconnections^ e.g. the presence of ferro-magnetic materials would 
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require the use of small amplitudes only (see Ballantine, Pmc. i.R.E., 

If represent the E.M.F. and current, and F' and v' the force 
and velocity of one set of variables in the electrical and mechanical 
meshes respectively, then if £", /", £", and v" refer to a second set 


m = n 
£ (£•, 
m = l 




m — 




FFr. 


/n-1 


(A26.1) 


The above equation is correct if E and I are expressed in E.M. 
(or E.S.) C.G.S. units and F and r are in dynes and in cm. per sec. 
respectively. The simplest example is when all the forces except two 
are zero and the equation of reciprocity becomes E'r’=F''v'; which 
implies that if a unit E.M.F. E' impressed in the electrical system pro¬ 
duces a certain velocity v' in the mechanical system, then a unit 
mechanical force F" acting in the mechanical system will create a 
current in the electrical network which is numerically the same as 
the velocity v'. An example of such an electrical-mechanical system 
would be a coil moving in the field of a permanent magnet, as in the 
construction of a loud-speaker. 


Acoustical reciprocity theorem. This theorem may be simply stated 
thus: if irrotational harmonic vibrations of small amplitude are 
propagated in a medium of uniform density and an excess pressure p' 
produces a particle-velocity v\ and similarly p" produces v'\ then the 
surface integral //(»"/?' —v'/>")„£/y=0, where the integration is taken 
over the boundaries of the volume. 

The irrotational waves are assumed to be of a simple compressional 
type and the theorem is applicable to gas, liquid, or solid media, if 
the appropriate elastic moduli are employed. 

In the special case of a “free" acoustical field in which only two 


excess pressures p' and p" are involved it follows that p'\'"—p"\\ 
where v' and v" are the particle-velocities concerned. The theorem 
is also applicable to an acoustical system of lumped constants 
analogous to the electrical network and is subject to similar restrictions; 
m this case the volume current (X) replaces the particle-velocity of the 
“free” field. 


In acoustical-mechanical systems the interconnections are rather 
akin to those between an electrical network and its radiating aerial, 
for the acoustical forces are essentially mechanical and the velocities 
are physical quantities; both mechanical and acoustical systems also 
employ the same system of units for forces and velocities. It should 
be noted, however, that it is iht force per unit area of the mechanical 
system which is equivalent to the acoustical pressure. An important 
application of the reciprocity theorem to acoustical-mechanical systems 
is its use in deducing the transmitting properties of a sound transducer 
from its receiving properties and vice-versa. This result will be made 
evident by considering the system of two diaphragms Z), and Dj, 
shown in Fig. A26.1. By the reciprocity theorem, if p\ the force 
per unit area impressed on the diaphragm /), at Ai, produces a velocity 
v' at Az, then this will be equal to the velocity v" which would exist at 
Ai due to an equal force p", impressed on unit area at A.^. 
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%\r^TZrZ ^ mechanical and acoustical systems. 

mecLnfcif anH •electrical- 

^oi.lH hniH raechamcal-acoustical systems, it follows that they 

nnnnl...H ^ involving all three systems inter- 

s^tem the above order. A simple example of such a composite 

thf^mid '? c‘®' ® generator of E.M.F. £' energises 

the loud-speaker L.S. to produce a volume current X'at the point ^ in 



Fig. A26.1. 


ii 







Fig, A26.3. 



the sound field. Then assuming the loud-speaker (or other trans- 
auc^r) to be reversible, it follows that a pressure P'\ numerically equal 
to £ , exerted at will produce a current I” in the electrical circuit 
equal to the previously produced volume-current X' at A. If a second 
transducer circuit is set up in the sound field then the reciprocal 
relations between the two circuits become the same as if the system 
were entirely electrical, viz. E'l" 

Frequency calibration of a transducer by application of extended 
reciprocity relations. In the method to be described (due to 
BaUantme) only one of the transducers (No. 2 in Fig. A26.3) needs to 
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3 are solely employed as a source and 
receiver respectively. The source-transducer is excited by a generator 
£' of variable frequency and the current /' is measured by, say, a meter 
M in the receiver-transducer circuit, the two transducers being placed 
so that {a) there is inappreciable interaction between them, and {b) the 
sound wave front is essentially planar. Let and 

denote the frequency characteristics of the three transducers respec¬ 
tively, so that dealing with case {a\ Fig. A26.3, the overall frequency 
characteristics of transmission will be Similarly 

for cases (/>) and (c) the corresponding expressions will be 

^23(tu)=<^2(^)(^3(a>) and = 
respectively. These equations give as solutions 

92Z\^) J " \ / 


and 

\ 4>i2{a}) ) 

Only the relative and not the absolute values of <^i 2 » ^nd <^33 
are required if, as is usually the case, only the relative, variations of 
the frequency response of a transducer is desired. A noteworthy 
extension of reciprocity methods of sound measurement is described 
by W. R. Maclean in a recent paper (/. Acoust. Soc. America^ Vol. 12, 
1940) in which he shows how it is possible to make absolute acoustic 
measurements without the use of a primary standard. 
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Average Value of the Square of a Sinusoidal Alternating Quantity. 

Formulae for Plane Waves 

Let an alternating quantity be represented by the equation y=a sin 9 
where y is the instantaneous value of the quantity for any angular 
position 6 (radians) from the zero position on the circle of reference, 
and a is the maximum possible value of >*, i.e. its amplitude of motion. 

It follows that at any instant y^—a^ sin^ 0 and the average value 
over a complete number of cycles of this quantity is 




s\n^0(l0 
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The square root of is known as the Root Mean Square (R.M.S.) 
value of the alternating quantity and is thus given by 

?=.v ^ 

^ 2-^2 

Formulae for a plane sound wave of small amplitude 


\/j 




1 eh) 


dx^ ■ 

c^et^ 


8^p 

1 e^p 


dx^ 



d^s 

1 e^s 


dx^ ” 

c^dt^ 

II 

yP-^ 

= pch 

II 


\ y. 

\T.Ap 
' P 

= -(r- 


^ dx ’ 


T)y p and s refer to the particle displacement, to the excess pressure 
and to the condensation of the medium respectively, while P and p 
are the static values of the pressure and density. Ap is a finite change 
in the excess pressure and y is the ratio of the principal specific heats 
of the gas, while AT represents the change in temperature of the 
medium due to the passage of a plane sound wave. 


APPENDIX 28 
Deep-water Waves 

Velocity of deep-water surface waves. Fig. 5.15 (p. 69) indicates 
that deep-water surface waves are propagated by a localised circulation 
of the water particles near the surface; it is assumed here that surface 
tension forces are negli^ble. Then the period {T) of the wave motion 
will also represent the time taken by a particle to complete one circu¬ 
latory path. Furthermore, it follows that the instantaneous velocity 
of the particle at C will be in the direction of the wave-motion and 

equal to v=-^, where r is the radius of the circle traversed by the 

particle. Similarly the particle-velocity at J will be —v= — 

exactly opposite in sense to the wave-velocity (C). Now to maintain 
the wave-form of Fig. 5.15 stationary with time a backward velocity c 
IS imparted to the whole mass of water, and the energy of a mass nt of 
water situated at C and J respectively is considered. The decrease 
of potential energy between these crest and trough positions will be 
equivalent to the corresponding gain of kinetic energy, assuming no 
attenuation of the wave due to viscosity. 
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Hence 


/n\ f ( ,277/'VI . 


whence = , where A is the wave-length of the wave. 


277 277’f 

It follows that 


.(A28.I) 

In the case of deep-water waves of finite amplitude Rayleigh deduced 


the more exact expression 


, C= 



, where a is defined 


in Fig. 5.20. 

Effect of surface tension. The effect of surface tension is to create a 
difference of pressure between the two sides of the liquid-air interface, 

which is given by where T is the surface tension (dynes per cm.) 

and R is the radius of curvature of the free liquid surface at the point 
considered. Assuming the profile OPAB (Fig. A28.I) of the wave to 

y 

k 



be sinusoidal in form and taking the origin of coordinates at 0, it 
follows that the vertical displacement of P above the undisturbed level 

is sin 277^, where x is the abscissa of P, A is the wave-length 

(cf. IttR of Fig. 5.20) and a is the amplitude of the waves. 

Since the curve slope ^ is small compared with unity under the 

conditions considered, it follows that the radius of curvature (/?) at P is 

given by ^^^^ice the excess pressure along the 


477^7 


muwr/drawn normal to the curve at P is 

Consider now an element of wave surface at P of unit width perpen¬ 
dicular to the plane of the paper and a length ds along the wave profile, 

then the force along PN~ ^^y.ds, or along PD=-^^y.dscos 6, 

i.e. ^^y dXy since cos The corresponding pressure exerted at 

D will be 477271'/A2. 
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The total excess pressure at D above atmospheric is therefore 




y py\g 


A2 -’ 

Now !n the case of deep-water gravity waves considered above, the 
velocity of propagation was shown to be c=a/ therefore for 

capillary waves when pg becomes it would seem fair to 

assume that the velocity is given by 




+ 


Xp 


(A28.2) 


APPENDIX 29 
Shallow-water Waves 

Velocity of shallow-water waves. If the liquid depth h is much less 
than the wave-length A, the localised circulations are destroyed by the 
proximity of the “bed” below, and the velocity of the fluid particles 
can be considered as sensibly uniform throughout the liquid depth. 
The problem may now be treated similarly to the flow of a fluid through 
a pipe of gradually varying section, by imposing a velocity in the reverse 
direction to the wave so that the form of the latter remains stationary 
with time. 

If unit width perpendicular to the plane of the paper be considered, 
the liquid may be supposed to be divided into a number of tubes of 
flow which will have an equal cross-sectional area at every vertical 
section when the liquid surface is undisturbed. In the disturbed state 
it follows from the above assumptions that the cross-sectional areas 
of all these tubes of flow at a given vertical section will be equal. 
Considering a tube of flow in the surface of the water where the 
elevation above the static level is and the velocity of flow C„, the 
energy t/per unit volume of the fluid of density/> is U=p^{h+-n)+\pCr;^ 

^ \ ^ 

volume of fluid crossing any 

vertical section must be constant and therefore Ch=C^{hy-n). 

Since V is independent of v it follows that which gives the 

condition, assuming -q small compared with h, that C~Vghy which 
defines the velocity of propagation of what is sometimes called the 
Lagrangian wave. 


APPENDIX 30 

Definition of Standing-wave Ratio 

Fig. A30.1 shows the formation of a standing-wave system (either 
acoustic or electrical) by the superposition of a direct wave (going 
from left to right) with the reflected wave travelling in the reverse 
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direction along a transmission pipe or line. Assuming the attenuation 
of the waves in the transnntting medium to be negligible, the successive 
maxima (electrical potential V or excess sound pressure P as the case 

may be) will be separated by half wave-lengths and the minima 

will appear symmetrically between these maxima. The values of the 
sound pressure (or electrical potential) at any point in the transmission 
system will vary periodically with the frequency of the source, so that 
m practice it is the root-mean-square values which will be measured. 



It is easily deduced that the standing-wave ratio of sound pre.ssure is 


8 = 


max 


{ 


or 


max 


in electrical case 


* min 

{Px+Pii 


mm 


(Pi-p^y 
)■ 


/> 2 _/ 8-1 


Hence ^ 

It follows that the ratio of the reflected to the incident energy will 

E P ^ /8_1\* 

begivenby j • If^denote the impedance of the sample 

acting as reflector, and Rq is the wave impedance of the gaseous medium 
(for air Rq=42 c.g.s.), it may be shown that 

ri 
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TABLE OF CONSTANTS 


Velocity of sound, etc., in materials at 15^ C. (approximately) 


Malerial 

1 

1 

Young's 

1 Modulus 

1 (dynes per 

sq. cm.) 

Density 
(grm. per 
c.cm.) 

1 

Velocity 
of Sound 
(metres 
per sec.) 

Specific 
Acoustic 
Resistance 
(grm. per 
sec. per 
sq. cm.) 

Aluminium 

! 7-3x10“ 

2-7 

5200 

140x 10* 

Beryllium 

! 12-7x10“ 

1-8 

8400 

150x 10* 

Cadmium 

5-3x10“ 

8-6 

2500 

215x10* 

Copper .. 

1 11-0x10“ 

8-9 

3500 

310x10* 

Iron, cast.. 

! 9-0x10" 

7-8 

3400 

270X10* 

,, wrought 

20-0 X 10“ 

7-9 

5100 

400x10* 

Lead 

l-7x 10“ 

11-4 

1200 

130x10* 

Magnesium 

4-Ox 10“ 

1-7 

4800 

82x10* 

Nickel 

210x 10“ 

8-8 

4900 

430X10* 

Platinum .. 

17-Ox 10“ 

21-4 

2800 

600x10* 

Rhodium.. 

30-Ox 10“ 

12-4 

4900 

610x10* 

Brass . 

9-5x10“ 

8-4 

3400 

290X10* 

Beryllium-copper 

i 12-5x10“ 

8-2 

3900 

320x10* 

Monel. 

' 18-0x10“ 

8-8 

4500 

400x10* 

Steel . 

19-5x10“ 

7-7 

5050 

390x10* 

Glass, hard ,. i 

8-7x10“ 

2-4 

6000 

144x10* 

„ soft 

6-0x10“ 

2-4 

5000 

120x 10* 

Marble 

3-8x10“ 

2-6 

3800 

99x 10* 

Quartz, fused 

5-2x 10“ 

2-7 

4400 

118x10* 

„ pari, to O.A. .. 

10-3x10“ 

2-7 

6200 

168 X10* 

„ pcrp. to O.A. .. 

8-Ox 10“ 

2-7 

5400 

146x10* 

ice . 

0-94x10“ 

092 

3200 

29 X 10* 

Ash (with grain).. 

1-3 X 10" 

0-64 

4500 

29X 10* 

Cellulose acetate, moulded 

2-1x10“’ 1 

1-3 

1300 

17x10* 

Methyl methacrylate, 
moulded 

2-8x10“’ 

1-2 

1500 

18x 10* 

Paper, parchment 

4-8 xIO’* 

1 

1-0 

2200 

22x10* 


Velocity of sound, etc., in fluids at IS’ C. (approximately) 


Fluid 

Bulk Modulus 
(dynes per sq. cm.) 

Density 
(grm. per 
c.cm.) 

Velocity 
of Sound 
(metres 
per sec.) 

Specific 
Acoustic 
Resistance 
(grm. per sec. 
per sq. cm.) 

Alcohol (methyl) 

9-5 X lO*® 

0-81 

1240 

10-0 X 10* 

Benzene 

ll-2x 10'® 

0-90 

1170 

10-5x10* 

Chloroform .. 

120x 10*® 

1-5 

983 

14-7 X 10* 

Water, pure 

20-Ox 10*® 

10 

1440 

14-4 X 10* 

„ sea 

23-3 X 10*® 

1-03 

1500 

15-5x10* 

Turpentine 

13-3 X 10*® 

0-87 

1330 

11 6x10* 

Mercury 

263-Ox 10*® 

13-6 

1400 

190-Ox 10* 

Air 

0-00014 X 10*® 

0-00122 

341 

41-7 

Hydrogen 

0-00015x10*® 

000009 

1270 

11-4 

Oxygen 

0-00014x10*® 

000143 

317 

45-5 

Carbon dioxide 

0 00013x10*® 

0-00198 

258 

51-2 

Nitrogen 

0-00014x10*® 

0-00125 

336 

42-0 
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Acoustic absorption coefficients (at 500 c.p.s.) 


Brick wall, unpainted 
„ „ painted 

Carpet, unlined. 

„ felt lined. 

Fabric curtains, hung straight, light 
» „ „ heavy 

Plaster on tile, brick, or concrete 
.. .. lath. 



Linoleum, cork tile, or rubber. 

Glass . 

Marble or glazed tile . 

Metal or wood chairs, each . 

Theatre seats, heavily upholstered, each . 

Desks, each . 

Audience, per adult seated (depending on nature of seating).. 
Acousti-celotex (a fibrous commercial product), depending 
thickness . 


003 

002 

015 to 0-20 
0-20 to 0-35 
Oil 
0-50 

0 01 to 0 03 
0 03 to 0 04 
0 03 to 0 06 
003 
001 

0-2 approx. 
2.8 ., 

0-5 to 2 0 
3,0 to 4.3 

0-35 to 0-80 


An open window (O.W.) is taken as the standard of reference, the coefficient for 
such a surface being unity. 


Absorption coefficient and frequency 



125 c.p.s. 

500 c.p.s. 

4,000 c.p.s. 

Audience, per adult seated 

10 to 2 0 

3 0 to 4-3 

4-0 to 6-5 

Seat, leather upholstered, each.. 

1-2 

1-6 

2-1 

Brick wall, unpainted 

0 024 

003 

005 

Fabric curtains, heavy .. 

01 

0-5 

09 

Felt (one inch thick) 

01 

0-52 

0-44 


Definitions 

A cycle is a complete repetition of the recurrent values of a periodic phenomenon. 

The time required for one cycle of a periodic quantity is the period, and is 
expressed in seconds. 

Frequency is the rate of repetition of che cycles of a periodic phenomenon, and 
is the reciprocal of the period. The unit is the cycle per second and is occasionally 
termed the hertz. 

Pulsatance is equal to the product of 2n and the frequency. 

Bel is a unit used in the comparison of the magnitudes of powers (acoustical or 
electrical). The number of bels expressing the relative magnitude of two powers 
is the logarithm to the base 10 of the ratio of the powers. If the natural logari hm 
of the power ratio is used the unit is known as the neper, which is employed often 
in electrical transmission practice. 

Decibel is one-tenth of the bel. 

Phon is a unit of equivalent loudness, defined as follows:— 

The standard tone shall be a plane sinusoidal sound wave train coming from a 
position directly in front of the observer and having a frequency of 1(X)0 cycles per 
second. 

The listening shall be done with both ears, the standard tone and the sound under 
measurement being heard alternately and the standard tone being adjusted until 
it is judged by a normal observer to be as loud as the sound under measurement. 
The intensity level of the standard tone shall be measured in the free progressive 
wave and the reference level shall be taken to be that corresponding to an R.M.S. 
sound pressure of 0-0(X)2 dyne per sq. cm. 
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When, under che above conditions, the intensity level of the standard tone is 
n decibels above the stated reference intensity, the sound under measurement is 
said to have an equivalent loudness of n phons. 

The bar is a unit of pressure and is equal to one million dynes per sq. cm. 

The microbsr is the C.G.S. unit of pressure and etjuais 1 dyne per sq* cm. 

Acoustic energy density at a point is the sound energy per unit volume at that 
point. The unit is the erg per cm.’. 

Sound intensity (1), is defined in terms of the effective {i.e. R.M.S. for sine waves) 
sound pressure p, velocity c, and density of the medium p, by the relation 



This is equal to the sound energy flux per unit area for a plane or spherical free 
Progressive wave having the same values for p and c in the same medium of density p. 
I he unit IS the erg per cm.’ per sec. 

Sound energy flux through an area is the mean flow of sound energy per unit 
time through that area, and is expressed in ergs per sec. The sound energy flux 

through an area A perpendicular to the direction of propagation is equal to ^ 

ergs per sec., p being the R.M.S. sound pressure. 

Loudness is that subjective quality of a sound which determines the auditory 
sensation produced by the sound. 

Impedance 

There are three different designations of acoustic impedance, which are respec¬ 
tively employed under different conditions. 

Specific acoustic impedance or unit area impedance {Z) is employed in trans¬ 
mission line problems and is defined as the complex ratio of the sound pressure to 
the sound particle-velocity at the point in the medium in which sound waves arc 
being propagated. 

Analogous or acoustical imp^ance {Za), sec p. 311, is used at low frequencies 
when dealing with “lumped" circuits and is defined by the complex ratio of sound 
pressure to the volume flow, or current. 

Radiation impedance {Zr) is the portion of the mechanical impedance due to the 
sound field, and occurs in the calculation of the coupling between a vibrating 
surface and the sound waves. 

The electrical impedance of all electrical sources of sound is a function of the 
acoushcal load, and if the vibrating element, e.g. diaphragm of a loud-speaker, is 
held fixed, the corresponding electrical impedance as measured at the input 
terminals js termed the blocked impedance {Zb). The impedance Zy measured 
when the element is free to vibrate will differ from Zb, and {Zv-Zb) is known as 

the motional impedance {Zm), and this is related to the acoustical impedance at the 
vibrating surface. 



EXAMPLES 


1. A particle is simultaneously subjected to three simnlp 
motions, all the same period and acting in the same direction If the 
amplitudes of the motions are 0 25. 0 20, and 0 15 mm. respectively and the 
phase difference between the first and second is 45“, and between the s^nnH 
and the third is 30®, determine the resultant amplitude of the particle. 

(0 517 mm.] 

simultaneously by twelve simple harmonic 
motions all of the same period and amplitude. If a common phase difference 
exists between each successive motion, determine its value for the resultant 
displacement of the particle to be zero. [3o"] 

^ ^ P'^ne about a 

horizontal axis at one end and executes small oscillations about its position 

of rest. Show that these are simple harmonic of period Itt {I!\ sec. 

What is the period of oscillation when a particle of mass one-half that^f the 


rod is attached to its lower end ? 7/ J 

4. A helical spring of mass 45 gm. supports a mass of 150 gm. from its 
lower end. An addition of 15 gm. would cause it to stretch a further 3 cm 
The load is now raised 3 cm. and released. Calculate its period of vibration' 

It alter the first descent the load just touches a mass of 15 gm which 
adheres, what time will elapse before the highest point is reached and 
where is this point? Ignore damping losses. 

[12 sec.; 6 cm. above lowest point; 0 645 sec.] 

5. A pulsating spherical surface of radius 10 cm. performing a simple 
harmonic motion given by 7 ;= 01 sin {0 27r)/ is the source of spherical waves 
within an infinite homogeneous medium. If the speed of propagation is 

9 cm. per sec., determine the displacement of a particle 90 cm from the 
origin of the disturbance, 90 sec. after the source has commenced to vibrate 

Also calculate the phase difference between any two particles situated 

10 cm. apart on any normal drawn from the vibrating surface. 

[Energy falls off inversely as square of distance for spherical waves hence 
amplitude varies inversely as distance. ’ 


Therefore 


Phase difference 



-(?) 


2jr radians=^ 


radians. 



6 . In a long line of particles which are in contact with one another the 
• head ’ particle is subjected to a S.H.M. given by 17 = 0 sin 877 /, and gives 

rise to the propagation of a wave motion along the line having a velocity 
of 500 cm. per sec. 

Calculate the displacement of a particle distant 30cm. from the “head” 
particle 3 sec. after the latter has commenced to move from its equili¬ 
brium position. 

[Time for wave to travel 30 cm.=0 06 sec. 
Hence ij^asin 8^(3- 06)=-0 998^.] 

433 


w.M.s.— 28 
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EX AM PLES 


7. Define simple harmonic motion. 

A metal cylinder 16 cm. long of density 8-9 floats upright in mercury. 
Find the period of small vertical oscillations, ignoring frictional and other 
effects. [1104 sec.] 

8. Find the period of oscillation of a liquid in a vertical U-tube in terms 

of its cross-sectional area and the length of the liquid column. What is the 
effect on the period of inclining the plane of the tube through 60 ? Neglect 
any frictional effects. [Period is increased to V2 original period.] 

9. A helical spring hangs vertically and is extended by 3 cm. when a load 

of 50 gm. is hung on the lower end. If the spring is now extended by 
0 5 cm. and released, determine the period of the vibrations and the total 
vibrational energy of the system. [0 35 sec.; 8 18x 10® ergs.] 

10. The frequency of the second overtone of an organ pipe is the same as 
that of the third overtone of an open pipe. Compare the lengths of the 
pipes, allowing an end-correction at the mouth of the pipe of 3 3/?, and of 
0-6/? at the open end, the diameters being 10 cm. and the frequency of the 
overtone 680 c.p.s. Calculate [a) the fundamental frequencies of each pipe, 
and (6) the length of each pipe. [136 c.p.s.; 170 c.p.s.; 45 cm.; 80 5 cm,] 

11. A particle is subjected simultaneously to two S.H.Ms. of the same 
period T but executed in perpendicular directions. If these S.H.Ms. are 


given by 





(1) 

Itrt 

x^a sin 

)'—/> sin 

2 n-/ 

~T' 


(2) 

Z-rrl 

x—a sin y, 

y—b sin 

/ 2^7/ 

-3]- 

(3) 

27Tt 

X - a sin 

y- b sin 

(ivt 

■-) 


\ T 

2 ' 


determine graphically the resultant motion in the three cases. 


12. When a train of plane waves of length 280 cm. traverses a medium, 
individual particles execute a periodic motion given by the equation 

^=3 sin 

(i) Determine the velocity of propagation of the waves. 

(ii) Calculate the phase difference for two positions of the same particle 
which are occupied at time intervals 0 8 sec. apart. 

(iii) Determine the phase difference at any given insUint of two particles 
200 cm. apart, and 

(iv) Find the displacement of a certain particle 1 5 sec. after its displacement 
is 2 4 cm. 


[(i) 35 cm. per sec.; (ii) 36 
re (iv) ,=3sin 
.x=0 whence 77=3 sin 45/, 


; (iii) 257 r; (iv) 2-58 or -0-75 cm. Note 

X 

X 

converting to angular degrees.] 


= 3 sin 2ffi • T 
8 


V hence assume particle at 


13. Show that in a train of progressive harmonic sound waves half of 
the energy is kinetic and half potential. Derive an expression for the 
energy density and for the intensity of such a train of waves, and hence 
describe how the minimum amplitude of vibration for audibility in air 
has been determined. 
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14. Distinguish between combination tones and beat tones, and describe 
how they may be produced. 

15. What is meant by the principle of superposition? Apply this principle 

to explain the formation of standing waves. ^ ^ 

A train of sound waves of amplitude 0 001 cm. is propagated along a 
wide tube, and is reflected without loss of amplitude from an open end 
If the wave-length is 36 cm., what is the amplitude of vibration at a point 
33 cm. inside the pipe? [0 00173 cm.] 

16. Show that a transverse disturbance in a stretched string travels with 

a velocity given by the expression ( - tension 

\mass per unit lengthy 

How does this determine the natural frequencies of the string? 

Show that the time taken for a disturbance to pass along a string of 
length / cm. and of mass w gm. per cm. is constant when the tension is 
/nr gm. wt., and calculate this time. [0 032 sec ] 

17. A metal wire of mass 9 8 gm. is stretched with a tension of 10 Kgm wt 
between two rigid supports one metre apart. The wire passes at its mid-point 
between the poles of a permanent horseshoe-magnet and it vibrates in 
resonance when carrying an alternating current of frequency / c p s 
Determine the frequency of this supply, and discuss the effect of using aii 
iron wire and replacing the permanent magnet by an electromagnet energised 
by the A.C. supply. 

[50 c.p.s.; the wire will vibrate twice for every cycle of the current.] 

18. Derive expressions for the velocities of propagation of transverse 
and longitudinal waves along a flexible wire under tension. Compare the 
fundamental frequencies of such a wire for each type of wave, given that 
the wire is elongated by I in 1000 due to the tensile force. 


Wf ' jy.' 'O' 'o] 


19. A siren, situated 170 metres from a vertical cliff, gives out a tone 
which rises from zero frequency uniformly to 340 c.p.s. in 5 sec. and then 
drops uniformly to zero in the same time. A beating effect due to reflection 
from the cliff is heard. Explain this, and indicate how the beats vary in 
frequency for different positions of observation. 

[An observer situated near the siren will hear beats 1 sec. after siren 
commences, their frequency being 68 per sec. This persists for 4 sec., 
then drops to zero during the next half-second, and rises steadily in 
the next half-second to a uniform 68 beats per sec.] 

20. What is meant by “non-linearity”? Discuss two particular examples 
occurring in electrical or acoustical systems. 

21. Describe the dust-tube method of Kundt for the comparison of the 
velocities of sound in different gases. How can the results be applied to 
determine the ratio of the principal specific heats of a gas? 

22. Explain the production of beats, and derive an expression for their 
frequency. 

23. Show, for a gas obeying the perfect gas equation, that if y=l 4, the 
velocity of sound in it is equal to 0-68 times the R.M.S. molecular velocity 


at the same temperature. 




P HR.M.S. Mol. Vely 


.y. 
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24. The equation of motion of a damped oscillating system is given by 


cir- 


^a^+/39=0. 


Given that its period is 5 0 sec. and the log. dec.= 10, plot the curve 
representing the motion. 

Determine the character of the motion in the particular cases where 
(i) a-l4, (ii) a^lOO, and p has the same value as in the first example. 

r log dec.=j(period)."j 


2S. A source of sound of frequency 525 c.p.s. is situated on a cliff at a 
point 280 ft. above the surface of a calm sea. At a distance of 1 mile alternate 
maxima and minima of sound are observed by a man climbing a vertical 
mast, the distance between adjacent maxima and minima being 10 ft. 
Explain this, and use the data to calculate the velocity of sound in air. 

[1113 ft. per sec.] 


26. What would be the effect on the reception of a wireless programme 
broadcast in a flat country simultaneously from two equally powerful 
transmitters on the same (medium) wave-length? Assume the transmitters 
to be many miles apart, and the effect of the upper atmosphere to be 
negligible. [See Fig. 6 8.] 


27. Distinguish between progressive and standing waves. 

A closed organ pipe is speaking its fundamental tone. Describe the 
motion of the air in the pipe and indicate how the pressure varies at different 
points within the pipe during one cycle. What adjustment is necessaty 
to make the pipe speak the same fundamental when “opened”? Explain 
the difference in the quality of the notes. 


28. Write a short precis of the lines quoted from Phineas Fletcher at the 
beginning of the book, and interpret their physical meaning. 

29. Describe the cathode-ray oscillograph, and explain how it may be 
used to compare the frequencies of two sources of sound. 


30. What do you understand by the Doppler effect ? 

Show how this effect operates in the case of radiation incident normally 
upon a moving reflector, and hence derive an expression for the pressure 
exerted by the radiation when the receiving surface is perfectly reflecting. 


31. Assuming the formula for the velocity or propagation of ripples over 

a liquid surface, viz. in the usual notation, deduce an expression 

for the group velocity of the ripples. Use your expression to find the 
limiting value of the velocity: (a) in the case of the shortest ripples, and 
(6) for very long waves. 




271 - pX 

£A ^ 
27r pA 




(o) C/=2c: (b)U=2 


32. Give a critical account of the methods available for measuring the 
velocity of sound in air. 
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33. Show that the amplitude of the temperature change due to the passage 
of a plane sound wave in a gas is given by 



where y is the ratio of the principal specific heats, the excess pressure, 

and T and P refer to the equilibrium values of temperature and pressure 
respectively. 



^T_AP AV\ 

T~ P^ V] 


/ 


34. Explain the need for tempering a musical scale; how is it calculated 
and realised? 


35. Prove that the eneigy of a string of mass M vibrating in any number 
of loops is equivalent to in which v is the maximum velocity of 

an antinode. 


36. Show how, for a particle executing damped harmonic vibrations, the 
ratio of successive velocities of transit through the zero depends on the 
logarithmic decrement (A:) and the frequenev (/?). 

[-y 

37. Briefly describe the principle of the cathode-ray oscillograph and its 
use in acoustic measurements. Give circuit diagrams, etc., to indicate 
the working of: (n) a linear, and (6) a circular time-base, and state their 
particular applications. 


38. Calculate the amplitude of temperature fluctuations in air caused by 
the passage of a plane sound wave of intensity 50 ergs per sq. cm. per sec. 

[y=l-40; /.c=4l-7c.g.s.; V4T70; ^7=00053^ C] 

39. Define the decibel and the phon^ explaining the difference between 
them. What significance has the decibel in physiological acoustics? 


40. Show how the velocity of sound in dry air may be deduced tfom the 
observed value {€„,) in moist air at 17^C., given that the partial pressures 
of argon and water vapour at the time of experiment are respectively 0 95 per 
cent, and 1 85 per cent, of the total pressure. (Ratios of principal specific 
heats for water vapour, argon, dry air (also oxygen and nitrogen) are 
1-260, 1-667, and 1 400 respectively.) 



. /yo To_ . /I-4015X273 
C„, \ y,n‘T,„ V 1-4000 x 290 


Note.—(y—1)=^ since Cp—Cv=/?; C^=CviWi+C,2/n*+C»-3Wa 

C y 

where niu Wi, and Wj are respective masses of argon, water 
vapour and nitrogen-oxygen in unit mass of moist air. 


Assuming gas equation Pv=RT, the final form for y^ is 

1 -| 

1 Z*. , I P. , I 

y,~\ -p-^y,-y p^ 
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41. A String AB is plucked as shown in Fig. E.l where / is the total length 
of the string. Determine the relative intensities of the harmonics. 



_ 2S r / 

a. 




/ niTTan 

sin 


/ 


/ (/— aj) 


Sin mn 


/ 


(/— Uj) 


Sin 


ntnOi 


Intensity J 



42. Write an account of the phenomenon of resonance, quoting examples 
of Its occurrence in different branches of physics. 

43. Distinguish between "amplitude" resonance and "velocity" resonance 
for a mechanical vibrating system. Calculate the frequencies corresponding 
to these conditions for a system which has a mass of 200 gm., a stiffness 

factor of 3 Ox 10’ dynes per cm., and a damping coefficient of 400 dynes 
sec. per cm. 

Determine also the logarithmic decrement and the mechanical "Q ” 
of the system. 

["Velocity” frequency = 61 6 c.p.s.; "amplitude” frequency 
smaller but not distinguishably so. log. dec. = 0 0081; 0=387.] 

44. What is meant by the term impedance as applied to a mechanical 
system? Discuss fully the analogy between such a vibrating system and an 
electrical circuit. 

45. Give an account of any modern work on the mechanism of production 
and on the constitution of vowel sounds. 

46. A plane wave of sound is incident obliquely on a plane surface of 
separation between two fluids. Discuss the conditions governing the 
resulting reflection and refraction. If both fluids have the same elasticity, 
determine the angle at which no reflection occurs. 

47. Derive expressions for the energy density and the energy current for 
plane sound waves in a gas. Such waves of frequency 512 c.p.s. in oxygen 
have an amplitude of 0 0012 mm. Assuming the density to be 0 001429 gm. 
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per cc. and the velocity of sound to be 317 m.p.s., determine (i) the 
energy-density of the radiation, (ii) the energy-current per unit area. 

[(i) 0 000107 erg per cm.^ (ii) 3 38 erg per cm per sec.] 

48. Discuss the conditions governing the reflection and refraction of a 
plane wave of sound incident at the surface of separation of two media and 
obtain expressions for the coefficients of reflection and transmission. 

49. A composite rod is made by joining the ends of two homogeneous 

materials of uniform cross-sections 5, and 5s respectively. Longitudinal 

waves travelling in one rod strike the common interface. Show that for 

c / zr 1 

no reflection to occur at the junction. must equal \‘, where p and 

\Pi/ 

E signify respectively the density and Young’s modulus of elasticity of the 
material of a rod respectively. 

What change of phase occurs, if any, in the reflected wave for the cases 
where{i) Et=Ei, and (ii) pj-pi? 

50. Obtain expressions for the reflection and transmission coefficients of 
sound waves on reaching the interface between two gases. 

If a sound wave originates in hydrogen and passes, by normal incidence, 
into oxygen, what fraction of the initial energy emerges? 

Density of hydrogen, 00000898 gm. per cc. 

Density of oxygen, 0 001429 gm. per cc. 

Ratio of principal specific heats of each gas- 1 4. 


Emergent Amplitude 2 
Incident Amplitude v, , , 

— T 1 



Energy=pv x (Amplitude)®; 



51. What is meant by “tempering” a musical scale? Explain how it is 
accomplished, and why it is necessary with some instruments and not with 
others. 


52. Discuss the physical principles underlying two of the following: 
violin, pianoforte, trombone, pipe-organ. 

53. In some instruments the overtones and fundamental do not necessarily 
form exact intervals. Explain this with reference to one particular instrument. 

54. Discuss the physical factors which aflect the intelligibility of speech. 

55. Assuming that the intensity, / (ergs per cm.®), of a spherical sound 

Pp -Hf 

wave at a distance r (cm.) from the source is given by I——, -. where/*is 

4 nr* 

the power output (ergs per sec.) of the source, determine the distance 
travelled in water by such a wave of frequency I Mc.p.s. before it is 

attenuated to — of its original intensity, “ where k, p, c have their 

usual significance and p (0 0114 c.g.s. for water) is the viscosity of the 
medium. [100 metres.] 

56. Distinguish between forced and free vibrations, and discuss briefly 
their importance in acoustical and electrical phenomena. 

57. Explain what is meant by relaxation oscillations, and give examples 
of their occurrence in various branches of physics. 

58. Assuming that the amplitude (A ) of the radiation scattered from 
small objects varies directly as the volume (K) of these obstacles and as the 
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amplitude (A) of the incident waves, and inversely as the distance r from the 
obstacle of the point under consideration; find by the method of dimensions 
the law of dependence of the scattered amplitude upon wave-length (A). 



k 


u ... I 

—-—; hence scattered intensity oc(/4')-oc^ 


■1 


59. Obtain, by the method of dimensions, the expression for the frequency 
of transverse vibration of a stretched string in terms of its length, mass per 
unit length, and tension. 

A rope of mass 490 gm. is 6 metres in length and is stretched with a 
tension equal to the weight of I -2 kg. What frequency of transverse vibration 
will make it vibrate in loops 2 metres in length? [I-5c.p.s.] 


60. Use the method of dimensions to show the dependence of the velocity 
of sound in a gas upon the density, pressure, and dynamic viscosity. 

[c-V?.] 


6). Assuming that the velocity of deep water waves is a possible function 
of wave-length, density, and gravitational attraction, use the method of 
dimensions to determine this dependence. [vozVgX.] 


62. Use the method of dimensions to show how the time of vibration {T) 
of a tuning-fork depends upon its linear dimensions and the Young's 

modulus (K) and density (p) of the material of the fork. [T=kLY-^p^.] 


63. Show that the solution of the equation representing the free 
oscillations of a lightly damped mechanical system can be expressed as 

-(—)<*)/ "iuit 

.X —real part. Ae c , where x is the displacement at any time /, 
is a constant, and Q and a» have their usual significance. If ^ is the 
natural frequency of the system in the absence of damping, verify also that 


for small 


damping 



64. A source of sound is situated at one end of a rigid tube which is closed 
at the other end by a partly reflecting surface. Discuss the wave motion 
set up when the source emits a continuous note of constant amplitude. 


65. Discuss the difference in principle between the measurement of 
absolute intensities in sound waves and such measurements in other branches 
of physics. 

66. Discuss the basic principles governing the efficiency of sound 
receivers. 


67. Describe fully any experimental work on the determination of the 
acoustical impedances of orifices. 

68. Establish the differential equation applicable to small lateral vibrations 
of a uniform elastic bar. 


69. Discuss briefly the vibrations of a tuning-fork in relation to the trans¬ 
verse oscillations of a uniform elastic bar. 

70. Derive the differential equation for spherically symmetrical motion in 
a fluid medium of density p and bulk modulus Ar, expressing your result in 
terms of the velocity potential ^ and distance r from the centre of symmetry. 
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71. Derive an expression for the propagation of plane longitudinal waves 
in a solid elastic medium of infinite extent. 

Discuss briefly the phenomena of wave propagation involved in geo¬ 
physical prospecting. 

72. Describe briefly the application of "optical" methods to acoustic 
measurements. 

73. Derive an expression for the resonant frequency of a narrow-neck 
resonator and describe how you would investigate its response in practice. 

74. Describe and discuss critically the instruments and methods employed 
in the measurement of sound intensity. 

75. The shadow picture of a moving bullet reveals that the shock-wave 

at the nose makes an angle of 26® with the direction of the bullet. Determine 
the speed of the bullet, assuming a standard atmospheric pressure and a 
temperature of \2° C. [773 m.p.s.] 

76. A square membrane of 3 0 cm. side is subject to a uniform tension of 

10 dynes per cm. If the density of the material is 0 12 gm. per sq. cm., 
what will be the frequencies of the fundamental and the lowest overtone of 
the membrane? [64 c.p.s., 108 c.p.s.] 

77. A cubical room of side 5 m. has an average absorption coefficient 
of 0-2 for the ceiling and floor, and of 0 04 for the walls. What are the 
reverberation times for those waves (a) which strike floor and ceiling, 
(b) for those which do not, (r) for the complete room? Give all the resonant 
frequencies possible between 0 and 100 c.p.s. and construct a spectrum (p. 389). 

[(o) and (b) are special cases of (A 15.1). 

(o) M.F.P. = 5m.: N(p. 297)=r/500-68; Tip. 297)=0-91 sec.; 
(b) r = 5 0 sec.; (r) M.F.P. (A15.2)-4x5V6x5* -10/3 m.; 
A= 102, 5= 093, r=l -4 sec.] 

78. Describe a tube method for the determination of the absorption 
coefficient, at normal incidence, of a substance in the form of a disc. 
Discuss how these results compare with those derived from reverberation 
measurements. 

79. A thin wire of mass 4 0 gm. is stretched horizontally between two points 
100 cm. apart with a tension of 6 4x 10^ dynes. 

Determine (a) the frequency of the fundamental mode, (6) the number of 
vibrational modes in the wave-length range 40 to 5 0 cm., and (c) the 
energy of the mode whose frequency is 400 c.p.s. when the displacement of 
the string at its centre is 2x 10 ’ cm. 

[(fl) 20 c.p.s.; (b) 10; (c) 25-3 ergs. 

Energy=An-f^Mu-y where w mean square displacement for all 
elements of wire.] 

80. Determine the velocities of longitudinal and transverse elastic waves 
in aluminium, given that Young’s modulus (£) and Poisson's ratio (a) for 
aluminium are respectively 7 2x10“ dynes per sq. cm. and 0 33, and its 
density is 2-7 gm. per cm.^. 

Calculate the total number of modes of vibration in a centimetre cube 
within the region 10” to 10 1 x 10“ c.p.s. 

(1-^) . r_x/r31- 

_ ^ V p (1 I „) (|_2cr)’ \ /. ■(!-[ «)’ 

81. What do you understand by Fourier analysis? Discuss briefly its 
importance in physical problems, and give a detailed analysis of some 
particular problem in acoustics. 
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82. Assuming that an electron volt is the energy acquired by an electron 
m dropping through a p.d. of one volt, calculate the wave-length of a particle 
having an energy of one electron volt in the case of (a) an electron and 
(/)) a proton. The potential energy is to be assumed zero. 

Mass of electron -=9 0x I0-=* gm. 

Mass of proton - l -66x 10'-^ gm. 

1 electron volt -- 1 602 x lO *- erg. 

Planck's constant- 6 628x 10 ” erg sec. 

[(a) I-25x 10 'cm.; (A) 2 90x10 » cm.] 

83. Explain what is meant by the acoustical properties of a room. If the 

reverberation time for an auditorium is I 8 sec. when 200 people are present 
and drops to 12 sec. when 600 people are present, estimate the number 
present when the reverberation time is 1 -6 sec. [300.] 

84. Electromagnetic radiation in the form of plane harmonic waves fills 
a cubical box of side d and satisfies the condition that the displacement is 
always zero at the bounding faces. Show that the number of possible modes 
ol oscillation within the box for frequencies between i' and Jv is given 

where c is the velocity of propagation of the radiation. 

85. Discuss briefly the fundamental principles governing the acoustics 
of rooms. 

Derive an expression for the reverberation period of a room and indicate 

how a knowledge of this period can be applied to the determination of 
acoustic absorption coefficients. 

86. A plane harmonic sound wave, defined by = where 

V is the displacement, B is a constant, and a>, r, k, and x have their usual 
si^mcance, is travelling in the positive Ar-direction through a long cylindrical 
tube whose cross-section at a certain point changes abruptly from Ai to 
/Ij. Determine the fraction of the incident energy which is reflected at 

the change of section where c is velocity of soundj. 

[Apply boundary conditions of continuity of pressure and volume 

At A% 


current. Ans. ( 


\A,-^ A 


O'-l 


excess pressure^ 


87. Derive an expression for the acoustic impedance (i.e. —-; 

^ \ volume current/ 

lor the incident wave in the previous problem. 

Note: Ap=Ks=~ pc^Brifdx 
X = Aidr)ldl 

88. Describe the principles of magnetostrictive and piezoelectric generators 
respectively, and discuss their relative advantages. 

89. Write a brief essay on the applications of ultrasonic vibrations. 

90. Derive an expression for the velocity of propagation in a gas of sound 
waves of large amplitude. Discuss the significance of your result in 
explaining the effects of explosive waves in air. 

• E-2) is a two-stage resistance coupled amplifier 

in whi<m the input of the first valve is provided by the output of the second 

valve introduces a phase shift of ?r radians the circuit 
will be oscillatoiy. “nie frequency of the oscillations is chiefly controlled 
by the values of the grid capacitances and resistances, but it is also a function 
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of the plate voltages and valve constants. The expression for the frequency 
of a given valve working at a constant voltage is therefore of the form 

C 2 RG ’ is a constant and C and R are in farads and ohms 

respectively. In the more common symmetrical type of multivibrator 

= and Ru— Rtz- The wave-forms of the grid voltage and 
plate current are roughly saw-tooth and square respectively, this irregularity 
in shape signifying the presence of a large number of harmonics. By 
injecting a voltage of constant frequency into the multivibrator circuit a 
rich source of harmonics (up to several hundred) is obtained, the point of 
injection (and also whether the multivibrator is symmetrical or otherwise) 
controlling the nature of the harmonics, e.g. odd or even, present. 



In a particular multivibrator of the symmetrical form for which k — 2 5, 
/?c=80,0(X) ohm; determine the value of C for the fundamental frequency 
to be (fl) 0 02 c.p.s., (6) 200 c.p.s., and (c) 2000 c.p.s. 


92. Show by means of Fourier analysis that the harmonic composition 
of a square wave of amplitude E (i.e. a discontinuous function having only 
two values -\-E and -£) is given by 

1 o 

cos x--^ cos 3x t 



^ cos 5x—icos lx \ 


t.e. 


^ II- 


(« I) 


1.3. 5. etc. 


(- 1 ) 


nx 
cos —. 
n 


93. A periodic force Fq sin <«/ acts on a mass M which is subjected to an 
elastic restraint S per unit displacement and a damping force R per unit 
velocity. If the damping of the system is increased, what is the effect on 
the power dissipation in the system? 

[For values of R^>i ^—power dissipation is decreased. 

\ Oi J 

Note.—Power Dissipation —and Average Power Dissipa- 
tion = /?^ ^'^(^)inax is the velocity amplitude.] 

94. Use the relation on page 429 to plot’ a graph showing the relation 
between the percentage of reflected to incident energy for values of the 
standing wave ratio from unity to eight. 
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Absorption coefficients, 107, 432 
Acoustic absorption, 114 

— grating, 342 

— hardness, 240 

— images, 93 

— impedance, 110, 311, 396 

— interferometer, 339 

— measurements, 236 et seq. 

— resistance, 315 

— torsion balance, 262 

— transformer, 169, 327 
Acoustics, meteorological, 117 
Aeolian tones, 215 

Air jet, high speed (Hartmann), 331 
Amplitude. 14 

-frequency characteristics (forced 

vibrations), 230 

— of air vibrations. 254 
Analysis of film record, 193 
Analogues, 111, 309 et seq., 362 
Andrade, 88. 138 

— and Parker. 254, 354 
Antinode, free end, 82 
Aperiodic motion, 359 
Argand diagram, 379 
Architectural acoustics, 280 et seq. 
-use of models, 300 

— — small rooms, 306 
Aristotle and Aristoxenus, 2 
Articulation, 31, 94, 289 
Atomic physics, 78 
Attenuation, 64 
Audibility range, 197 


Baffle board, 98, 161, 393 
Bar, end conditions, 83 

— free-free, etc., 53 
Bate, 139, 144, 161 

— and Pillow, 390 
Beams (of sound), 123 
Beats, 44, 77 

Behn and Geiger, 138, 143 
Bell, 90 
Bergmann, 9 

Bernoulli (or Bernouilli), D. and J., 5 
Biology, applications of ultrasonics 
354 

Biot, 4, 140 
Bird song, 186 
Blackburn pendulum, 26 
Bowing, 88 


Bragg, W. H., 252 
Brown, G. B., 216 

Cady, 9 

Calculating machine, 350 
Campbell, 6, 310 
I Capacitance, acoustic, etc., 315 

Cathode ray oscillograph, 29, 257 
Cavity resonance, 163 
Chladni, 8, 89 
Circle of reference, 11 
Collodon and Sturm, 4, 134 
Combination tones, 175 
Complex quantities, 379 
Compliance, 315, 326 
Composition of rotating vectors, 23 
Compton organ. 196 
Condensation, 66, 236 
Conductivity of orifices, 166 
Conical pendulum, 11 
Conservative system, 18 
Consonance, 3 
Constantinescu, 255, 257 
Cornu's spiral, 382 
Coupled vibrations, 363 
Crandall, 9 
Crystal lattice, 5 
Cycle, 32 

D’ALEMBERT, 5 
Damping, critical, 360 
Davis, 8, 279 
Deafness, 176 
de Boer, 183, 301 
Debye and Sears, 343 
Decibel, 172, 433 
Definitions, 433 
Diaphragm, 52 
Difference tones, 176 
Diffraction, 122 

— by straight edge, 382 

— grating, plane, 125 
—; — concave, 1^ 

Displacement, continuity of, 108 

— curves (S.H.M.), properties, 40 

-distance curve (S.H.M.), 33 

-time curve (S.H.M.), 12 

Donkin, stiff taut string, 46 
Doppler effect, 146 

, Doublet, acoustic, 410, 418 
I Drum, 52 
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Duddell, 194, 331 
Dvorak, 154 


Ear, 168, 329 

— cochlea, 168 

— drum, 86 

— oval window, 170 

— sensitivity, 171 
Echo, 2 

— sounding, 94 
Edge tones, 216 
Edison, 7 

Effect of temperature on frequency, 
219, 220 
Eigenwerte, 88 
Elastic limit, 55 

— moduli, 54 et seq.^ 407 

— modulus, bulk, 38, 55, 66 
-rigidity, 351 

-Young’s, 37, 46, 56, 66 

Electromagnetic generator, 337 
Electro-mechanical analogy, 362,365, 
370 

Electronic instruments, 194 
Electrostriction, 240 
Energy, conservation of, 109 

— density, 43 

— flux, 43 

— helical spring, 17 

— of strained body, 17 

-string, 385 

Epoch, 14 

Equation, energy, 18 

— Euler's, 406 

— of continuity, 401 

-diffusion, 404 

-heat conduction, 403 

-motion, 405 

Euler, 5, 406 
Exhaust silencer, 323 
Explosion, 118, 146 
Eyring’s formula, 297 


Fechner, 171 
Fermat’s principle, 380 
Filters, 310, et seq. 

Fizeau, 149 

Fletcher and Wegel, 177 
Flexural vibrations, 79 et seq. 

— waves, 113 
Flute (flue) pipes, 216 
Foley, 154 

Forced vibrations, 221, 362 

-phase and energy relations, 225 

Formant, 184 
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Fourier series and analysis, 5, 7, 371 
Free-free bar, 53, 83 
Frequency, 14 

— A.C mains, 51 

— demultiplication, 371 

— lattice, 389 

— measurement by C.R.O., 259 

— modulation, 378 

— subharmonic resonance, 371 

— of taut loaded wire, 51 
Fresnel's half-period zone, 128 

— integrals, 382 
Froude, 151 

Fundamental frequency, 44, 59, 212, 
218 


Galton whistle, 122, 330 
Geophysics, 114 
Gravity waves, 71, 427 
Group velocity, 72 et seq. 


Half-period zone (Fresnel), 128 
Hammond organ, 196 
Harkins and Cope, 152 
Harmonic motion, damped. 357 
et seq. 

Hartig and Swanson, 422 
Hartmann and Lazarus, 331 
Hearing, 170 

— in animals and insects, 178 
Heaviside, 5 

Hebb, 102 
Helium atom, 368 

Helmholtz, 6, 143, 161, 166. 170, 180 

— resonator, 163, 321 
Henry, 7 

Hooke's law, 19, 55 et seq. 

Horn, 111, 124, 415 
Hubbard, 9 

Humidity, effect on absorption, 64 
Huyghens (or Huygens), 3, 92, 125 
Hydrophone. 250 


Impedance, 239, 267, 311, 362 

— matched. Ill, 246, 347 
Incidence, normal, 110 
Inertance, 312, 315 
Insect-sound, 187 
Instruments, 209 et seq. 
Intelligibility, 289 
Interface reflection, 113 

— transmission across, 112, 244 
Interference, 2, 126 et seq. 
Intervals, 1, 208, 233 
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Karman, 214 
Kelvin. 5 
Kennelly, 9 
King, 161 

Kirchhoff, 143, 324 
Knudsen, 64 
Koenig, 7 

Kundl's tube. 38, 39, 60, 136. 140 

Lagrange, 4, 5, 309 
Laplace, 4 
Laryngophone, 182 
Larynx, 179 

Lateral vibrations of bar, 79 et seq. 
Least time, principle of, 380 
Liquid oscillations, 20 
Lissajous figures, 26 et seq., 134, 260 
Loaded spring, 19 
Logarithmic decrement, 221 
Longitudinal waves, 10, 23, 63, 136, 
140 

Loud-speaker, 273 
Love waves, 114 

Mach angle, 151, 330 

— interferometer, 156 

— number, 151 
Maclean, 426 

Magnetostrictive oscillators, 335 
Maintained vibration, 57 
McLachlan, 9, 189 
Mason and Moir, 303 
Mean free path of sound, 390 
Mechanical impedance, 230 

— reactance, 230 

— system, 221 et seq. 

Megaphone, 124 
Melde, 47, 51, 309 
Membrane, vibrating, 85 
Mersenne, 1, 2, 45 
Meteorological acoustics, 117 
Meyer, 9, 190 
Michelson, 76, 102 
Microphone, 7, 90 

— calibration, 424 

— carbon, 271 

— characteristics, 274 

— condenser, 264 

— crystal, 249 

— hot wire. Tucker, 153, 263 

— moving coil (electrodynamic), 271 

— ribbon, 269 

— velocity (pressure gradient), 268 
Miller, 9, 184 

Modulation, frequency, 378 


Moir, 303 
Monochord, 1, 44 
Multivibrator, 371 
Musical intervals and scales. 208 


Negative damping, 369 
Newton, 2, 4, 5, 94 
Nodal circles and lines, 87-91 
Nodes in standing waves, 49 
Noise, 8 

— measurement, 277 et seq. 

Ohm’s law, 7 
Oil, location of, 115 
Olson, 9, 315 

— and Massa, 315 
Orbital vibration, 62 
Organ pipe, 216 e/ seq. 

Oscillation, see vibration 
Oscillograph, 29, 257 
Overtone. 31, 50, 60 
O.W.U., open window unit, 286 

Paget, 9, 185, 292 
Parabolic reflector, 100 
Parfitt, 352 
Paris, 107, 263 
Particle acceleration, 15, 36 

— motion, 62 

— velocity, 15, 36, 64 
Pendulum, compound, 10 

— conical, 11 

— simple, 10, 18, 355 
Period, 12 

— of simple pendulum, 18, 355 
Permanent set, 55 

Phase, 14 

— angle determination, 258 

— change on reflection, 108, 387 

— lag, 22 

— relations of particles in wave, 47 
Phon, 174, 433 
Phonautograph, 7 

Phonodeik, 192 
Phonoptics, 122 
Photo-electric organ, 196 
Photography of sound waves, 154 
Pianoforte, 1, 45, 46 
Pierce, 9, 334 

Piezo-electric effect, 240, 332 
Pipe flue, 216 e/ seq. 

— reed, 219 

— resonance. 158 
Plate, vibration of. 88 
Poisson, 5 
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Polarising voltage, 205, 265 
Poynting, 262 

Principles of acoustic generators, 250 

Propagation of wave, 57 

Proper frequencies, 5 

Pulsatance, 14, 32 

Pulsating sphere, 392 

Pulse propagation, 136 

Pupin, 5, 309 

Pythagoras, 1 


“Q," 234, 337, 352 
Quality, 31 

Quartz crystal, 332, 351 


Radiation pressure, 261, 420 

— single and double sources, 419 
Raman and Backhaus, 213 
Rayleigh, 6, 64, 76, 88, 161, 310, 422 

— disc, 247 

— waves, 113, 115 
Reciprocity theorem, 423 
Recording of sound, 198 
Reflection, 92, 95 

— at curved surface, 95 

-interface, 113, 244 

-plane surface, 97 

— coeflicient of, 106, 111 

— of spherical wave, 

— partial, 106, 108 

— total, 110 

Refraction at curved surface, 105 

-plane surface, 103 

Refractive index, 111 
Reigger, 268 

Relaxation oscillations, 213, 369 
Reproduction, 196, 197 
Resonance, 3, 157, 163 

— amplitude, 232 

— sharpness of, 233 

— velocity, 232 
Resonator, 21, 163, 321 
Reverberation, 2, 94, 284 ei seq. 
Reynolds number, 151 
Richards, G. J., 214 
Richardson, E. G., 162 
Rigidity, 61 

Ripples, 71 
Robinson, 399 

— and Stephens, 87 
Rocket, 150 
Roget’s spiral, 158 
Root mean square. 426 
Rotating vectors, 23, 226 


I Sabine, P. E., 8 

— W. C., 8. 280, 286 

— formula, 294 
Scattering, 132 
Schilling, 122 

Schlieren method, 146, 155 
Seismograph, 114 
Sensitive flame, 215 
Shadow photograph, 154 
Shock wave (onde de choc), 146, 153 
Side band frequencies, 378 
Simple harmonic motion, 11, 12, 17 

-composition, 28 

-energy of particle in, 42 

-superposition, 24 

-oscillator, 385 

-wave, 32 

Siviam, 249 
Sonar, 153 
Sonometer, 44 
Sound absorption. 281, 288 
-measurement, 106 

— decay, 295 

— effect of wind on propagation, 119 

— growth, 296 

— insulation, 280 

— location, 153, 275 

— memory, 177 

— ranging, 153 

— ray, 121, 126 

— spectrum, 189 

— transmission across an interface, 
112 

Source moving at supersonic speed, 
151 

Speech, 179 

— aids, 181 

Spherical waves, 64, 391 et seq. 

-theory, 413 

Standard pitch, 211 
Standing (stationary) waves, 47, 49, 
82, 106 

— wave ratio, 429 
Stiff wire, 46, 50 
Stokes, 120 
Stored energy, 57 
Strain, 17, 55 
Stratosphere, 119 
Strength, of source, 106, 410, 418 
Stress, 55 

Submarine detection, 335, 355 
Subsonic, 153 
Summation tones, 176 
Superposition, 5, 24 
Supersonic speed, 151 
Surface tension, 68 
Synthetic sound, 193 

\ 

\, 
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Table of acoustical, mechanical and 
electrical quantities, 315 
Tables of constants, 430 
Taylor, 107 
Teles, 186 
Temperament, 210 
Thermal depressiviiy, 352 
Thermophone, 265 
Time base. 260 
Toepler, 8, 155 
Tone control systems, 203 
Torricelli, 3 

Torsional vibrations and waves, 53, 
60, 61 

Torsion balance, 262 
Trachea, 180 
Transducer, 240 
- frequency calibration, 425 
Transient, 189, 224, 305 
Transmissibility, absolute, 243 
Transmission, coefficient of, 111 

— complete, 109 

— interface, 112 

— line, 5 

Transverse vibrations, in rod, 79 

et seq. 

-in string, 44 

— waves, 10, 33 

-in tubes, 422 

Troposphere, 119 
Tucker, 263, 276 
Tuning-fork, 85, 128 
Turnbull, 186 
Tyndall, J., 7, 119, 132 
Types of wave motion, 54 

Ultrasonic lenses, 346 

— wave-length measurements, 339 
Ultrasonics, 94, 123 

— in nature, 353 

— uses, 348 

Velocity in air, 2, 202 
-gas, 38, 138 

— effect of pressure and tempera¬ 

ture, 39 

— in liquids, 4, 134 

-solids, 4, 36, 139 

-of transverse waves, 50 

— group, 72 ef seq., 134 

— wave, 64 

— potential, 411 

— time curve, 13 
Vibrating bar, 83, 

— membrane, 85 


Vibrating plate, 88 

— soap film, 87 
—■ string, 44 ef seq. 

— — energy, 385 

Vibrational modes of mechanical 
systems, 387 er seq. 

Vibration measurement, 251 ef seq. 
Vibrations, coupled, 363 

— forced, 362 

— free, 221 

— relaxation, 213, 369 
S.H., II, 12, 17 

— symmetric and asymmetric, 368 
Viscosity, 351 

— effect on intensity, 64, 410 
Vollmer, 213 

Vortex formation, 213 et .seq. 

Vowel sounds, 185 

Waller, Mary, 90. 91 
Watson, 8 
Wave analysis, 188 

— bow, 153 

— characteristics of, 22 

— equation, 32 

— filter, 310 

— form analysis, 260, 371 

— guide, 421 

— nose, 151 
Waves, cylindrical, 64 

— of finite amplitude, 144 
-small amplitude, 426 

— transverse, in infinite solid, 63 
-in plates, 344 

— types, 33, 54. 63, 68 

— water, 69, 427 
Weber law, 171 
Wente, 9, 267 

Western Electric Company, 181, 186 
Wheatstone network, 319 
Whispering galleries, 95 
Wind, effect on sound velocity, 119 
Wolf note, 213 
Wood, A. B., 248 

— R. W., 98 


Yield point, 55 
Young's law, 52 
— modulus, see elastic moduli 


Zener, 352 

Zpne, half-period. 128 

— plktQ^ 128 

•-y-focdljJelKth, J 31 
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